
RATAN TATA 
LIBRARY 

DELHI SCHOOL OE ECONOMICS 



O DATE SLIP 


a. No. 
Ac. NO. 


nohj 




Datt for releaso of loan 


This book should be letumed on or before the date last stamped 
below. An overdue charge of 10 Paise will be collected for each 
day the book is kept overtime. 





AN ELEMENTARY 
TREATISE ON THE CALCULUS. 




ELEMENTARY TREATISE 

ON THE CALCULUS 


WITH ILlilTSTKA'IToNS EROM 


OEOMETRV, MECHANICS AND PHYSICS 


BY 

GEORGE A. GIBSON, M.A., LL.D., F.R.S.E. 

lATK PROfKSSOB OK UATUEHATIOB IN THH DNITOBSITT OK ULASOOW 


MACMIT,LAN AND CO., LIMITED 
ST. MARfTIN’.S STREET, I.QNDON 



COPYRIGHT 


Pint Edition 1901. 

Reprinted 1008. 

Beprinted, with additions, 1906. 

Reprinted 1010, 1014, 1919, 1920, 1922, 1024, 1926, 1929, 1933, 1942, 
1946,1949. 


PRINTED IN GREAT BRITAIN 



PREFACE. 


The rapid gi-owth in recent years of all branches of applied 
science and the consequent increasing, ^ai.ms^n the time of 
students have given rise in various quarters to the demand 
for a change in the character of mathematical text-books. 
To meet this demand several works' have been published, 
addressed to particular classes of students and designed to 
supply them with the special kind and quantity of mathe- 
matics they are supposed to need. 

With many of the arguments urged in favour of thg^ 
change I am in hearty sympathy, but it is as true now 
as it was of old that there is no royal road to mathematics, 
and that no really useful knowledge can be gained except 
by strenuous effort. 

It is sometimes alleged that a thorough knowledge of 
the derivatives and integrals of the simpler powers, of 
the exponential and the logarithmic functions, and perhaps 
of the sine and the cosine, is quite sufficient preparation 
in the Calculus for the engineer. This contention has a 
solid substratum of truth; but a knowledge that goes 
beyond the mere ability to quote results is not to be 
obtained by the few lessons that are too often considered • 
sufficient to expound these elementary rules. It may be 
possibly to state and illustrate ?n a few lessons a sufficient 
amount of the special results of the Calculus tQ en^le 
a . student to f ollbw with some intelligence the mo(e 
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elementary treatment of mechanical and physical problems ; 
but, though such a meagre course in the Calculus may 
not be without value, it is quite inadequate, both in kind 
and in quantity, as a preparation for the serious study 
of such practical subjects as Alternate Current Theory, 
Thermodynamics, Hydrodynamics, and the theory of Elas- 
ticity, and to a student so prepared much of the recent 
literature in Physics and Chemistry would be a sealed 
book. Besides, it should surely be the aim of every well- 
devised scheme of education to place the student in a 
position to undertake independent research in his own 
particular line of work, and the very complexity of the 
problems presented to modem science, with the vast accum- 
ulation of detail so characteristic of it, enhances in no 
small degree the value of a liberal training in mathematics. 
Subsequent specialisation makes it the more, not the less, 
^jiecessary that the mathematical training in the earlier 
stages should be the same whether the student afterwards 
devotes himself to pure piathematics or to the more 
practical branches of science, especially as the processes of 
thought involved in any serious study of mechanical, 
physical, or chemical phenomena have much in common 
with those developed in the study of the Calculus. 

The early text-books on the Calculus, such as Maclaurin^s 
or Simpson’s, were not written for pure mathematicians 
alone, but drew their illustrations largely from Natural 
Philosophy ; the later text-books, probably in consequence 
of the ever-widening range of Physics, gradually dropped 
physical applications, and even tended to become treatises 
on Higher Geometry. In the present position of mathe- 
matical science, however, it4s jrtst as much out of .place to 
make an elementary work on \he Calculus a text-book 
of Higher Geometry as it would be fo make it a text- 
*book of ^Phygics or of Engineering or#of Cheftnistry. What 
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may be reasonably required of an elementary work on 
the Calculus is that it should prepare the student for 
immediately applying its principles and processes in any 
department of his studies in which the Calculus is generally 
used. With this end in view, the subject should be 
illustrated from Geometry, Mechanics, and Physics while 
the peculiar difficulties of these branches are relegated 
for detailed treatment to special text-books, so that the 
illustrations may really serve their purpose of tlirowing 
light on general principles, and may not introduce rather 
than remove intellectual obscurity. As regards Chemistry, 
a sound knowledge of the Calculus is^of special importance, 
since it is the properties of functions of more than one 
variable that are predominant in chemical investigations; 
the lately published book of Van Laar, Lehrbuch der 
Mathematischen ChemiCy is a sign of the times that cannot 
be mistaken. % • 

In this text-book an eflTort has been made to realise 
the aims just indicated. With respect to mathematical 
attainments, the reader is supposed to be familiar with 
Geometry, as represented by the parts of Euclid^s Elements 
that are usually read, with Algebra up to the Binomial 
Theorem for positive integral indices, and with Plane 
Trigonometry as far as the Addition Theorem ; but no 
use is made of Complex (imaginary) number, nor is a 
knowledge of Infinite Series presupposed. The excessive 
refinements of modem mathematics have been deliberately 
avoided, as being neither profitable nor even intelligible 
to the young student; constant appeal has been made to 
geometrical intuitions, while at^the same time considerable 
attention haws been paid to theological development of the 
subject. • % 

The early chapters may seem to contain a great deal 
of matter thal is foreign to the book: bui; tl|p theory 
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of graphs afid of utiits is of such importance, and is as 
yet so imperfectly treated in elementary teaching, that some 
account of it appeared to be a necessity. After considerable 
hesitation I have included in my plan the elements of 
Coordinate Geometry, so far as these were likely to be of real 
service in elucidating fundamental principles or important 
applications ; but for many applications of the Calculus an 
extensive acquaintance with Coordinate Geometry is not 
necessary, and I hope that a sufficiently clear account of 
its principles has been given to meet the practical needs 
of many students. I have, however, excluded the discus- 
sion of the theory of Higher Plane Curves and of Surfaces 
as unsuitable for an elementary treatise. 

Another innovation is the chapter on the Theory of 
Equations ; the innovation seems to be justified, not merely 
as an arithmetical illustration of the Calculus, but also by 
^^he practical importance of the subject, and by the absence 
of elementary works that treat of transcendental equations. 

The general development is that which I have followed 
in class-teaching for several years. The somewhat lengthy 
discussion of the conceptions of a rate and a limit I have 
found in practice to be the simplest method of enabling a 
student to grapple with the special difficulties of the 
Calculus in its applications to mechanical or physical 
problems ; when these notions have been thoroughly 
grasped, subsequent progress is more certain and rapid. 
No rigid line is drawn tetween differentiation and inte- 
gration, and several important results requiring integration 
• are obtained before that branch is taken up for detailed 
treatment. The discussion in Chapter X. of areas and of 
derived and integral curved is designed, not only ta furnish 
^ a iairly satisfactory basis for the geometrical definition 
qj the definite kitegral, but also to illustrate a method 
•of grapj^ical^ integration that is o^ some •importance to 
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engineers, and that may be of some value even in purely 
theoretical discussions. 

As in some of the more recent text*books, the discussion 
of Taylors Theorem has been postponed; the Mean Value 
Theorem is sufEcient in the earlier stages, and the some- 
what abstract theorems on Convergence and Continuity of 
Series are most profitably treated towards the end of the 
course. The treatment, however, is such that teachers who 
prefer the usual order may at once pass from the Mean 
Value Theorem to Chapters XVII. and XVIIL 

Functions of more tlmn one variable are treated in less 
detail than functions of one variable ; but I have tried to 
select such portions of the theory as are of most importance 
in physical applications. The book closes with a short 
chapter on Ordinary Differential Equations, designed to 
illustrate the types of e(iuations most frequently met 
with in dynamics, physics, and mechanical and electrical, 
engineering. 

Simple exercises are attached to many of the sections; 
in the formal sets will be found several thcoreitis and 
results for which room could not be made in the text, and 
which are yet of sufficient importance to be explicitly 
stated. I have tried to exclude all examples that have 
nothing but their difficulty to recommend them ; and 
with the object of encouraging the student to put himself 
through the drill that is absolutely necessary for the 
acquisition of facility and confidence in applying the 
Calculus, I have freely given hints towards the solution 
of the more important examples. 

In the preparation of the book, I have consulted many 
treatises^ and where I am * coni^cious of having adopted a 
method of exposition that*is peculiar to any writer, •! 
been careful to maUe due acknowledgmeitt. It is difiicvut, 
however, when* one hega been teaching a subject forjyears to* 
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recognise the sources of his knowledge, and it may well be 
that I have borrowed more largely than I am aware. 

I am greatly indebted to my friends Professor Andrew 
Gray, F.R.S.; Mr. John S. Mackay, LL.D.; Mr. Peter Bennett ; 
Mr. John Dougall, M.A.; and Mr. Peter Pinkerton, M.A., for 
help in the tedious task of the revision of proof-sheets and 
for useful criticism. In all matters bearing on Physics, 
Professor Gray’s advice has been of the greatest service. 
To Mr. Dougall my obligations are specially great ; he has 
taken a lively interest in the work from its inception, and 
has read the whole of it in manuscript, placing at my dis- 
posal, in the most generous way, his great knowledge of 
the subject and the fruits of his experience as a teacher ; to 
him, too, I owe the veritication of the examples. 

I desire to thank Sir Richard Gregory for his constant 
and kindly advice on matters relating to the passage of the 
^J)ook through the press. I am also grateful to the printers 
for the excellence of their share of the work. 

GEORGE A. GIBSON. 


Glasgow, September, 1901- 



PREFACE TO THE SECOND EDITION. 

In this edition I have not ventured to make any changes 
on the first edition; I have however added two chapters 
with the object of making the book more useful to students 
of mathematical physics. In the discussion of operations 
under the sign of Integration I have adopted the method 
developed by M. Charles J. de la Valle^e Poussin in his 
Memoir iltude des integrales d limites injinies ; that method 
seems to me to combine simplicity and rigour in a very 
remarkable degree. The chapter on the Fourier Series will, 

I hope, be suflScient as an introduction to the subject; but, 
the student can not be too earnestly recommended to read 
and to master the fascinating pages in which Fourier 
himself develops the process of representing an arbitrary 
function by means of a harmonic series. 

I am indebted to my friends Mr. John Dougall, M.A., and 
Mr. John Miller, M.A., for their generous help in the revision 
of the proof-sheets; Mr. Dougall has also verified all 
the examples and supplied answers where these seemed 
to be necessary. 

GEORGE A. GIBSON. 

Glasgow, Novemb^, 1905 . 
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SUGGESTIONS FOR FIRST READING. 


The following order of reading the book may be adopted 
by Htudents who are just beginning the study of the 
Calculus : 

Chapters I.-IV., V. §§ 44-47, VI., VII. § 67 (witli Exercises 
XIV. 1-4, 11-14), IX. §§ 74-76 (with Exercises XVJa., X VIb.), 
§7<S (with Exercises XVII. 1-6). This course includes the 
fundamental properties of the algebraic functions, with 
several interesting applications. 

Chapters V. §§ 48-50, VIL, VIII., the rest of IX., X., 
XIII.-XV. 

Chapters XI.-XII., XVT.-XIX. may be read as the needs 
of the student demand at any time after Chapters l.-X. 
have been mastered, and Chapter XX. us soon as some 
progress has been made in integration. 
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CHAPTER 1. 

COORDINATES. FUNCTIONS. 

§ 1. Directed Segments or Steps. Let A,B (Fig. 1) be any 
two points on a straight line. In Elementary Geometry it 
is customary to denote the segment of the line between 
A and B by AB or by BA inditfereritly, tlie order of thG 
letters being of no consequence. It is useful, however, for 
many purposes to distinguish the segment traced out 
by a point which moves along the line from ^ to from 
that traced out by a point whicli moves from B to A. 

“^When this distinction is made, the segment is called a 
directed segment or vector or ste}i, and the distinction is 
represented in the symbol for the segment by the oi'der of 
the letters ; thus, AB denotes the segment traced out by a 
point which moves from A B, while BA denotes the 
segment traced out by a point which moves from B to A. 
The length of the step AB ib the same as that of the step 
BA , but the steps have opposite directions. 

A B 0 ' C 


• 

Two. steps AB, CD |ire defined to be equal if (1) they are* 
on the same straight line or on parallel straight lines, (2) 
the lengths ol A B and QD are equal, and (3) DJis on the 
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same side of (7 as £ is of Thus, if U be at the sime 
distance from (7 as J9 is, but on the opposite side, ^ jB is not 
equal to CU but to UO. The step AB has the same length 
and the same direction as CD or UG, but though it has the 
same length as GD\ it has not the same direction and is 
therefore not equal to CU in the sense in which “ equal ” 
has been defined for steps. 

§ 2. Addition of Steps. Let A^B.C be any three points 
on a straight line. Whatever be the relative position of 
the points A, J?, (7, a point which moves along the line 
from A to jB, and then from B to (7, will be at the same 
distance from A and on the same side of A as if it had 
moved directly from A to C, AC is therefore taken as the 
sum of the steps AB and J5(7, and the operation of addition 
of steps is defined by the equation 

AB+BG=^AG, 

When B lies between A and (7, the sum of the lengths of 
the steps AB and BC is equal to the length of the step AC, 
and therefore in this case addition of steps agrees with the 
usual geometrical meaning of addition of segments in 
which Tength*^ alone is considered. But when B does not 
lie between A and (7, the sum of the lengths of the steps 
AB and BG is not equal to the length of the step A G, It 
will be seen immediately that steps can be represented as 
positive or negative, and that addition of steps corresponds 
to algebraical addition. 

If D be any fourth point on the line 

AB+BC+CD=:AC+CD = AD, 

and in the same way the sum of any number of steps may 
be defined. 

To find the sum oi A B and CD when B and C are not 
coincident, take the step BE equal to the step CD ; then 

AB+CD^AB+BE^AE. 

If X be any positive number, xAB is a step in* the same 
direction as the step AB, and of a length which is to the 
Jen^h of AB in the ratio of a? to 1 ;Hhus, 3 AjB is & step 
thrice as long, and in the same direction's the step AB; 



STEPS# LAWS OF OPERATION. 


3 


^AB is a step five-thirds of the length of ^2? and in the 
same direction. 

The student will have no difficulty in showing that the 
commutative and associative laws for the addition of 
numbers hold for the addition of steps. 

§ 3. Symmetric Steps and Subtraction of Steps. If in the 
first case of the preceding Article the point G be supposed 
to coincide with A, the step AC becomes the zero-step A A, 
which is denoted by 0. Hence, in symbols, 

AB -^BA = A A = 0. 

Similarly, AB+BC+GA=AC+CA = 0. 

In Algebra the negative number —a is defined by the 
equation 

q+( — a) = 0. 

In the same way the negative step — AJ8 may be defined 
by the equation 

AB+BA=-0 

< 

as being the step BA ; that is, the step — AJS is the step 
BA of the same length in the opposite direction. The 
symbol + may now be attached to a step AB, and +AB 
may be* called a positive i^tep. The two steps +AB and 
— Ai? (or BA) are called symmetric steps. Obviously, if 
two steps are equal, so also are their symmetric steps. 

The operation of subtraction of a step is defined as the 
addition of the symmetric step ; in symbols, 

AC-BO^AO+GB^AB) 
or, AB-^CD = AB+DG^AG\ if BC=DC. 

Precisely as in Algebra, the commutative and associative 
laws may be shown to hold for subtraction of steps, and 
there will be no confusion caused by the use of the symbols 
+ and — to indicate symmetric steps as well as the 
operations of addition and subtraction. 

By the definition of subtraction, if A, be any two 
points on a line and* 0 any third point, * * 

AB^A0+pB=0B+A0=^0B-^0A. 
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§ 4. Abscissa of a Point. Let 0 be a fixed point on a 
line X'OX and P, F' two points on opposite sides of 0 but 
at the same distance from it (Fig. 2); let U be another 
point on the line on the same side of 0 as P is, say to the 
right of 0: 

The steps 0i7, OP have the same sign; the steps OU, 
OP' have opposite signs! 

Let 0?7 be taken as a standard of length, say 1 inch, and 
as a standard of direction ; it may therefore be called the 
unit step. Steps measured like OU io the right will be 
called positive steps, while those measured to the left will 
be called negative. Thus OP, P'P are positive, OP', PP' 
negative steps. 

X' p' k lP o u ~a p X 

Fig. 2. 

If OP is equal to xO U, then 

OF ^ - PV OP ==^xOU, 

The positive number x is called the abscissa of P with 
respect to the origin 0; the negative number —a; is called 
the abscissa of F with respect to the same origin, and the 
line X'OX is called the axis of abscissae. Every point of 
the line to the right of 0 will have a positive number for 
abscissa, and every point to the left of 0 a negative 
number ; the abscissa of 0 itself is zero. Thus if OA = 2011, 
the abscissa of ^ is 2 ; the abscissa of U is I ; the abscissae 
of U' and A\ the points symmetric to U and A, are ~1 
and — 2 respectively. 

( As thus defined, the abscissa 6i a point P is the ratio of 
pP to the unit step 0 TJ, taken with the positive or negative 
Wign according as P is to the right or to the left of 0, 
TJ being supposed to be to the right of 0. When a point P 
has the abscissa x, it is convenient to say that the point P 
and the number x correspond to each other. Thus the 
point A and the number 2, the point U' and the number 
— 1, the point 0 and the number 0 correspond to each 
of her.,. • 

Axiom. — Tlw ^damental axiom on which the application 
^of Algebra to Geometry rests is that, when the origin 0 and 
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the unit step OU have been fixed^ there is a one-to-one 
correspondence between the points of the axis and the , 
system of real numbers ; that is, to every point on the axis ^ 
corresponds a definite number, namely the abscissa of the 
point, and to every number corresponds a point on the axis, 
namely the point which has the number for abscissa. 

When the ratio of OP to OtT is a rational number, that 
is, a positive or negative integer or fraction, P is determined 
by laying off OfT, or a submultiple of OU, a> certain number 
of times along the axis, to the riglit or to the left, according 
as the number is positive or negative. Thus if the number 
be — we lay off to the left a line equal to 7 times the 
third part of 0 U. When, however, the ratio of OP to OU 
is an irrational number, such as ^2 or tt, the position of 
P may be determined in practice by taking a rational 
approximation to the irrational number. Thus for x we 
may take 31 or 3*14 or 3*142, etc., according to the size of 
the unit line. Of course, whatever size the unit line may 
be, a stage is soon reached when the closer approximations 
•become indistinguishable in the diagram ; if the unit be 
1 inch it would be difficult to distinguish the poihts whose 
abscissae are 3*14 and 3*142 from each other. Irrational 
numbers are,- however, subject to the same laws of operation 
as rational numbers, and though in a diagram it may be 
impossible to distinguish the points corresponding say to 
X and 3*142 from each other, yet in our reasoning they 
are to be considered distinct, just as in reasoning about a 
straight line we consider it to have no breadth, although 
we cannot represent such a line in a diagram. 

Ex. 1. Mark the points whose abscissae are : 

n/ 2; -V3; -Jg* 

Ex. 2. If x be the abscissa of a point, niai k the points which are 
determined by the equations : 

2.r-3=0; 3.y4-5 = 0; ^-4^=0; 3.r2-4.r- 1=0. 

§ 6. Measure of a Step. If the abscissae of JS ase a, h 
respc(Jtively, then • • , 

AB^OB-^OA^hOU-aOU^{b^a)OJJ. 
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The number 6— a may be taken as the measure of AB] 
the nvmerical value of 6— a gives the ratio of the length 
of AB to the length of the unit step OU, and the sign of 
6 — a gives the direction of ABJ Thus if OCT be 1 inch, 
b=5, a = 2, AB will be 3 inches and B will be to the right 
of A\ if 6 = — 5, a = — 2, AB will be 3 inches long, and 
since —5 + 2 is negative B will be to the left of A. The 
unit step OCT is generally omitted, and -45 is said to be 
equal to 6 — a. 

By the definition of the expression “ algebraically greater,’* 
h is algebraically greater than a when 6 — a is positive; 
therefore when h is algebraically greater than a, B lies to 
the right of A. Similarly when h is algebraically less than 
a, B lies to the left of A. We have, therefore, the con- 
^venient relation that the number h is algebraically greater 
lor less than the number a, according as the point whose 
labscissa is h lies to the right or to the left of the point 
l^hose abscissa is a. Instead of the expression “ the point 
whose abscissa is a,” it will be more compact and equally 
clear to use the phrase “ the point a/’ 

Ex. 1. Determine in sign and magnitude the step AB for the cases 
6 = 4 ; - 1, 6 = 1 ; a= -2, 6=~5; a= b — ir. 

Ex. 2. Show that the abscissa of the middle point of 413 is ^(a+6). 

Ex. 3. 1{ A P : PB=k : 1 show that the abscissa of P is (a + kb)/(k+ 1). 

For if X is the abscissa of P 

AP~x-a, PB — h — x and x-a=k(b-x). 

What is the sign of k (i) when P lies between A and 5, (ii) when 
P does not lie between A and B ? 

§6. Axes of Coordinates. Let X'OX, Y'OY (Fig. 3) be 
two unlimited straight lines at right angles to each other, 
and P any point in the plane of the diagram ; draw PM, 
PN perpendicular to X'X, Y' Y respectively. 

When P is given, the steps OM, ON are aefinitely deter- 
mined ; and conversely v\hen the steps OM, ON are given, 
P is definitely determined as Jhe point of inteAection of 
the perpendiculars MP, NP, ^ ^ 

Let OET be the unit step for the direction X'X, OV the 
unit step the direction F'F, and^for the present suppose 
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these two steps tp be of the same length, say an inch. The 
step OM or its equal, the step NF, will be considered 
positive when P lies to the right of F'F, but negative 
when P lies to the left of Y'Y ] the step ON or its equal, 
the step MP, will be considered positive when P lies above 
X'X. but negative when P lies below X'X, 


Y 

II (-,+) 

N 

V 

I (+. +) 

p 



X' 0 

U ^ 

n X 

in (-. -) 

IV (+,-) 


Y' 




Fig. 3. 


Of course, the direction which is to be considered positive may be 
chosen at pleasure, but unless the contrary is stated, the positive 
directions will be assumed to be from left to right and from below 
upwards respectively. Again OM and MP wdll only be compared as 
to their lengths ; we only compare steps with each other when they 
are on the same straight line or on parallel straight lines. Obviously 
the theorems that hold for the comparison of steps with each other are 
true, whatever be the particular line on which the steps are taken, but 
we have given no definition of equality or of sum or of difference, 
except when the steps compared are on the same straight line or on 
parallel straight lines. 

Suppose now that 

OM=NP=^aOU\ ON=MP=^oOV\ 

the' numbers a, h are called the coordinates of P with 
respect to the axes X'X, Y'Y; a is the abscissa, b the 
ordinate,. B,nd P is described shortly as “the point (a, b)P 
In thus describing the poifit the first coordinate is vndey- 
stood'to be the abscissa, the second the ordinate. The axes, 
are at right angles to each other, and it will be assumed, 
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unless the contrary is stated, that the axes, are always 
rectangular. 0 is called the origin of coordinates, and its 
coordinates are 0, 0. 

The axes divide the plane into four quadrants ; the first 
quadrant is that bounded by OX, OY, the second by OF, 
OX\ the third by 0X\ 0Y\ and the fourth by OF', OX. 
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Fig. 4. 


The signs of the coordinates show at once the quadrant in 
which a point lies: in the first quadrant Z0F*the signs 
(ihe first being that of the abscissa) are +, + ; in the 
,, second, Y0X\ ; in the third, XVY\ — , — ; In the 
‘ fourth, Y'OX, , • 
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Paper called ‘‘ squared paper,” rul^d twice over with tw'o 
sets of equidistant parallel lines, can be readily purcliavsed, 
and its use greatly facilitates the plotting of points. 

Fig. 4 shows several points referred to the axes X'X, 
Y'Y. The four points A, B, C, D are each at unit distance 
from both axes, but no two of them are in the same 
quadrant, since no two pairs of coordinates agree lx)th in 
sign and in magnitude. 

E lies on X'X, and its ordinate is therefore zero ; the 
abscissa of K is zero, since K lies on Y'Y. 

Since OU is divided by the faintly ruled lines into 
10 equal parts, each of these parts will represent *1 : it is 
easy, therefore, to mark olF a length such as 1*3 or — 7. 
In the same way — representetl by -* 1 41 , 

— •87, though the second decimal can only be roughly 
indicated. 

Ex. 1. Plot the points (1, -2) ; (-:7, 0) ; (-3, -2) ; (0, 5) ; (1, 0) ; 

(-1, 0) ; (0, 1) ; (0, -1) ; (tt, ^tt) ; (Vi -x/3).' 

Ex. 2. What is the locus of a point whose abscissa is (i) 2, (ii) - 2, 
(iii) 0, (iv) a ? What is the locus of a point whose ordinate has these • 
values ? 

Ex. 3. Two points ,P, Q are said to be symmeti'ic with re.^ 2 wct to a Jim* 
when the line bisects and is perpendicular to PQ ; two points 
/^, Q are said to be symmetric with re^jxwt to a point (>, when 0 is the 
middle point of the line PQ. If 7’ is the point (r/, h) show 

(i) that the point (a, - h) is symmetric to P with respect to A’'X 

(ii) that the point (-«, h) is symmetric to P with respect to Y'V. 

(iii) that the point ( — a, — h) is symmetric to P with respect to 0. 

For simplicity take first the case a = l, ft = 2. 

Ex. 4. If A is the point (.Tj, y,), B the point (^. 2 ,^ 2 )* P the point 
dividing AD in the ratio of ^ to 1, show, as in § 5, Ex. 3, that the 
coordinates of P are 

“f" y\ d" 
l+k ' l+k ’ 

What is the sign of k (i) when P lies between A and B, (ii) when P 
does not lie between A and B ? 

I 

P 7. D&tance between twp points. Let P (Fig. 5) be the 
point, (ajj, y,), Q the point (ajg, yg)^ per{)endt- 

cular toX'X, and let PR he drawn parallel to X'X to meet* 
XQ (or NQ produced) at R. 

O.O. 
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Whatever be the relative position of P and Q, we have 
for the measures of PR, RQ 


PR^MN^x^-x^] RQ=y^--y^. 

As regards magnitude we have, by Euclid I. 47, 


Y 


01 



PQ^=^PR^+RQ\ 

and whether the signs of ajg— ajj 
and y^’-yi be positive or nega- 
tive the squares of these numbers 
will give the number of square 
units in the squares described on 
PR and RQ, Hence 


Fig. 6. 


PQ* = (*2 - - Vif, 


. and therefore the length of PQ is 

where the positive sign must be given to the root. 

If Q coincide with 0, ajg and yg zero, and the 

•length of OP is 

The student should verify the result for different positions 
of P and Q, 


Ex. 1. Find the distance between the points (3, 7), (9, 6), the 
length of the unit being 1 inch. 

Let the distance be r inches ; then 

r2=:(3-9)24-(7-- 6)2=37; r=V37=6-083, 
so that the distance is 6*083 inches. 

Ex. 2. Find the distances between the following pairs of points : 
plot the points in each case. 

i. (1, 1), (3, 2). ii. ( - 1, 1), (3, 2). ui. ( - 1, 0), (0, 2). 

iv. (-2, -3), (2,3). V. (ir, -irX 

Ex. 3. Show that if the point (^, ,y) be any point on the circle 
whose radius is 3, and whose centre is the point ^2, 1), 

- 2y - 4 =0. 

t 

*§8.*Polax Coordinates. The’ i>osition of the point P 
•(Fig. 6) would clearly be determined *by the angle which 
OP makes,with the fixed line OX, syid by the length of the 
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radius OP. We must be clear, however, as to the meaning 
of the word “angle.” Following the usual convention in 
Trigonometry, we consider the radius OP to be always 
positive, and define the angle that OP makes with the 
positive direction of OX as 
the angle through which a line 
coinciding with OX (not with 
OX') has to be turned till it 
passes through the point P. 

The angle will be considered 
positive when the rotation is 
counter-clockwise. 

If OP be r units of length 
And the angle XOP B degrees , 
or radians according to the ^ 
unit of angle adopted, the two 
numbers r, B are called the 
polar coordinates of P, and P 
is described as the point (r, 0). • Similarly, P' is the point 
{r\ B') ; is negative. 

With the usual system of rectangular axes in which OX • 
has to be rotated counter-clockwise through 90° till it 
coincides with OF, the positive direction of the axis Y'Y, 
we see that the polar coordinates (r, B) of P are connected 
• with the rectangular coordinates (x, y) by the equations 

aj = rcos0, y=rsin0. 

These equations, when solved for r and B in terms of 
X and y, give 

r= tan6>=|; 



Fig. 6. 


It must be noted, however, that tan B does not definitely 
determine the angle B, For if tan0 be positive we can 
only infer that P lies in the first or third quadrant, while 
if tan B be negative that P lies in the second or fourth 
quadrant. We must consider also the signs of x and y or 
of cos B s>nd sin B. • 

It is usually most convenient to suppose B to va^ from 
— 180° to 180° sa that a point above the axis X'X has* a 
positive angle, and a point below that axis*a negative angle*, 
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Ex. 1 . If P is the point ( - 3, 4), find its polar coordinates (r, 9). 
r=V(9+16)=5 ; tan 6 =-^ 5 = -1-3333 ; 0=126“ 62'. 

— O 

Since tan 0 is negative, 0 is in the second or fourth quadrant ; but 
x or cos 0 is negative, and therefore 6 is in the second. 

Ex. 2. If P is the point (3, - 4), show that its polar coordinates 
are (5, — 53® 8'). 

§ 9. Variable. Continuity. Let A be a fixed point on a 
line, say, on the a^axis X'X, and let a point P start from 
the position A and move steadily along the axis, say to the 
right, till it reaches another position B. The segment AB 
described by the point P is the most perfect type of a 
continuous magnitude ; there is no gap or break in it. As 
P moves from A to 5, the step AP steadily increases ; AP 
is a continuously* varying magnitude during the motion 
of P. 

If a, h are the abscissae of A, jB, and x the abscissa of P 
at any stage of the motion, then, as P moves from A. to J5. 
since AP-X’-a* x steadily increases (algebraically) from 
a to 6; a? is a continuously varying number or, more 
^briefly stated, ar is a continuous vmnahle. 

Again, since P coincides in succession with every point 
lying between A and B, so x assumes in succession every 
value lying between a and h. If a be negative and 6 
positive, A will be to the left and B to the right of the 
origin 0, and when P passes through 0, x will be zero so 
that as X passes from negative to positive values it passes 
through the value zero. Had P instead of moving always 
to the right moved sometimes forward, sometimes back- 
ward, then every time it passed through 0 the value of x 
would have been zero, so that x would only change from 
negative to positive or from positive to negative by passing 
through zero. 

We will assume then, as characteristic of a continuous 
variable, that as it varies continuously from a value a 
to a value h it assumes opce at least every value inter- 

*Here, and in similar cases, it is imasure of the step AP that 
is ^>f inmortance ; it will cause no confusion to let AP stand for the 
^tep, and also for the measure of the step ks*is usually done in all 
I applications of geometrical theorems. 
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mediate to a and h\ if one of these values, say a, be 
negative and the other positive, one of the values the 
variable takes will be zero. 

§ 10. Geometrical Representation of Magnitudes, 'i'he 
measure x of any magnitude A is the ratio of A to anotlier 
magnitude U of the same kind that is chosen as the unit. 
If then on any axis a unit step OU 'm taken as representing 
the unit magnitude U, the step OM where OM is equal to 
xOU will represent the magnitude A. There is thus 
established a correspondence between the magnitudes of 
the particular kind considered and the points of the axis ; 
the point 1 corresponds to the unit magnitude the 
point 2 to the magnitude 2U, and so on. 

Many of the magnitudes considered in Geometry and 
Physics, for example, lines, angles, velocities, forces, are 
often treated as directed magnitudes, and their measures 
may then be either positive or negative; when the meas- 
ures are negative, the points that correspond to the magni- 
tudes will lie on the opposite side ol* 0 from that on which ^ 
U lies. ^ ’ 

A variable magnitude P will be represented by a variable 
segment OP, and when the magnitude varies continuously 
the point P will trace out a continuous segment of the axis. 

For purposes of calculation it is the measure of the 
magnitude that is of impoi*tance, and, to avoid a tedious 
prolixity of statement, such an expression as “ a velocity v ” 
will often be used in the sense “ a velocity whose measure 
is V units of velocity.” Of course in all cases care should 
be taken to prevent ambiguity as to the units employed. 

§ 11. Function. Dependent and Independent Variables. In 

any problem the magnitudes dealt with will usually be of 
two classes, namely, those that retain the same value all 
through the investigation and those that are supposed to 
take different values: the former are called constantSy the 
latter variables. It has become^ customary to denote con- 
stants by the earlier letters of the alphabet, a, b, c, and 
variables by the later letters, 2 ?, j/, a;, .... Of course when 
there is any advantage in denoting a variable by a or a* 
constant by z there is ho reason against doing 89. 
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Again, taking first the case of only two variables, it will 
usually happen that when one of the variables is given a 
series of values the other variable will take a series of 
definite values, one for each that the first is supposed to 
have been given. The second variable is then said to be 
a function of the first, or to be a variable dependent on the 
first, which is distinguished as the independent variable. 
Instead of the phrase ** independent variable/* the word 
y/ f^ment is often use d, and tne dependent variable is then 
called fTf unction of its argument. 

Thus, if we consider a series of triangles, all of the same 
altitude, the area of any triangle is a function of its base. 
TEe~distance travelled by a train which moves at a constant 
speed is a function of the time during which it has moved 
at that speed. The pressure of a given quantity of gas 
which is maintained at a constant temperature is a function 
of its volume. In these examples the independent variable 
or argument is the base, the time, the volume ; and the 
dependent variable or function is the area, the distance, the 
• pressure respectively. 

It is usually a mere matter of convenience which of the 
two variables is considered as independent. Thus if the 
time at which the train passed certain stations on the 
railroad were the subject or inquiry, the distance would be 
taken as the independent variable and the time as the 
dependent. 

When there are more than two variables it may happen 
that when definite values are assigned to all but one of 
them the value of that one becomes determinate ; this one 
variable is then said to be a function of or to be dependent 
on the other variables which are called the independent 
variables of the problem. 

Thus the area of a triangle is a function of the base and 
of the altitude when both base and altitude vary. The 
pressure of a given quantity of gas is a function of the 
volume and of the temperature when both volume and 
temperature vary. 

*Oen&ally, a variable y is said to be 9. ftinction of another 
Variable x when tb every value of x there corres);K>nd8 a definite 
value of y ; ta variable y is said to be afunctidh of two or more 
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variables, x.'Vb, when to each set of values of the variables 
there corresponds a definite value of y. 

While it is important to keep this general notion of 
functional dependence in mind, it will, however, be usually 
assumed that a function is defined by an equation (see 
§§ 13, 26, 27, 28), and that it can be represented by a 
graph (§ 16). This assumption implies (i) that as the 
argument varies continuously, in the sense explained in 
§ 9, from a value a to a value 6, the function also varies 
continuously from a value, A say, to a value B ; (ii) that 
to a small change in the argument corresponds also a small 
change in the function. The assumption implies a good 
deal more than what is here stated, but at this stage the 
student is earnestly urged to pass lightly over the purely 
theoretical difficulties and to try to get a thorough grasp 
of the fundamental conceptions of variation and functional 
dependence by working out for himself the graphical 
exercises in the next chapter.' He will find by trial that, 
except for special values of the argument, the property (ii) 
is actually found in all the ordinary functions; the pro- 
perty (i), though apparently simpler, is really much harder* 
to demonstrate mathematically. A mathematical definition 
of the continuity of a dependent variable will be given in 
Chapter V., § 44. 

The student should notice the phrase “ definite value 
or “ determinate value.” It may happen that the analytical 
expression for a function ceases to have meaning for certain 
values of the argument ; for these values, therefore, the 
function is not defined. Thus the function (cc^ — l)/(ir — 1) 
is defined for all values of a?, except the value 1 ; because 
when x = l the expression takes the form 0/0, which is 
absolutely meaningless. We should not get out of the 
difficulty by first dividing numerator and denominator by 
x — l and then putting 1 for a; ; because in dividing by a; — 1 
we assume that a? — 1 is not zero, division by zero being 
excluded by the fundamental laws of algebra. 

Agaii?, such a function as ^(1— ai^) is only defined for 
values of x that are numeMcally less than or equal tp 1 ; ,m 
this case we may siiy that the function is iJefined for valueq 
of the argument in the range from —1 to +1 inclusive. • 
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Ifc has always to be understood in reasoning about a 
function that only those values of the argument are to be 
considered for which the function has a definite value, or, 
in other words, for which the function is well-defined, 

§ 12. Notation for Functions. A function of a variable is 
often denoted by enclosing the variable in a bracket and 
prefixing a letter ; thus, fix\ F(x\ <p(x) denote functions 
of X, The letters /, F, </> are functional symbols, not 
multipliers; the symbol fix) must be taken as a whole, 
and means simply “some function of x” the context or 
some explicit statement determining which particular 
functihn is meant. For different functions occurring in 
the same investigation different functional symbols must 
of course be used. 

fid) means “ the value of the function fix) when x has 
the value a,” or “ the value of the function fix) when x is 
replaced by a.’’ Thus, if fix) denote the function 

— 3a5— 1, 

‘then /(0)= -1; f(l)- -3; f{a+b) = {a+bf-5{a+h)-l-, 
/(*2) = - 3x* - 1 = - 3x2 _ I . 

A similar notation is used for functions of two or more 
variables ; thus, /(x, y), F(p, v), <f>(po, y, z) denote functions 
of X and y, of p and v, of x, y, and z respectively. 

If /(x, 2 /) = 3x2 - 2xy - 2 /* + 4, 

then ■ -l)=3 + 2-l + 4 = 8; 

/(a, b) = 3a2 — 2ab — 62 + 4 . 

The letters should be separated by a commp. to indicate that there 
are two or more variables, and thus distinguish the function from one 
in which the argument is the product of two or more variables. Thus, 
/(.ry) is a function whose argument the product and if J{x) be 
6, then 1® 

§ 13. Explicit and Implicit Functions. One variable is 
U^jually defined as a function Uf another by an equation. 
^The d ependent v^ria blfiJa^called an explicit f unction bf its 
argum^t , or is said to^be'^^given expl^tly when the 
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equation is solved for the dependent variable in terms of 
the argument. Thus 

• c 

i/=£c®— 2a:+3; s=co8('n<+e); P = ~’ 

y ; s=^t); p= F{v) 

are equations which give y, s, p explicitly as functions of 
Xf t, V respectively. 

When the equation is not solved, the dependent variable 
is called an implicit function of its argument, or is said 
to be given implicitly. Thus y is given as an implicit 
function of x by the equation 

axy ^hx+cy+d = {^. 

This equation when solved for y in terms of x gives 

hx + d 
ax+c 

and y is now an explicit function of x, 

§ 14. Multiple-valued and Inverse Functions. When a, 
function is given implicitly by an equation, it may happen 
that to one value of the one variable there correspond two 
or more values of the other. The definition of a function 
given in § 11 assumes that to each value of the argument 
there corresponds but one value of the function, and in 
reasoning about a function we must always suppose that it 
has but one value for each value of its argument; in other 
words, that the function is single-valued. When the 
defining equation gives more than one value of the one 
variable for one value of tlie other, we can usually consider 
the equation as defining a function that is made up of 
two or more functions each of which is single-valued ; 
such a function is called a multiple-valued function. 

, Thus, if y is given as a function of x by the equation 

1 = 0 , 

then ^ y—x±^{2t^-\), 

and to each value of x there •correspond two values of y ; y is a two- 
valped function of The equation really gives two Sanctions ^f a*, 
namely, » * 

Q.C. 
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each of which is single-valued, and defined for those values of x for 
which 2^ is greater than or equal to 1. 

Again, the equation 

defines y as a single- valued function of x^ but ^ as a two- valued function 
of ?/, namely x is either -- 1 ) or - »J{y - 1). 

When the graphical representation of functions is considered, it will 
be seen that the separate functions represent different parts of the one 
curve {e,g, § 20). 

The equation a?® — 2/ + 1 =0, as we have just seen, not only 
defines y as a function of x but also defines x as a function 
of y. More generally, the equation y —/(x), which defines 
y explicitly as a function of x, also defines x implicitly as a 
function of y\ the two functions thus defined by the one 
equation are said to be inverse to each other. 

For example the equation y=^x^ when solved for x gives 
x = ^y and thus defines two functions whicli are inverse to 
each other, namely the cube and the cube root 

It is usual in English books to employ as the symbol 
of the function inverse to that denoted by the symbol /so 
•that 

^-f~\y) when y=f{x). 

The student will be already familiar with this notation 
in the case of angles. Thus sin "^3/ means, not 1/sin^ but, 
the angle (within a certain range) whose sine is y ; and just 
as we have the identity, sin(sin'’^y) = y, so we have 

/{/■%)} =y 

or, as the identity is usually written, 

ff'\y)=y- 

Again it may well happen that the inverse function is 
not single- valued. Thus, sin-^aj may, unless some restric- 
tion be imposed, be any one of an infinite number of 
angles. To secure definiteness some restriction has in 
such cases to be placed on the range of the variable ; 
for example, sin'^aj may 'be restricted to angles lying 
betyreei\ — 7r/2 and +7r/2 (inclusive of — 7r/2 and +7r/2), 
apd then sin"^aj isjsingle-valued. For further information, 
iee §§ 25, 27, 28. , 
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EXERCISES I. 

1 . If f{x ) find /(I), ^ - 1 ), and show that 

f{x + h) = f{x) + ( 3 .r 2 - 1) 4- 3j?^ 2 _j_ 

2 . If f{x) X - 2 , write down J{ax-\- h). , 

3 . If /(.r) ^x^- r^x + 1 , write down J(x^)y J{x^)y y^sin x). 

What is the value of/^sin^^ ? 

4 . If J{a:) ~ log Xy show that ^ 

ApA-A^)+f (>/) ; f(f) -M- 

5 . If f(^x) — ojfi + hv* -hcx^-hdy show that y( — j;) is equal to J(xy 

When /(^), the function f(x) is called an even function of 

its argument. 

6 . If f(x) = ax^ 4 - ha^ dxy show that /( — ^) is equal to —j{x). 

When J{ — x)~ —f{x)y the function f{x) is called an odd function 
of its argument. 

7 . Show that sin or, cosec .zr, tan.r, cot^ are odd functions of x, and 
that cos Xy sec x are even functions of x, 

i 

8 . Show that - e~*)lx is an even function of x, 

9 . If f(Xy y) — ax^ + hxy 4 - c, write down f(yy x)y f{xy x), and f(yy y). 

10. If y=y(x)=^, show that 

11 . If = 

12 . If show that Xcos sin ^)=cos 2 ^, and that 

/(sec By tan 0 )= 1 . 



. CHAPTER IL 

GRAPHS. RATIONAL FUNCTIONS. 

§ 15. Object of the Calculus. Graphs. Stated in the most 
general terms the o bject of the Calculus may be said to be the 
study of the changei^ of a continuously varying function . 
The investigation of the rate at which a given function is 
changing for any specified value of its argument belongs to 
the Differential Calculus; the converse problem of deter- 
faining the amount by which a function changes for a 
specified change in its argument, when the rate of change 
of the function is known, belongs to the Integral Calculus. 

An almost indispensable aid to this study is furnished by 
the graphical representation of a function, and for the sake 
of those students who may have had little or no experience 
in graphical work a few hints will now be given that may, 
be of service to them. At times the tracing of a graph 
involves a good deal of tedious calculation, but the student 
will be well repaid for his labour by the insight he will 
obtain into the fundamental conceptions of variation and 
continuity of a function. When he has made but a little 
progress in the differential calculus he will find several 
methods of reducing the necessary calculations. An ex- 
• trernely good discussion of graphs from an elementary 
standpoint will be found in Professor ChrystaFs Introduce 
tion to Algebra. (London: A. & C. Black.) 

§,16. ilraph of x\ In geometry and physics we frequently 
find a function denned by an equation of the form y 
where c is a constant. Thus the area of a circle varies as 
the square oh the radius; the distance that a body falls 
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from rest, the resistance of the air being neglected, varies 
as the square of the time of fall ; the heat generated by an 
electric current in a given time varies as the square of the 
current in the circuit and so on. These statements when 
expressed in the usual algebraical way all lead to an 
equation of the above form ; x denotes the number of units 
of the one kind of quantity, for example the number of feet, 
or the number of seconds, or the number of amperes; y 
denotes the number of units of the second kind, for example 
the number of square feet, or the number of linear^ feet, or 
the number of ergs (or other heat units). The number c is a 
constant, that is, does not change when x changes ; it is not, 
however, the same constant in the different problems ; thus 
for the area of the circle c = 7r, for the falling body c = ^(7, 
for the electric circuit c depends on the resistance and on 
the heat unit. 

Suppose for simplicity that c = 1 ; the more general case 
can be deduced from this one. Let X'X, YY be two 
rectangular axes (Fig. 7), OU, OV unit segments on these 
axes. Give to x a series of values, and from the equation 
y — x"^ deduce the corresponding values of y. Associating' 
each value of x with the corresponding value of y, we 
obtain a series of pairs of numbers, and each pair may 
be taken as the coordinates of a point in the plane of the 
diagram, the value of x being the abscissa and the 
corresponding value of y the ordinate of the point. If the 
values given to x form an increasing or a decreasing series 
of numbers, and if the difference between any two con- 
secutive values be small it will be found that the consecu- 
tive points determined on the diagram lie pretty close to 
each other ; the curve drawn through these points with a 
free liand is called the graph of the function x\ 

Tabulating values, we have 


X 

1 0. 1, 2, -3, ... 1,11 . 

.. 



y 

1 0, 01, 04, 09, ... 1, 1-21. 

.. 



. X 

1 -1, --2, --3,’... -1, 

-11 .. 

J. ♦ 


y'\ 

1 01, 04', 09, ... 1, 

1-21 .. 

a 



Take OU, OV each, say, 1 inch and plot the pointy 
• > • 
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(0, 0), (1, -01) ... (-1, -01), (--2, 04) ... ; by drawing a 
curve through the points we get the graph of (Fig. 7). 



Of course only a comparatively small number of points can 
be plotted, but by actual calculation we find that a small 
change in ® produces but a small change in y, we are there- 
fore warranted in concluding that an ordinate corresponding 
to a value of ® that has not been used in plotting the points 
but that lies between two values that have been used can 
differ but little from the ordinate of the graph correspond- 
.ing to that value of x. When there is any room for doubt, 
a few more values of y at closer intervals may be calculated. 

When X is at all large, y will be much larger and it 
becomes impossible to plot the points in the diagram , we 
must then try to follow in* imagination the course of the 
m-aph pr if it be of importance ‘to know the form of the 
OTaph for such v^ues we may take the»unit lines OU.’OV 
«smwer. See further § 19. 
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§ 17. Equation of a Curve. Symmetry. Turning Values. 

Let us now consider the graph of from the purely geo- 
metrical point of view. 

(i) Equation of the Curve. A point in the plane will or 
will not be on the graph of according as the ordinate of 
the point is or is not equal to the square of its abscissa ; in 
other words, the condition that a point should lie on the 
graph is that the coordinates of the point should satisfy the 
equation y=x^ which states the law according to which the 
curve was constructed. This equation is generally called 
the equation of the curve, and the curve is said to be repre- 
sented by the equation ; the two expressions “ the graph of 
the function aj*” and “ the curve whose equation is 

(or “the curve represented by the equation = mean 
the same thing. 

More generally, “ the graph of the function /(cc) '' and 
‘the curve whose equation is y =f{xy' mean the same thing, 
and the condition that a point should lie on the curve or 
graph is that its coordinates should satisfy the equation 
y-=:f{x). Thus the point ( — J, i) does, and the point-, 
does not, lie on the graph of ; the origin lies on 
the graph of x^ but not on that oi x^+\. 

(ii) Symmetry. The ordinate of the point on the graph 
of which has — a for its abscissa is e(pial to the ordinate 
of the point which has a for its abscissa, since each ordinate 
is a\ If A is the point (a, a^) and B the point ( — a, a^) 
AB will be perpendicular to OY and will be bisected by 
OF; that is, since a may be any number whatever, the 
graph is symmetrical about OF, or OF is an axis of sym- 
metry (cp. § 6, ex. 3). In plotting the graph by points 
therefore, it would be sufficient to calculate y from positive 
values of x alone; the part of the curve to the left of OF 
is simply the reflection in OF of the part to the right. We 
might imagine the plane of the diagram turned through 
two right angles about OF and the part of the curve origin- 
ally to the right of 0 F would after rotation form the part 
to the iSft of OF. 

The graph of a function f{x) is not, as a rul^, syfn- 
metiical about the y-axis or about any other line ; but the 
function should alweys be examined for synynetry since' 
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the presence of symmetry saves labour. The graph of f(x) 
will be symmetrical about OF if f(x)m an even function 
(Exer. I, ex. 5), for in that case the ordinate /( — a) of the 
point whose abscissa is —a is equal in sign and in magni- 
tude to the ordinate f(a) of the point whose abscissa is a. 

' (iii) Variation of the Function. Suppose a point to start 
from 0 and move along the graph. At first the ordinate of 
the point increases very slowly ; as the point gets nearer to 
the point (1, 1) its ordinate grows more rapidly; when it 
has passed (1, 1) its ordinate grows still more rapidly. As 
X increases from 0 to J the ordinate increases from 0 to J ; 
as X increases from ^ to 1 the ordinate increases from J to 1 ; 
as X increases from 1 to f the ordinate increases from 1 to 
Thus for the same increase of | in rr the ordinate increases 
by the arjiounts J, f , respectively. The course of the 

graph shows very clearly that after a certain point has 
been reached the ordinate grows more rapidly than the 
abscissa while near the origin it grows less rapidly; the 
grapli thus gives a vivid picture of the variation of the 
, Function represented by the ordinate. 

(iv) Turning Values. If a point move along the graph 
from any position on the left of 0 F to any position on the 
right the ordinate' of the point decreases till the point 
reaches 0 and then increases. The point 0 where the ordi- 
nate ceases to decrease and begins to increase is called a 
turning point of the graph, and by analogy the value 
of the function x^ at 0, namely zero, is called a turning 
value of the function. The turning value is in this case a 
minimum value of the function or ordinate. 

In general those points on a graph at which the ordinate 
ceases to decrease and begins to increase, or else ceases to 
increase and begins to decrease are called turning points of 
the graph, and the corresponding values of the function turn- 
ing values ; the turning values are respectively minima and 
maxima values of the function, that is values respectively 
less and greater than any^ other values of the function 
in their neighbourhood. • 

» § 18. Graph of We might by asj^igning values to x, 
und calculating the corresponding vjsilues of y from the 
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equation y^cx^ construct the graph of cx^ / it will be 
instructive to. consider another method of deriving the 
graph. 

First let c be positive. Let any ordinate of the graph of 
x^ be denoted by and the ordinate of the graph of cx^ for 
the same value of xhy y^^ then y^^^^Vv because yx—x\ 
y^ = cx^ and x is the same number in both equations. The 
two ordinates- may be called “ corresponding ordinates.” 



Fig. 8. 


Hence to obtain any ordinate of the graph of cx^ we 
have only to multiply the corresponding ordinate of that 
of by c ; in oth^r words, if Mr is any ordinate of th® 
graph of x^ divide MP or MP produced at P' so that i/P’ 
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on it. 
to c. 


Then (§ 7) OP® is equal to cc®+ 2 /® ; also OP is equal 
Hence . <> • o o ✓-•■v 




and this equation is true for the abscissa and the ordinate 
of every point on the circle but of no other point. As P 
moves round the circle, x and y change in value, but always 
the sum of their squares is equal to c®. Equation (1) is 
therefore called the equation of the circle with radius c. 

On the other hand an equation between x and y defines 
y as a function of x, and the graph of this function may be 
plotted point by point ; numerous examples will be found 
in later articles. As a simple case we might consider the 
equation y^x^ which gives the graph of § 16 ; or we might 
take equation (1). In that case y is defined as a two- 
valued function oi x,y— — a?®), for values of x from 

—c to x=: +c\ clearly if x is numerically greater than c 
y is imaginary. The graph will be symmetric about 
the axis X'X^ and by considering the inverse functior 
aj= ±>iy(c® — 2 /®), we see that the graph is also symmetric 
► jabout YY. We might then plot points for which x and y 
are both positive and thus arrive at the form of the graph. 
The two functions +>^(c® — a;®) and — — cc®) are repre- 

sented respectively by the semicircles above and below the 
tr-axis. 

In later sections it will be seen how the geometrical 
properties of the graphs of the simpler functions can be 
deduced from the equations (see § 26). 

If in plotting the graph of the function defined by 
equation (1) the units 0?7, OF are of different lengths the 
graph will seem to be not a circle, but an ellipse (Exer. V. 4) ; 
if OF be, say, half of OU, each ordinate will be only half 
the actual length of the ordinate of the circle. So long as 
OU, OF are of the same length the sha'pe will not be 
altered; a change in the size of the units, i^o long as the 
units remain of equal length, only enlarges or reduces the 
figure since all lines are altered in the same proportion. 

Even in studying the geometrical properties of curves, 
h(^evSr, it is often neces.sary to choosy units of different 
lengths in order to get the curve represented on a sheet of 
^reasonable ; it must then be borne in mind that the 



COORDINATE GEOMETRY. 


29 


graph will only show the ratios and not the actual lengths 
of the lines whose measures are the numbers taken as the 
ordinates. 

In all cases the units should be chosen so as to rpake the 
graph as large as possible; a diminutive graph usually 
defeats the end of its existence. 

EXERCISES II. 

1. Are the points 1), i), J), 2)(5, 100), 40) on 

the curve whose equation is y = ? 

2. Is the y-axis V'OF an axis of symmetry for the graph of any of 
the functions — 

(i) 2^-3^; (ii) (iii) (iv) integral) ; 

(v) (x + + 1) ; (vi) l/(a?2 + 1) ; (vii) a + hx^ + cx*-\- dofi ? 

Does the point (1, — 1) lie on any of the graphs ? What must be 
the value of a if the origin lies on the graph of (vii) ? 

3. Trace the graphs of the following functions for values of x 
between -2 and +2, and find the turning points of the gi‘aphs and 
the abscissae of the points where the graphs ci’oss the axis of 
abscissae — 

(i) ^-1 ; (ii) 2.^2- 1 ; (iii) -2^ + 1 ; 

(i v) Zx-^\ (v) 1 - ; (vi) - 1 + 3a? - 2.r2. 

How may the graphs (i), (iih (iii) be derived without calculation 
from the graphs of x\ ^x\ -2x^ respectively? How may the graph 
of (iii) be derived from that of (ii), and the graph of (vi) from that 
of (iv) ? 

4. Having given the graph of the function f(x\ show how to obtain 
the roots of the emtation f(x) — (). Illustrate from the graphs of ex. 3. 

[Let a be the abscissa of any point A on the graph ; by the 
nature of a graph the ordinate of A isy(a). Hence, if /(a) = 0, A must 
be on the axis of abscissae ; but if ^n)— 0, then a is a root of the 
eauation f(x) = 0. Therefore the roots of the equation y(.a7) = () are the 
abscissae of the points where the graph of f(^x) crosses the axis of 
abscissae.] 

5. Trace the curve whose equation iay—x^. 

To every point P on the curve there corresponds another point 
jP on the curve which is symmetric to P with respect to the origin 
(§ 6, ex. 3.) ; for if P is the point (a, 6), P' is the point (-a, — h\ and 
when b—a^ then also —b=^{ — a)K When, as in this case, the equation 
is not altered by replacing x, and i/ hv —x and -y respectively, the 
origin is called a centre of symmetry of the curve, 

6. On which of the curves g^en by the following equations) is tt« 

origin* a centre of symmetry — ^ 

(i)y=aa»+6a‘,; (iii) ; (iv)a**+^=c? 
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§ 21. The Linear Function. If any point be taken on the 
bisector of the angle XOF, the ordinate of the point will be 
equal both numerically and in sign to the al^cissa of the 
point ; but if any point not on that bisector be taken its 
ordinate will not be equal hoik numerically and in sign to 
its abscissa. Hence the bisector has for equation y — x\ the 
bisector is the graph of the function x. 

Similarly 2 /=— ccis the equation of the bisector of the 
angle Y0X\ 



If P is any point on the straight line BOA (Fig. 9) and 
if X', y are the coordinates of P, then y-=x tan XoA ; this 
equation is true whether the coordinates of P are both 
positive or both negative as when P has the position P^. 
Conversely, if the point is not on BOA the equation 
y^x tan XOA will not be true for the coordinates of 
the point. Hence the straight line BOA has for its equa- 
tion y=-x tan X0A\ BOA is the graph of the function 
X tan XOA. 

Similarly y^x tan XOA' is the equation of the straight 
line R0A'\ the angle XOA' and tan XOA' are both 
negative. * • 

^ Hejice the equation y=ax always represents a straight 
^ line through 0^ the origin of coordinates, and a is the 
tangent of the angle which the line makes yitli OX. 
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If through C a line DOE be drawn parallel to BOA then 
ME^MP+PE^OM ifin XOA + OG 
M^D = M^P^ + P^D = OM^ tan XOA + OG 

by the rule for addition of steps (§ 2). 

Hence if x, y are the coordinates of E and OG is equal to h 

y=^x tan XOA +b 

and the same equation holds if x, y instead of being the 
coordinates of E are the coordinates of D or of any other 
point on DE, 

If C were taken on OF, the only difference would be 
that its measure 6 would be a negative number. 

The graph of any function of the form acc+6 is therefore 
a straight line ; a is the tangent of the angle which the line 
makes with OX and b is the distance from 0 of the point 
where the line crosses the axis 0 F, or as it is usually called 
the intercept on OF. (See also Exer. III., ex. 2.) 

If a = 0, the line is parallel to the axis OX if b is not also 
zero ; if both a and b are zero the line is the axis itself. 

The equation x=^c represents a line parallel to the axis 
OF if c is not zero; if 6‘ = 0, the equation represents the 
axis FF. In this case, the line is perpendicular to OX and 
the tangent of the angle it makes with OX is infinite. 

Since the graph of aic + 6 is a straight line, ax + bis often 
called a linear function of its argument x. 

It is important that the student should attach a definite 
meaning to the phrase “the angle that a straight line makes 
with the axis of abscissae.” We make the following con- 
vention which will save constant repetitions; the line is 
understood not to be perpendicular to OX. Through 0 
draw a parallel to the given line; by the angle which the 
given line makes with OX is meant the acute angle (positive 
or negative) through which a line coinciding with OX 
(not OX') must be turned till it coincides with the parallel 
through 0: or, what amounts to* the same thing, it is the 
acute angle (positive or negative) through which a line 
drawq from any pojjit on the given line parallel to"^ OX^ 
(not OX') must be turned till it coincides Vith the given 
line. 
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Thus the angle which DE makes with OX is XOA or 
AGE, if GA be parallel to OX ; this angle is positive. The 
angle which R A' makes with OX is XOA' and is negative. 

§ 22. Gradient. The gradient of a line is the tangent of 
the angle the line makes with the axis of abscissae OX ; 
the gradient is therefore positive or negative according as 
the angle is positive or negative. Instead of “ gradient ’’ 
the word “ slope ” is used by some writers ; but the term 
“ gradient is already well established in this meaning. 

If we suppose the axis of abscissae OX to be horizontal 
and the axis of ordinates OY vertical, the positive directions 
being to the right and upwards respectively, we can 
describe the motion of a point which moves along the 
line briefly thus: as the projection of the point on X'X 
moves to the right or to the left the point, itself moves 
upwards or downwards ; or, if the coordinates of the point 
be {x, y), we may say, as the 'point x moves to the right or 
left the point {x, y) moves upwards or downwards. 

When, as on the straight line DE, the gradient is positive 
we see that as the point x moves to the right the point 
(x, y) on the line moves upwards ; but ^hen, as on the 
straight line RA', the gradient is negative, as the point x 
moves to the right the point {x, y) on the line moves down- 
wards. Of course if the direction of motion of the point a: 
be reversed so is that of the point {x, y). Instead of ‘‘ the 
point {x, y) on a line or curve ” we shall sometimes say 
simply the graphic point ” meaning the point supposed to 
be descriWng the graph. 

EXERCISES m. 

1. Find the gradients of and the intercepts on the axis of y made by 
the lines whose equations are 

(i) -.r+2 ; (ii) y=|.r-l ; (iii) y=^ 

Trace the lines on a diagram. 

'2. Bhbw that the equation • ^ 

« « 2y+3a?— 1*=0 

represents a straigj^t line, and find its gradient. • 

The equation may be written y=^ ; it therefore represents 

a straight liiie with the gradient -*}. • * * 
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In the same way it may be seen that the equation 

ax'-\rhy + c^0 (i) 

represents a straight line. If h is not zero, tlie giadient is - ajh. If 
h IS zero, the equation becomes x— —cja and represents a straight line 
perpendicular to the ^-axis ; in this case the gradient is infinite. 

If a, h are both different from zero, and if the line cut the .r-axis 
at A and the ?/-axis at /?, then Ovl= --Wt^ OB— -cjb. For the 
coordinates of A are (0/1, 0), and since these satisfy (i), we must have 
aOA -h c = 0 or OA = - cja. 

Similarly the coordinates of B are (0, OB)^ and therefore hOB+c — 0. 

OA, OB are called the intercepts made by the line on the coordi- 
nate axes ; of course, the simplest method of graphing the straight 
line is to find the intercepts OA, OB, and to join A B. 

3. Determine whether any or all of the points /l(l, 1), B{2, -1), 
0(9, —4) lie on the straight line given by the equation 

2^7-1- 3y =6. 

4. Show that whatever constant value a may have the point (tj, yj)- 
will lie on the line given by the equation 

The equation is true when for x we put and for y we put . 
and this is the only c >ndition required. 

S’. Determine the constant a in Ex. 4 so that the point (.r^, t/o) 
lie on the line. 

Since the coordinates (^rg, ^ 2 ) satisfy the equation, we find 

and therefore the equation of the line through the points (,rj, y, ), 
(^2. 1/2) 

-ri)- 

•*2 '*'1 

6. Find the equations of the lines through the following paiis of 
points — 

(i) (1,2), (2,1); (ii) (-1,2), (2, -1); 

(iii) (0, 0), (1, - 1) ; (iv) (0, 3), ( - 2, 0). 

7. Find the equation of the line with the gradient 2 passing through 

the point (3, 1). 1 ^ ^ 

8. Find the equation of the line with the gradient c passing through 
the point (a, 6). 

9 . Find the coordinates of the point of intei'section of the two lines 
given by the equations 

(i) ^-f-2y=3; (ii) 3a,+y = 4. * 

Since Ihe point of intersection lies on botB^ lines, tts coordinates 
must satisfy both equations (i) a^d (ii). Solving these as simultaneous . 
o.c. 



34 AN ELEMENTARY TREATISE GN THE CALCULUS. 


equations, we get for the required coordinates 1, y = 1. Verify the 

result by means of a diagram. 

10. Draw on one diagram the curves whose equations are 

2a?+y“3=0, y=x\ 

and find by measurement the coordinates of the points of intersection. 
Verify by solving the equations as simultaneous equations. 

11. Show that the roots of the equation 2x+x^~3 = 0 are the 
abscissae of the points of intersection of the curves of ex. 10. 

12. Show that the roots of the equation f{x)^c are the abscissae of 
the points of intersection of the curves given by 

Compaie Exer. II. ex. 4. 


§ 23. Rational Functions. An expression of the form 

a-\-hx + co?+ kx'^ + Ix^ (1) 

where the coefficients a, 6, c, . . . are constants and the 
indices of the powers of x are all positive integers of which 
n is the greatest is called a Rational Integral Function of 
X of degree n. 

The (quotient of two rational integral functions of x is 
called a Rational Fractional Function of x. 

It is known from the theory of equations that an 
expression of the form (1) will in general vanish for ' 
vahies of x\ hence the graph of the function (1) will 
general cross the a;-axis n times. (See P]xer. II. ex. ^ 
Some of the values of x for which (I) vanishes may ho^\ 
ever be imaginary and for such values of the abscissa ther 
are no real points on the axis so that the graph may not hav 
as many as n crossings. When two of the values of x fc 
which (1) vanishes are equal, the student will find that tl: 
graph touches the cc-axis at the corresponding point. 

Graphs of the even powers. The graphs of the eve 
powers of cr, . . . are all of the same general charactei 
they touch the a>-axis at 0 and have the /y-axis as aij ax 
of symmetry. The greater the index however, the slow( 
does the graph recede from the aj-axis near thh origin ; c 
the other hand, the greater the i^dex the more^ rapid] 
does the graf)hic point move upwards when x is great 
than U The general shape of the graphs of aa?, . 
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can be seen by dividing the corresponding ordinates of the 
gr^hs of 05 ^, a;* ... in the ratio ofatol,asin§18. 

Graphs of the Odd Powers. The graphs of the odd 
powers higher than the first, touch the aj-axis at 

the origin but they do not have the y-Sixis as an axis of 
symmetry. For these the origin is a centre of symmetry. 
(Exer. II. 6). For positive values of x the graphs resemble 
those of the even powers ; near the origin the graph of jr® 
is flatter than that of x\ 
not so flat as that of 
while for values of x 
greater than 1 the graph 
of a? lies above that of 
aj®, below that of x\ 

To construct the graph 
of a? for negative values 
of X, take a point P on 
the graph of the posi- 
tive values of x, produce 
PO backwards its own 
length to P'y and P will 
be the point on the graph 
symmetric to P (Fig. 10). The same construction holds for 
any curve that has the origin for a centre of symmetry. 

The graphs of the odd powers thus both touch and cross 
the a;-axis at 0, bending away from the axis in opposite 
directions on opposite sides of 0 (Fig. 10). 

Definition. A point such as 0 where the curve crosses its 
tangent and bends away from it in opposite directions on 
opposite sides is called a Point of Inflexion^ and the tangent 
at the point is called an Inflexional Tangent. 

The student should plot on the same diagram for values 
of X between —1 and +1, using a pretty large unit, the 
graphs of a?, ic®, x^y x^. He will gain useful ideas of the 
relative magnitude of the powers of x when x is a proper 
fraction. He will also be able to deduce the general course 
of the grapph of such a function as x^ for values of x 
between 0 and 1 ; the graph will lie below that of cc^.but^ 
above *that oi a?. li? (c be negative x^ is imaginary, and 
there is no part of the giaph to the left of the y-axis. 
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In the same way by plotting the graphs of the same 
functions for values of x between 1 and 3, using a small 
unit, he will see how rapidly the higher powers of x 
increase when x is greater than 1. He can readily verify 
the important principle that the term of highest degree in a 
rational integral function will for sufficiently large values 
of X be numerically greater than the sum of all the other 
terms, and will therefore determine the sign of the function 
for large values of x. 

The construction of the graph of the general rational 
integral function is usually laborious ; when the student is 
able to differentiate a function he will find that the labour 
may be considerably reduced. 

As an example take the function f{x), where 

f(x) = x^^Sx + l. 

Write y5;a;)=a^(l-|+i). 

Now, if x is numerically equal to or greater than 2 the 
expression within the bracket will be positive, as a little 
consideration shows. Hence if x is positive and equal to or 
greater than 2, f{x) will be positive ; if a? is negative and 
numerically equal to or greater than 2, f(x) will be 
negative, since x^ will be negative and the expression 
within the bracket positive. The graph must therefore 
cross the cc-axis once at least between the points on that 
axis at which a; is — 2 and 2 respectively. 

Examining further, we find 

A-2)=-l; /(-l)=+3; /(1)=-1; /(2)=+3, 

/ 

and therefore the graph must cross thrice, namely, between 
the points —2 and —1, —1 and 1, 1 and 2; since the 
equation is of the third degree, the graph cannot cross 
more than thrice. There will thus be two turning points. 

Again, /(-l-9)= -159, 

/(-l-8)=+*568, 

t 

so that the graph crosses between^— 1*9 and — 1‘8. 
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When cc = — 1 *88, /(a*) = — *005, 

so that the graph crosses very nearly where a;= —1*88, and 
this value is an approximate root of the equation 

a;»-3a;+l = 0. 

In the same way it may be found that the other two 
roots are approximately *35 and 1*53. 



The turning points occur where ic=— 1 and x=l, and 
the calculation of a few values of f{x) shows that the graph 
is of the form shown in Fig. 11. 

§ 24. Asymptotes. The simplest example of a rational 
fractional function is 1/x. 

When X is small and positive, 1/a? is large and positive, 
and as x tends towards zero l/x becomes extremely large 
or, in the usual language, 1/a; tends toward infinity; thus 
when x takes the values;!, *01, *001, ... l/x takes the values 
10, 100, 1000, ... respectively. Hence as the point x moves 
from the right toward 0 till it all but coincides with 0 the 
graphic point moves upward and .recedes to a very great 
distance fr&m the cc-axis while approaching very close to 
the y-axis ; when x ^is zero, that is when the point x 
coincides with 0, the graphic point may be* said to be at 
infinity. In this ’case the graph is said to approach the 
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positive end of the t/-axis asymptotically y or to have the 
2/-axis as an asymptote. 

In the same way it may be seen that when x is very 
large and positive Ijx is very small and positive; the 
graph approaches the positive end of the aj-axis asymp- 
totically. 



The graph is obviously symmetrical with respect to the 
origin, and approaches both ends of both coordinate axes 
asymptotically (Fig. 12). 

Definition. In general, when a curve has a branch 
extending to infinity, the branch is said to approach a 
straight line asymptotically, or to have the straight line 
for an asymptote^ if as a point moves off to infinity along 
* the branch the distance from the point to the straight line 
tends towards zero as a limit, that is, if as the point moves 
off to infinity the distance becomes and remains less than 
any given length. 

If aj— a be a factor of the denominator of a rational 
fractional function of x in its lowest terms, the function 
»wili tend towards infinity sd x tends towards a and the 
line whose equation is a; = a will be an asymptote. If as x 
tends towards infinity the function y ten^ to a finite value 
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/3 then 2 / = j8 will Ke the equation of an asymptote/ These 
asymptotes are parallel to or coincident with the coordinate 
axes, as in the example just considered ; but there may be 
asymptotes that are not parallel to either axis, as in the 
following example : 

x^+x^+1 

y - ^2 • 

Here we may write 

2/=®+1+^2- 

If we denote by the ordinate of the graph and by 
the corresponding ordinate of the straight line whose equa- 
tion is y=^x + \, we see that 

^1= 2/2 +3,2- 

Hence whether x be positive or negative y^ is greater 
than 1/2 and therefore the graph of the function is always 
above the straight line. 

Again when x is numerically very large is very small, 
and the difference between y-^ and will as the point x 
moves either to the extreme right or to the extreme left 
of the aj-axis become less than any given fraction ; hence 
the graph approaches both ends of the line whose equation 
is y = a; + l asymptotically. 

The 2 /-axis is also an asymptote ; y is positive when x 
is either a small positive or a small negative number and 
therefore the graph does not approach the negative end of 
the 2/-axis but it approaches the positive end both from the 
right and from the left. 

The graph will cross the aj-axis for those values of x 
which make the numerator x?+x^+\ zero; a few trials 
will show that the numerator vanishes only once, namely 
whena;=~r47 approximately. When x is algebraically 
less than — 1*47, y is negative ; for all other values of x the 
ordinate is positive. 

When * x^\y = Z\ 

when • « • a; = 2, 2 / = 3i, * ‘ 

and there is a turning point when x= 13 ajJ^roximately. 
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The graph is shown in Fig. 13. The unit for the 
abscissae is double that for the ordinates ; if the units were ' 
equal the portion ABC would be at a considerable distance 
^bove X'X and the diagram would have to be very large 



to show that part clearly. The curve approaches the 
asymptote QH very rapidly but the asymptote OY more 
slowly. 


In plotting the graph of a fractional function it will be frequently 
found convenient to split the function up into partial fractions as has 
been done above. Thus, if 

.^24-1 

1 2 ,6 

we can write y—l q-H 

^ ^-1 a :-2 

and we see that there are three asymptotes whose equations are 

y=l, ^=1, ^=2. 


In this case the graph crosses the horizontal asymptote at the point 
whose abscissa is because when y=l we have 


For the equation 


1 1 

y=af+3--^+-^ 

4? “"A X A *• 


we should have 


BKERCISES IV. 


41 


and there would again be three asymptotes, two of which are parallel 
to the y-axis while the third has for equation 

and this third asymptote cuts the graph again at the point whose 
abscissa is 


EXERCISES IV. 

Graph the functions 1 —6 : 

1. 2. 3. 


4. ; 


_ 2^-3 


2 + .r - 1 


7. Show that the roots of the equation .%^-ax-b=^0 are the 
abscissae of the points of intersection of the graphs of and of ax-hb.^ 

8. Find to two decimals the roots of the equations 

(i) ^-7^+3=0; (ii) x"- 7 a’ + 9 = 0. 

Graph the functions. 

9. If /(a?) = .r^ - 4.^2 + 16.r 4-1, show that the equation f{x)^0 

has four real roots, and find these to two decimals. 

[Find the values of f{x) for x equal to -2,-1, 0, 3, 4 respectively. 
The ordinate - 2) is positive and the ordinate /( - 1) negative, so that 
the graph crosses the axis of abscissae between the point - 2 and the 
point - 1. Proceed in the same way with the other numbers.] 

10. A point is moving in a plane and at time t seconds reckone<l 
from a fixed instant, its coordinates with respect to two rectangular 
axes in the plane ai’e x and y feet. Construct the path of the point 
in the following cases : 

(i) — (ii) x-^u + bt, y=c-\-dt ] 

(iii) x—2tyy^ St^ ; (iv; x^ty y = 

[The position of the point at any instant may be found by 
calculating the values of x and y for the value of t at that instant ; 
having found the position of the point for a number of values of t, 
the graph can be arawn in the usual way. Or, the equation of the 
path may be found by eliminating t. Thus in (i) ^ may be considered 
a function of Xy namely t=x-l ; but y is always 2ty and therefore 
y and x are always connected by the equation y=2(.r-l). fn this 
case therefore ^he path is a straight line.* In (ii) the path is also a 
straight line. The equations of the paths in (iii), (iv) are y — 2,j;\ 
This method of repi'esenting the path of. a point by means of 
two equations is of frequent occurrence both in Gaometry and in 
Mechanics.^ 

O.O. 
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11. The angle 6 between the two straight lines whose equations are 

(i) (ii) 

may be found from the equation 

^ N ^ m — m' 

1 -tmm , 

[Let (i) make the angle a, (ii) the angle P with X'OX ; suppose 
a> 0y then 6=a- p and 

^ ^ tan a - tan B m — mf 

tan 6=^-7 r — ^/ 5 ==r-; ?• 

1 + tan a tan p 1 4- wim 

If the nuMerical value of (m — wi')/(l +mm') be taken, the acute angle 
between the lines will be obtained whether a > or a < j8.] 

12. Tlie angle between the lines given by 

rt:r4-% + c = 0 and a'x+h'y + c' = 0 
is given by tan 0 — (ah' — a'h)l(€ui' 4- hb'). 

13. Show that the lines of ex. 12 are 


(i) parallel if alb—a'lh\ 

(ii) perpendicular if aa'^^bb'—O, 



CHAPTER III. 

GRAPHS. ALGEBRAIC AND TRANSCENDENTAL 
FUNCTIONS. CONIC SECTIONS. 

§ 26. Algebraic Functions, y is Qalled an Algebraic 
Function of x when it is determined by an equation of the 
form 

A2/’‘+S2/^-'+... + if2/+i = 0, 

in which the indices of the powers of y are positive integers 
and the coefficients A, X, are rational integral 

functions of x. Manifestly, rational functions are special 
cases of algebraic functions. 

y will usually be multiple-valued and its graphical repre- 
sentation is much more difficult than that of the rational 
function except in particular cases of which the following 
are of special importance ^ : 

Type I. — aj = 0 or y = x\ 

When n is an even integer, x must be positive and y will 

be two- valued ; when n is an odd integer, x may have any 

1 

value and y will be single-valued. The graph of cc" is 
readily found from that of a?” 

Let QOP (Figs. 14, 15) be the graph of x^, and let PN 

be perpendicular to F'F; then ON=NP^, or NP—ON*^, 
Hence if 0 F be taken as the ^xis of abscissae, that is, 
as the axi^ of the argument and OX as the axis of ordi- 

^ The beginner may find ihis article somewhat difficult ; he should work 
out the simple examples of the various cases that are act down at the end 
of the article and the jdiscussion will become more definite. He need not 
however spend much time on tnis article at a first reading of tlfe subject. 
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nates, that is, as the axis of the function, the curve QOP 

1 

will be the graph of the function OiV" It is desirable 
however to have OX as the axis of abscissae and OF as 
the axis of ordinates, that is, the figure has to be turned 
so that OF becomes horizontal and coincides with the 
present position of OX, while OX becomes vertical and 
coincides with the present position of OF. The simplest 



Fio- W- Fio. 15. 


way of securing this is to suppose the whole figure rotated 
through two right angles about the bisector BOA of the 
angle XOF as axis; NAP will thus come into the position 
N'AP', .and QOP will come into the position QOP'. Q'OP' 

1 1 

will be the graph of because N'F=0N'^, since 
N'F=NP and ON'^ON, 

Fig. 14 is the graph when n is even and when, therefore, 
for one value of x there are two values of y ; on the other 
hand, when n is odd, as shown in Fig. 15, to one value of 
X there is but one value of y. 

Construction of Graph of an Inverse Function. The same 
transformation gives the graph of the function inverse to a 
given function. If y-x'^ and if x be taken as the argu- 
ment, QOP is ^he graph of x‘^; the fdnetion inverse ‘to y is 

X where and, when y is takto as the argument, QOP 
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is the graph of j/'*, that is, of the function inverse to y or 
aj". It is convenient however to represent the argument 
in all cases by lines measured along X'OX and to denote 
the argument of the inverse function by the same letter 
as is used for the argument of the original function ; tliat 
is when the inverse function has been formed we then 
replace y hy x and x by and the graph of the inverse 
function, when this replacement has been made, will be the 
original graph rotated through two right angles about the 
bisector of the angle XOY. 

In this notation the graph of is QOP; the inverse 

1 1 

function, which as first stated is ?/”, is now x‘\ and its 
graph is (^0P\ 

Again, when the graph of a function -has been constructed, 
we see how to choose the range of the variables so that the 
inverse function may be single-valued. When n is even 

OP" is the graph of +x^^ and OQ that of —x^\ that is, OF 
and OQ are the two branches of the two-valued function 
inverse to x'^ when n is even. 

Type II. y'^ — jr:<^ — 0 where m, n are unequal and not both 
even. 

If m, n were both even the ecjuation would be equivalent 

n m V. m 

to the two equations y^’-x^={), y^+x^ = 0,*Rnd there 
would therefore be two graphs, each of which would come 
under one of the following groups. 

The student should notice the remark in § 23 about the 
graph of such a liinction as ; it will be found useful in 
the discussion of the groups contained in the general 
equation. 

(a) m>7i\ y = x'^ where ™ is an improper fraction. 

(Aj) m, 71 both odd. The graph is of the form QOP 
(Fig. 15); 0 is a point of inflexion and X'OX a tangent 
at 0. • 

(Ag) m even, n odd. The* graph is of the form QOP 
fFig. 14); OF is an axis of symmetry and X^OX a ta?igent 
at 0. . . 
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(Ag) m odd, n even, y is imaginary when x is negative; 
OX is an axis of symmetry, and both branches touch OX 
(and each other) at 0. (Fig. 16.) 

Definition. A point on a curve such as 0, at which 
two branches OA, OB have the same tangent, but beyond 
which they do not pass; is called a Cusp. It hiust be 
observed that neither branch passes beyond 0 ; a point' 
moving from A along the curve to 0 reverses its direction 
in order to proceed along the other branch OB. 



Fig. 16. Fio. 17. 


(b) m<n; y — where ~ is a proper fraction. 

(Bj) m, n both odd. The graph is of the form Q'OP' 
(Fig. 15); 0 is a point of inflexion and Y'OY a tangent 
at 0. 

(Bg) m odd, n ev^n. y is imaginary when x is negative ; 
OX is an axis of symmetry and Y'OY a tangent at 0. 
The graph is of the form O' OP'. (Fig. 14.) 

(Bg) m even, n odd. OY is an axis of symmetry and is a 
tangent at 0; 0 is a cusp. (Fig. 17.) 

Thus if m=2, n = 5, since f lies between f or and 

f or the graph of x^ will, when x is positive, lie 
between those of xi and xi, each of which has the form 
OP' (Fig. 15). The branch OB is present because OF is an 
• axis of symmetry. 

The student will have no difficulty in deducing the 
graphs when the equation is = 0 ; -they are deduced 
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from those of = 0 by rotation about one of the 

coordinate axes. Thus the graphs corresponding to (a^) 
and (b^) are obtained by rotation about X'X, More gene- 
rally, the graphs of can be deduced by dividing 

the ordinates of — Q in the ratip of to 1. 

Ex. 1. Draw the graphs of the following cases of Type I. ^ 

(i) ; (ii) ; (iii) ?/= -x ; (iv) y = -x. 

Ex. 2. Draw the graphs of the following cases of Type 11. (a) : 

(i) ^ ; (ii) y3 ^ ^4 . (iii) = .7,:i ; 

(iv) ; (v) ; (vi) _^^;3 

Ex. 3. Draw the graphs of the following cases of Type II. (b) ; 

(i) ; (ii) ; > (iii) y^^o -^ ; 

(iv) y»= -^3 . (v) -X^; (vi) ;V'*= 

Ex, 4. Draw the graphs of 

(i) y2-_9y3 . (ii) -^Qx^ ; (iii) y^=27x\ 

Ex. 5. Graph the functions 

(i)A> (“)-^; (iii) -T- 

x^ X'^ 

§ 26. Conic Sections. For the sake of readers unfamiliar 
with the conic sections we give in this article the equations 
of the conic sections and define the most frequently occur- 
ring technical terms connected with them. 

Definition. — A conic section is the locus of a point 
which moves in a plane so that its distance from a fixed . 
point is in a constant ratio to its distance from a fixed 
straight line. 

The fixed point is called the focus, the constant ratio the 
eccentricity, and the fixed line the directrix. 

Let S (Fig. 18) be the focus, KN the directrix and SK 
perpendicular to KN. 

Let e be the eccentricity and* on KS take A so that 
AS^cKA ; then A is a poiftt on the conic. ^ 

As &xes of coordinates take KAS and the perpendicular 
through A to KAS. Jjet P be any poinf {x, y) on the 
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conic and draw PM perpendicular to K8\ then 

y=^MP. 

Let KA ; then 
AS^ep. 

Now 

8M=AM^A8^x^ep\ 
NP^KM^p+x. 

But SP = eNP by the 
definition of the conic; 
hence 

SP^^e^NP^ 
or 8M^+MP^=^emP^, 
so that, inserting the values of 8M, MP, NP, we get 
(x-epf+y^=^{x+pf, 

or after reduction 

( 1 — e^)x^ — 2e(l + e)px.+ 2/^=0 (1). 

Every point whose coordinates satisfy equation (1) will 
be a point on the conic section ; for different values of the 
constants e, p there will be different conics. Evidently A8 
is an axis of symmetiy. 

If A K were taken as the positive direction of the axis of abscissae, 
then in equation (1) we should have 4*2e(l +e)px, for the change in the 
direction of the axis is equivalent to writing —x in place of x. 

Special Foi^ras of the Conic Section, — I. If e = l, the 
conic is called a parabola. In this case equation ( 1 ) reduces to 

y^—4tpx (p) 

A is called the vertex, AX the axis of the parabola. 

When 6 = 1, AS=^2^ ordinate at 8 equa- 

tion (p) shows that SL — 2p — KS. SL is called the semi- 
latuS’^rectum of the parabola ; in every conic section the 
double ordinate through the focus is called the latus rectum. 
Sometimes 4p is called the paxdmeter of the parabola. 

It is easily seen that the curve is Qf the form of Fig. 19, 
extending to infinity towards the right. The graph of x? is 
a parabqjia with its axis vertical (see § 16) ; its latus rectum 
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is 1, its focus the point (0,^) and its directrix is the line 
through (0,— i) parallel to the axis of abscissae. 

II. If e is less than unity the conic is called an ellipse. 
In this case equation (1) takes the form 




lep 


X- 




i=0; 


l-e ' l-e^ 
or, putting a for epj{l—e) and for a®(l — e®), 

0"“ » 1-0 — • 


a 


¥' 


.(E) 


III. If 6 is greater than unity, the conic is called a 
hyperbola. In this case, if a^epl{e—\) and — 



Fig. 19. 


A more convenient form for the equations of the ellipse 
and the hyperbola is got as follows : 

In (e) let 2 / = 0 ; then ic = 0 or 2a. The ellipse therefore 
cuts the aj-axis at two points, namely at A where a) = 0, 
and at another point, A' say, to the right of A where 
x=AA' = 2a. A A' is called the major axis and A, the 
vertices of the ellipse. * 

Similarly from (h) it will be found that the hyperbola 
cuts the £C-axis at A ^nd at another point, A'fSay, to the 
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left of A where A A' is equal in length to 2a. A A' is called 
the transverse axis and A, A* the vertices of the hyperbola. 

To find the shape of the ellipse take the origin of 
coordinates at C, the middle point of A A' (Fig. 20). 

Attending to the sign of the segments we have in all cases 
AM^AC+CM, 

Let 0M—x'\ AM=x; then since AG=a 
x = a+x\ 


Replacing x in ( e ) hy a + x' and reducing we get 

^ 


..(E') 


In 


exactly the same way we find, in place of (h), 
x''^ if __ ^ 
a- 6*^”" 


(H') 



If we remember that the abscissae are now measured 
from C and not from A we may drop the accent; the 
equations are then 


^+V 2 = 1 and 


a 


1 


.(c) 


and these may be considered the standard forms. 

From these equations we see that both curves are 
symmetrical about both axes. The origin (7 is a centre of 
symmetry; C is called ihe centre of the conioe, and the 
•elli^e and the hyperbola are* called central conics. The 
parabola has nQ centre. * 

The a:ds of ordinates meets tho, ellipse (Fig. 20) at two 
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points By F \ BE is called the minor axis. From the 
equation x^ja^ + = 1 

it is easy to see that x is never numerically greater than a 
nor y greater than h. The ellipse is therefore a closed curve. 

The circle is the particular case of the ellipse in which 
6 = a and e — 0. 

The axis of ordinates does not meet the hyperbola 
because when cc = 0, j/- = — 6^ and therefore y is imaginary. 
It will be seen further that y is imaginary if x is numeri- 
cally less than a, so that no part of the hyperbola lies 
between the lines through A, A' perpendicular to AA\ 



Fig. 21. 

The curve consists of two branches extending to infinity to 
the right of A and to the left of A' respectively. It will 
be a good exercise for the student to prove that the lines 
E'Ey F'F whose equations are 

y = bxla,y=-bxla, 
are asymptotes (Fig. 21). 

If 6 = a the hyperbola is said to be equilateral ; since the 
asymptotes are in that case at right angles the hyperbola is 
also said to be rectangular. 

From the symmetry of the central conics about the axis 
of ordinates througji C it may be inferred that they liav® 
a second focus S' and a second directrix K'N' symmetrical 
to S and KN with respect to (7; the curves migjit be con- 
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structed from S' and K'N' in the same way as from -S 
and KNy the eccentricity being the same. 

Some useful properties of the Conic Sections will be 
found in Exercises F., VI. 

§ 27. Change of Origin and of Axes. The device of chang- 
ing the origin of coordinates is often useful in simplifying 
the equation of a curve and thus making the construction 
of the curve more simple. 

I. New Axes parallel to Old Axes. In Fig. 22 let B be 
the new origin, and let X\BX^y Y'yBT-^ be parallel to 
X'OXy Y'OY respectively. 


Y 

Y, 

1 

P 

xr 

B 

M' 

X, 

X' 0 

A 

M 

X 

y' 

Y.' 

1 




Fig. 22. 

Let (a, b)y {x, y) be the coordinates of B and of any other 
point P with respect to the old axes X'OX, Y'OY] and let 
(x'y y') be the coordinates of P with respect to the new axes 
Z'lfiZi, Y'^BY^. Then 

OA=ayAB = b] OM—x,MP = y] BM'—x'] M'P=y'] 
and 0i/= OA +AM= OA +BM ' ; 

MP=MM'+M'P=AB+M'P] 


and therefore x = a+x'] y = b+y' (1) 

Conversely x'—x — a; y' = y — b (T) 


When X and y have been replaced by a+x' and h + y' 
t]ie accents m^ be dropped, it being remembered that the 
origin is then B, so that x will mean not OM but BM', and 
y not MP but M'P. 


o 
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CHANGE OP AXES. 


Example. The equation ^2 - 4^ - - 1 =0 may be written 

(y-l)2=4(:r+i). 

Put that is, 47 = - 1 and y - 1 —y', that is, y =* 1 +y', which 

means transferring the origin to the point (- J, 1), and the equation 
becomes 

This equation, and therefore also the given one, represents a parabola 
with its vertex at the new origin and with the new axis of abscissae 
as its axis. The latus rectum is 4 ; the focus is the point (1, 0) with 
respect to the new axes, and therefore the point (i, 1; with respect to 
the old because the coordinates of any point with respect to the old 
axes are equal to those with respect to the new increased by the 
coordinates of the new origin. 


II. The origin not changed, hut the New Axes obtained 
hy turning the Old Axes through a 'positive or negative 
angle 0. In Fig. 22a let P 
be the point {x, y) when 
referred to the old axes 
X'X, Y'Y, and the point 
[x\ y') when referred to 
the new. axes X\X^, 
so that 

X = OM, y = MP ; 
x:=0M\ 7/ = i/T; 
lXOX^^O^lYOY^. 

By elementary trigono- 
metry, 

OM— OM' cos 0 — M'P sin 0 ; MP = OM* sin 0 + M'P cos 0 ; 
that is, 




> 


\ MX 

x; 

\ 


Y' 

V; 



a;=aj'cos0— y'sin0; 2 / = ®' sin 0 + 2 /' cos 0 (2) 

Conversely, solving for x and y' in terms of x and y, 

cc' = ic cos 0 + 2 / sin 0 ; 2 /' = — cc sin 0 + y cos 0 ( 2') 

It may be possible to choose 0, so that the new equation 
is simpler than the old or even is an equation of which the 
graph is Jcnown. 


ExAMPLBi 

becomes 


since, by (2), 


By turning the axes through 45* the equation xy—c^ 
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The new form shows that the curve is a rectangular hyperbola ; 
half the transverse axis, denoted in § 26 by a, is Hence the 

graph of <^lx is a rectangular hyperbola referred to its asymptotes as 
coordinate axes. 

III. The origin changed to (a, b) and the axes turned 
through an angle 6. Combining cases I., II. we get the 
more general transformation 

a:=a+£c' cos0— i/'sind; 

y = b+x' sin d+y' cos 0 (3) 

x's=(a5— a)cos0+(2/— 6)sin 0; 

y'= — (»— a)8in0+(y— 6 )co8 0. (3') 

EXERCISES V. 

Unless otherwise stated the equations of the conic sections in this 
set of Exercises are supposed to be in the standard forms (P), (C) 
of §2a 

1. In the central conics prove C8=eCAy CA^eCK, 

For the ellipse, A8 : AK^e—A'8 : A'K^ 

and therefore e^AS-^AS : AK-AK^S'S : AA : CA, 
e^^AS-hAS : AK+AK==^AA : K'K=^CA : CK. 

For the hyperbola, AS - AS : A'K - AK— CA : CK, 
AS+ASiAK+AK^CS xCA, 

2. In Fig. 20, S is the point ( - ea, 0^ S the point (ea, 0). 

In Fig. 21, S is the point (ea, 0), S the point ( - ea, 0). 

In Fig. 19, S is the point (/>, 0). 

3. Show that the latus rectum (or •parameter) of a central conic is 

262/a. 

4. On A A (Fig. 20) as diameter a circle is described; if MP is 
produced to meet the circle at Q, show that 

MP : MQ —b:a= constant. 

For Uq^=CA^-CM^=a^-3^-, 

The circle is called the Auxiliary Circle of the ellipse. The theorem 
shows that if the ordinate i/§ of a circle to any diameter is divided 
/nteriially at P, so that MP : ifQ=''constant, the locus of P is an 
ellmse wnose major axis is the diameter of tht; circle. 

The student ma'^ prove that if P is in MQ produced, the locus is 
an elUpse wjhose minor axis is the diametei of the circle. 
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•exercises V. 

0 

5. Show that the point (a cos 6^ h sin 6) lies on the ellipse, whatever 
be the value of 6. 

For the equation of the ellipse is satisfied by jr=acos 6, y = 6sin 

As 9 varies from 0® to 360” the point travels round the ellipse. In 
the notation of ex. 4, if P is the point (a cos 0^ b sin 0) 0 is the angle 
A'CQ and is called the Eccentric Angle of P. 

6. Show that the point jo being a constant, lies on a 

parabola whatever be the value of L 

7. In Fig. 20, if GM—x^ prove that 8P—a-\-cx^ S' P— a- ex, 
SP + S'P=^a. 

For SP—eNP^eKC^-eCM—a-^rex, 

.Sr e . PN' = e . CIC - a - 

SP, S'P are called the fociil distances of P, and therefore in the 
ellipse the sit/rn of the focal distances is constant, the constant being 
the major axis. 

8. In Fig. 2 1 , if CM = x, prove SP= ex - (/, S' P = ex -i- a , S' P -SP^ 2a. 
Hence the difference, of the focal distances of a point on a hyperbola is 
constant. 

9. In the parabola (Fig. 19) prove 

S!*- K A AM— AS-\- AM =p+x, 

X being the abscissa of P, 

10. On any of the conics (Figs. 19, 20, 21) a poiiit Q is taken and 
the chord PQ (produced if necessary) meets the directrix KN at Z, 
Prove that SZ bisects the extei’ior angle PS(^, except when P and y 
are (>n dillereiit blanches of the hyperbola when SZ bisects the 
iiit(3rior angle. 

Draw (^It perpendicular to KN ; then 

SP:PN=e = Sq:qR, 

tnerefore SP : SQ^PN : QR= PZ : QZ, 

and the theorem follows by Euc. vi. 3 or A. 

11. Trace the conics given by the ecpiations, 

( i) .r- + 4/ = 4 ; (ii) 2.r‘- - 3y2 = 6, 

and find the eccentricity of each. 

In (i) a2=4, and /;- — «-( 1 -e^), so that e- — {ii^-h'^)lar etc. * 

12. Show by transferring the origin to (0, - b) that the equation of 
the ellipse when M is the origin and B"B the axis of ordinates is 

x^l(P+g^lb^—2glh = 0. ♦ » 

If ii is the origin and B'B the axis of ordinates the equation is 
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13. Show by finding the values of A and J5 in terms of p, a, b that 
when A is positive the equation 

represents (i) a parabola if J?=0; (ii) an ellipse if B is negative, the 
ellipse becoming a circle if J5 = — 1 ; (iii) a hyperbola if B is positive. 

Show that when B is negative and numerically greater than 1 the 
major axis of the ellipse lies along the axis of ordinates. Show that 
all the results hold also when A is negative. (See note on sign of 
term in in equation (1) § 26.) 

14. Graph the ellipses given by 

(i) (ii) 9/^ = 4a: - 

and find their eccentricity. 

15. Show that the equation 

4^2 ^ ^ gy + 0^ _ 5 = 0 

represents two straight lines through the point (.3, - 1). 

§ 28. Transcendental Functions. All functions that are 
not algebraic are classed as Transcendental functions. 

The elementary transcendental functions are (i) the 
Trigonometric Functions, Direct and Inverse, (ii) the 
' Exponential Function and its Inverse the Logarithmic 
Function. 

Graphs of the direct trigonometric functions, sin x, cos Xy 
tan Xy cosec x, sec x, cot x will be found in most textbooki^ of 
Trigonometry. The characteristic property of these func- 
tions is that they are periodic \ that is, ii f{x) denote any 
one of these functions and if n be any positive or negative 
integer /(a:+2nx)=/(x). 

In other words the function is not altered if its argument 
be increased or diminished by any multiple of Iw. This 
number 27r is called the period of the function. The tang- 
ent and cotangent have also the shorter period ir. 

The graphs of the Inverse Functions can be constructed 
as explained in § 25 by rotation about the bisector of the 
angle XOY. To make the inverse functions single- valued 
we shall always suppose ‘the angle denoted by sin'^a;, 

cftsec"^®, tan"^a!, cot"^® to lie between. — ^ and g and the 

• angle denoted by cos"*®, sec"*® to^lie between 0 and ir. 
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COS-*^— = siii-ia:+cos-ifl; = ^; 

tan“^+cot"^a: = ^ if a: be positive, 


= — ^ if a: be negative. 



Ex. 1. Plot to the same axes the graphs of sinj?, 2sin^, 3 sin or, 
I sin a;, i sin x between - 27r and 27r. 

Ex. 2. Plot to the same axes the graphs of sin sin sin 2x 
between - 27r and 27r. 

Ex. 3. Plot the graph of sin^j?+sina:+8in 2jr, making use of the 
graphs of ex. 2. (-|<^<|)- 

Ex. 4. From the graph of sin^ deduce without calculation the 
jraph of sin(:r + a) where a is any positive or negative number. 
Deduce the graph of cos x. 

[Shift the origin to the point (a, o).] 

Ex. 5. Plot the graph of sin ^ + cos x. 

I^sin Ji'-jrcos x — y/2 sin^.r+^^, 

Ex. 6. With the notation of ex. 10, Exer. IV. construct the path of 
the point when 

(i) :r=2^, ,y = 3sin4^; (ii) .r=2^, y = 3tan“*^; 

(iii) x=a cos nt, y=b sin nt. 

§29. The Exponential Function and the Logarithmic Func- 
tion. The power a* is called an Exponential Function 
of X ; here the base a is any positive constant^ and the 
index or exponent x is the argument of the function. 

a* is always positive. If a? be a positive fraction ^ 

{m, n integers), a* means the (positive) n^'^ root of a”' ; if x 

* m 

be negative, say (-m, positive integers), a® mean§ the 

n* * 

reciprocal of the (positive) ti*'' root of ur; if ic is zero, 

a* is 1. If 33 be an ^irrational number we may for the 
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present Suppose it to be replaced by a rational approxi- 
mation. 

(i) a>l. As a? increases from — iV' to +Ar, where N is 
a large positive number, a® will increase from a very small 
positive number tlirough 1, the value of a* when aj = 0, 
to a very large positive number 

(ii) a = 1. In this case is always 1. 

(iii) a<l, say a = 1/6 where 6 is greater than 1. As x 
increases from — to +A^, a* will decrease from a large 
positive number 6+^ to a very small positive number 6*^. 



Fig. 23. 


- ABC in Fig. 23 shows the graph of a® when a = 2. The 



If a is greater than 1, 1/a is less than 1, and since 
(l/a)*=a"* it is evident that the graph of (1/a)* can be 
found from that of a* by rbtating the latter about the 
axis Y'Y. H^nce when a is less thhn 1, the graph of a* 
will approach the positive end of ^e aj-axis asymptotically. 
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By the definition of a logarithm, x — logaV if y = (i\ 
Hence the logarithm x is the function inverse to the 
exponential function a®. By the method given in § 25 
for finding the graph of an inverse function, we get the 
graph of logao; by rotating the graph of about OD the 
bisector of the angle XOY, The curve A'B'C' in Fig. 23 is 
the graph of loggo:. 

The most convenient base for the exponential function 
is an irrational number, usually denoted by e and called 
Napier’s base; approximately = 2*71828. Logarithms to 
the base e will throughout the book be denoted by the 
symbol “log” (without suffix), unless the contrary is 
expressly stated; they can be converted into logarithms 
to the base 10 by the ordinary rule. 

= log,a; x log^^e = log^x -5- log, 10, 
and = *434 294 log, 10 = 2*302 585. 

The exponential function will be considered more fully 
when the number e is defined (§ 48). 

§ 30. General Observations on Graphs. The graphs that have 
been discussed up to this point have been those of functions 
defined by equations of the kind that occur in elementary 
algebra and trigonometry, and it has been assumed that the 
functions are Continuous, It is only on this assumption 
that we are justified in joining the points whose coordinates 
satisfy an equation and concluding that the coordinates of 
the points which lie on the short lines or arcs that we draw 
will actually satisfy the equation. In other words we 
assume that when the argument x changes by a small 
amount the function y will also change only by a small 
amount. The only exception we have found has been in 
those cases in which as x tended towards a special finite 
value y tended to a very large value (numerically). See § 24. 
Thus if y^\jxy as x changes say from 1/1000 to 1/1001, 
y changes from 1000 to ^100 1, that is, an extremely small 
change in x produces a change of 1 unit in y ; as a? gets 
nearer still to 0 a change of the same amount as before 
would produce a still larger change in y. Hence as x ' 
approaches 0, y or \jx ceases to be continu3us, or, as it is 
usually expressed, becomes discontinuous- 
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Since division by zero is expressly excluded in stating the 
rules of division in algebra, the symbol ^ is really meaning- 
less ; but since it is possible by taking x nearer and nearer 
to 0 to make i greater than any given finite number, it is 

usual to define ^ as “ infinite,” or an infinite number.” 

Hence a function becomes discontinuous for those values 
of its argument that make it, in the above sense, infinite. 

The question of continuity will be taken up in Chap. V. 

When, as frequently occurs in practical work, the relation 
between a function and its argument is determined by 
measurements, it is only possible to calculate a compara- 
tively small number of corresponding values of function 
and argument. In such a case it would be possible to find 
a great variety of curves which would be continuous in the 
mathematical sense and would pass through all the points 
that are plotted. In practice the points are not joined by 
straiglit lines ; but the simplest curve on or near which the 
points seem to lie is usually taken as the graph of the func- 
tion. The broken line or curve which would be obtained 
by joining the plotted points by straight lines would have 
this disadvantage, that its cwrvainre would not be con- 
tinuous ; in the language of the Calculus, the derivative of 
tlie function as represented by the graph would change 
abruptly, as a rule, for the values of the function actually 
calculated. 

Of course considerable care must be taken in selecting the 
curve and no inference should be drawn, as a rule, from the 
form of the graph outside the range of the argument for 
which the values of the function have been calculated. 
Examples of such graphs will be found in most text books 
of mechanics,' physics or chemistry. 

EXERCISES VI. , 

« 

l.,From the graph offijr) derive that of f{ka:), k being a constant. 

Denote the graph of fix) by Oi and tn^;t of fikx) by 6^ When 
= the ordinate, of is fikei) ; but fika) is the value of fix) when 
x=^ka. Hence the ordinate of whenf^j?=a is equal to that of 
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when x^ka. Since a may be any value whatever of the abscissa, 
6^2 may be derived from without further calculation of ordinates ; 
we may say that every line parallel to the :F-axis is contracted in 
the ratio k to 1, while every line parallel to the y-axis is unaltered. 

2. Apply the principle of ex. 1 to construct (i) the graph of sin 
and of sin 2x from that of sin x ; (ii) the graph of 2** from that of 2* ; 
(iii) the graph of 2~** from that of 2~*. 


3. From the graph of f(x) derive that of cf(Jcx\ c and k being 
constants. 

Deduce the graph of the ellipse 

(i) from that of the circle — ; 

(ii) from that of the circle 


4. A point moves in a plane and at time t its coordinates are 

x—Vt cos a, y^Vt sin a — ; 

show that the path of the point is a parabola with its axis vertical 
downward, that its vertex is the point ( sin a cos a/^, 
and that its latus rectum is equal to 2 F'-* cos'-* ajg, (Compare Exer. 
IV., 10.) 

Eliminate then the equation between x and y may be written 
/ F‘-*sinacosa\2_ 2V^coB^^a/ F^sin^aN 

5. Show that the equation of the directrix of the parabola in ex. 4 is 


6. If the coordinates of a point are given by 
x=a + bt, y^A + Bt-^-Ct^ 

where t is variable and a, b, ...C constants, show that the locus of the 
point is in general a parabola whose vertex is the point 


1 “ 2 ( 7 ’^ 4 ( 7 /’ 


and whose latus rectum is equal to 6^/(7. 


7. Apply the transformations of § 27, (2) to the equation 

A:x^ + ^Bxy + Cy^ = Z>, 

and show that the new equation will be 

, 

where L—A cos2^+ 25 sin cos B + Csin^^, 

if = ((7 - il) sin ^ cos B + 5(cos*0 - sin^^), 
i\r=* A sin*^ - 25«in 0 cos 0+ (7 cos^fl. 


...(i) 

..(ii; 
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8. Show that equation (i) of ex. 7 represents, in general, a central 
conic. 

For equation (ii) will become which is of the form 

(c), § 26, if M=^0. It is always possible to choose 6 so that if shall 
vanish, because 

art 

(G- A) sin 6 cos 6 + B(co9,^6 - sin*^ = 0, if tan 

and whatever be the values of (7, an angle can always be found 
to satisfy this equation. The values of cos 6, sin 0 found from this 
equation have to be inserted in the values of L and N, 

9. Show by turning the coordinate axes through 45* that the 
equation 

13^2^iary+13y2 = 72 

represents an ellipse whose axes are 6 and 4. Sketch the curve. 

10. The coordinates of a point are given by 

47=acos-^, y=6cos27r( ^+a j, 

where ^ is a variable, say the time. Show that the point describes the 
ellipse given by the equation 

52 ■” ^2*’® “^52 “ sin 227 ra. 


11. The coordinates of a point are given by 

x—a cos(27r^/7^, y = 5 cos(47r^/ T ) ; 

show that the point describes the parabola given by 




12. Find the coordinates of the centre and the lengths of the axes 
of the central conics given by the equations 

(i) 24^+72y+ 144 = 0 ; 

(ii) 3:i?2-4y24.66.r+40y4-261=0. 

Equation (i) may be written 

(^-3)2 (y+4)»_ 

9 4 

13. Show by turning the ajtes through 45* that the equation 


♦ 0 ^ = Z»J^hxy (i) 

becomes, the accents being dropped, * 

(ii) 
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From the form (ii) show that there is an asymptote perpendicular 
to the new axis ot abscissae. Show further that the new x is not 
greater than 3/: nor less (algebraically) than -k. it being assumed 
that k is positive. 

14. In Fig. 20, taking H as origin, 671 as initial line, SP~r, 
L KSP=6^ show that for this system the polar equation of an ellipse is 
r = 1/(1 +e cos d\ 

where I = eKS —SL= semi-latus rectum. 

By the definition of a conic SP—eNP; hence, since JYP—KS-\-SM, 

/* = elvS 4 - eSM— I + cos (tt - 0) — l-er cos 0^ 
and therefore r{\+e cos 9) = l. 

The equation is the same if is origin, S'K' initial line, and 
lK'S'P^O. 


15. Show that the polar equation of a hyperbola is 

r—ll(l 4 - 6 >cos 0). 

16. Sliow that tlie polar equation of the parabola (Fig. 19) is 

r=2p/(l -f cos 0), 

where 2p=SL and ^l\SP= 0, the origin being S and the initial line SK. 

If ^/Y67*=(?, wo shall have 1 - cos 0 instead of 1 -f cos 0. 

17. Show that the length of the perpendicular fiom the point 

(^n eVi) bne // -.r tan is 

tan O)lyl{\-¥invi^0). 

In Fig 22ff, ^ 27, let P be the point (.r,, //j) ; then M'P is the 
required perpendicular, simie is the line y-xi\u\6 — 0. But 

by (2'), § 27, 

M'P-y - 7/i cos 9 - .^1 sin (I— cos 6X.y, - .r^ tan 9) 

— (^1 - tan V(1 + tiux^O). 

By putting - a/b for tan 9, we see that the perpendicular on the 
line whose equation is ax+hy—0 is 

{ax^ -1- 6?/j)/V(«/2 + h^). 

Hence to find the length of the perpendicular from the point 
?h) on the line whose equation is 0, substitute for 

.r, ?/ in the expression ax-}- by and divide by the square root of the sum 
of the squares of the coefficients of x and y. 

18. By the method of ex. 17 show that the length of the perpen- 
dicular from, the point (.rj, y^) to the line* whose equation is 

ax+by-^c=0 ** 

>8 {axi+ln/i+c)/^(a^+l^). ^ 

The atgn of (he expression for the perpendicular will 1^ positive 
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or negative according as + is positive or negative if the root 

have always tiie positive sign; the numerical value however always 
gives the length. 

19. Find the length of the perpendicular in the cases : 

(i) point (2, 1 ) ; line, 3^ - 4y + 5 = 0. 

(ii) point (2, — 1) ; line, 1 2:r — 13y - 10 = 0. 

20. Find the length of the perpendicular on the line given by 

-cos fsin 0 = 1, 

a b 

from the points (i) (0, 0) ; (ii) (ca, 0) ; (iii) ( — ea, 0). 

If e^=(a^-b'^)la^ show that the product of the perpendiculars from 
the points (ii) and (iii) is equal to b\ 

21. Show that the straight line in ex 20 meets the ellipse given by 

at only one point, namely the point (a cos 0, b sin 0). (Compare 
Exercises III 9, 10.) 

The line is therefore a tangent to the ellipse; the three peipen- 
diculars are those froni the centre of the ellipse and the two foci. 
(See Exercises X. 9.) 

22. If J/P(F^. 21) is produced to meet the hyperbola again at P' 
and the lines OF, at Qj Q show that 

qp, pq^MQ^-MP^^b^^qF ,pq 

From these equations prove that CE and CF are asymptotes ; also 
that Pq and qP are equal. 



CHAPTEE IV. 


RATES. LIMITS. 

8 31. Bates. The fundamental problem of the Differential 
Calculus may be considered as the investigation of the rate 
at which a function changes with respect to its argument. 

The element of time does not necessarily enter into the 
conception of a rate. Whatever be the nature of the 
magnitudes under consideration a change in the one which 
is taken as the independent variable or argument will 
usually produce a change in that which is taken as the 
dependent variable or function, and by comparing the 
change in the function with the change in the argument 
we can determine the rate at which the function changes 
with respect to its argument. Many problems in pure 
and applied mathematics depend on such a comparison, so 
that their solution reduces to the determination of a rate ; 
for example, the problem of drawing a tangent to a curve 
is equivalent to that of determining the rate at which the 
ordinate varies with respect to the abscissa. 

8 32. Increments. When a variable x changes from a 
value to a value x ,2 the difference x^’-x^ (not x^-^x^) is 
called the increment that x has taken, and is often denoted 
by the symbol Sx^ or read “ delta x^ ” ; A are the 
Greek forms of the small d and capital rf, the initial letter 
of the word “ difference.” The symlx)l Sx^ must be taken as 
a whole ; S by itself in this use of the letter is meaningless. 

If the increment is positive, so that x has increased 

algebraically ; if < x^ the increment is negative, so that 
X has decreased algebraically. In both cases the ojie word 



66 AN ELEMENTARY TREATISE ON THE CALCULUS. 


“increment" is used, so that a negative increment is an 
algebraic decrease. 

Since iPg “ we have X 2 =Xi + Sx^, so that if x change 

from the value x^ to another value and if the increment 
that X takes is Sx^ that other value is Xj + Sx^ ; the student 
must accustom himself to this method of denoting the 
value to which x changes, for although x^ + Sx^ seems more 
cumbrous than iCg its form is more suggestive and is really 
simpler in many investigations. 

Let y be a function of x, say 5a; — 3, and let x^, be 
corresponding values of x and ?/. When x changes from 
to let y take the increment Sy^^, so that the value 

of y corresponding to %^ + Sx^ is y^+^Vi ; then 

yi = 5a;i-3; 2/i + 

and therefore Sy^^ = bSXy 

If 2 / = 3x^4- 7a; — 2, we find, using the same notation, 

2 /i = 'ix^ + 7a;i - 2 ; j/i + % = + Sx^f + 7{x^ + Sx^) - 2, 

and therefore, by subtracting the left side of the first 
equation from the left side of the second, and the right 
side of the first from the right side of the second, 

^//i = Qx^Sx^ + 3(&i)‘-* -f 76xi 
^(Qx, + 7)Sx^+:KSx,f 
In general, if y=f{x)j we have 

Si/i =f{x^ + &i) -f{x^) = 8f{x^^ 

The same notation is used whatever letters denote the 
variables, so that if 8 = <p(t), 


<J«i = + St^) — = S^(ti)y 

and so on. 

As this process of finding increments is of constant 
occurrence the student should make himself quite familiar 
with it. The following examples should be worked 
through. 


Ex. 1. If 



show that 8^1 = 


2.ri&g| + (&giy 


Ex. 2. If show that 

SA^i) “ 
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Ex. 3. If y=\ogx, show that • 

8 y,= 81 oga?i=log^‘i^*=log +^*)- 

Ex. 4. If + calculate and when 

.r=10, S.ri = l, *5, ‘1, ‘01, *001. 

Ex. 5. If single, show that 

6^1 = 8 sin — 8in(^j 4- - sin Xy 

8 ?/ 

From the Tables calculate and for the following values 
of .I’l and Sxjy the numbers denoting the value of the angles in degrees : 
(i) 071 = 30, &z'i = ly -5, *2, -1 ; 

(ii) o,*i = 60, 8 o7i = 1, *5, *2, *1. 

Ex. 6. If y = logioo;, find from the Tables the values of 8y , and 

(i) when 07 i = 325 and 5o;i = 2, 1, *5, *1 ; 

(ii) when 07i = 72 and &r| = 2, 1, *1, *01. 

§ 33 . Uniform Variation. When the argument of a func- 
tion takes a series of values Xj, x^, x^y aj^.-.the function 
takes a corresponding series of values y^, y^y y^. When 
the increment of the function is in a constant ratio to the 
corresponding increment of the argument the function 
is said to vary uniformly or at a constant rate with respect 
to its argument. 

If the constant ratio is a, then 

».ZS=„, 

and 2/2 ““ “ ^ j ) ^ 2/4 - 2/3 = «(^*4 

If the increments {x^ — x^ and (3^4 — ^^3) of the argument are 
equal so are the corresponding increments {y^'-'Vi) and 
(2/4 — 2/3) of the function. The increment may be 

either positive or negative and may be of any magnitude 
whatever; the corresponding increment of the function is 
— ajj), and always, when the argument takes two equal 
increments ^o does the function. • 

It follows from the definition that the uniformly varying 
function is a linear function of its argument. For when 
the argument changes from any value aj^^to any other 
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value ck, let the function change from yitoy] then the 
increment of the argument is the increment of the' 

function is {y — J/j) and 

that is, y==ctx+y^-- ax^. 

But ajj, 2/i are fixed values of the argument and function 
and the ratio a is constant, so that 2 ^ is a linear function 
of X, 

It is easy to see conversely that if is a linear function, 
ax + b say, of x, then y varies uniformly with respect to x. 

Measure of a Uniform Rate . — The constant ratio a is 
taken as the measure of the rate at which the function 
varies with respect to its argument. Instead of saying that 
the ratio a measures the rate we shall generally use the 
briefer expression that a is the rate. 

When a is a positive number, y increases as x increases 
and decreases as x decreases ; when a is a negative number, 
y decreases as x increases and increases as x decreases. 
The particular case in which the function reduces to a 
constant, y = 6, may be included in the general category of 
uniformly varying functions by saying that the function 
varies at the rate zero ; a = 0. 

Since tlie graph of ax + h is a straight line with the 
gradient a (§ 22) the gradient of tlie line measures the rate 
at which the function varies with respect to its argument. 
It should be noticed that if in plotting the graph the unit 
for the ordinates is not of the same length as the unit for 
the abscissae the tangent of the angle shown on the diagram 
will not be equal to the rate a ; if the unit for abscissae is 
1 inch and for ordinates, say 1 inch, then to an increment 
1 of the abscissa the diagram will show an increment, not 
of a but of *la of the ordinate, so that the real gradient 
or rate will be found by multiplying by 10 the tangent of 
the angle shown on the diagram. 

§ 34 Dimensions of Magnitudes. It is customary and 
convenient to use such expressions as “the area of a 
rectangle is tlje product of its base and its altitude,” “ the 
speed of a body which moves uniformly is the distance 



DIMENSIONS OP MAGNITUDES. 


gone in a given time divided by the time,” and these 
•expressions are represented in the form of equations; 


area = base x altitude ; 


speed = 


distance 

time 


When considered as equations in the sense commonly 
understood in algebra these must be interpreted as “the 
number of square feet (or square inches, etc.) in the area is 
equal to the product of the number of linear feet (or inches, 
etc.) in the base and in the altitude,” “ the number of units 
of speed is equal to the quotient of the number of units of 
len^h in the distance by the number of units of time.” 

But the equations may be interpreted in a different 
manner. Let capital letters denote, not numbers but 
magnitudes; L the straight line of unit length, T the 
interval of time taken as the unit. Taking as unit of area 
the square on the line i, and as unit of speed that of a body 
which moves uniformly a distance L in time T, the 
equations may be stated for the unit magnitudes in the 
form 

unit area = L x L ; unit speed = ^ ; 


or, combining the symbols by the algebraic laws of indices, 
unit area = U ' ; unit speed = LT~ \ 

These equations are usually called dime'iisional equations, 
and the indices are said to give the dimensions of the 
magnitudes ; thus the first equation states that the unit area 
is of 2 dimensions in i, the unit of length, and the second 
states that the unit of speed is of dimension 1 in i and of 
dimension — 1 in T. Since all areas are magnitudes of the 
same kind as the unit area, area is said to be of 2 
dimensions as to length and to have as its dimensional 
formula. Similarly, the dimensional formula of speed is 

If M denote the unit mass the dimensional formula of 
momentum -will be MLT'^y because momentum is the 
product of mass and velocity. 

It may happen that a magnitude has zerQ dimensions; 
thus angles when measure^ ia radians have zero dimensions,. 
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because the radian is ‘'arc divided by radius,” and its 
dimensional formula therefore is LjLy that is L^. * 

A notation that suggests the dimensional formula is 
‘ sometimes used ; thus an area of 10 square feet is denoted 
by 10 ft.*^, d speed of 10 feet per second by 10 ft./sec., a 
pressure of 14 pounds per square inch by 14 Ib./in.^ and so 
on. The characteristic word for expressing a rate, namely 
is represented by the symbol of division. 

When a function varies uniformly the number which 
has been defined as the rate of variation is quite inde- 
pendent of the magnitude of the increment which the 
argument takes; it is therefore possible to choose at 
pleasure the increment of the argument that shall be 
called unit increment. Thus we may speak of a speed of 
30 miles per hour, although the motion may only last 5 
minutes, or 1 minute or less ; a rate of 30 miles per hour 
is the same thing as one of half a mile per minute, or of 44 
feet per second. It is important to bear ^ in mind this 
aspect of a rate when discussing non-uniform variation. 

Again, the statement that the speed of a moving body is 30 
miles per hour is equivalent to the statement that the distance 
travelled varies with respect to the time at the rate 30, when 
it is understood that the units are the mile and the hour. 
The latter mode of expression is more simple in many cases. 

When the measure of a magnitude is interpreted as a 
rate the dimensional formula for the magnitude will be the 
quotient of the formula for the function by that for the 
argument. Thus force may be measured as the rate of 
change of momentum with respect to time ; its dimensional 
formula is therefore MLT'^jT or MLT' 

It is important to bear in mind that the measure of one 
magnitude can often be interpreted as the rate of change of 
a second magnitude with respect to a third, because it is 
through this connection that the calculus is applied to the 
investigation of the numerical relations of magnitudes, and 
in all such interpretations the theory of dimensions is of 
great service. ¥or a* full treatment of thafr theory the 
JrtJfident is referred to the books nam^ed below.^ 

^ Evcrsfct s Uv^ts and Physico/l Consto/nts / Gray’s A.hsolut6 Afcci 9 U 7 *cif]/i&nt 8 
in EUctri^ty and Mcbgnetism ; Maclean’s Phyaiccd Unita^ 
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§ 36. Variable Bates. So far, only uniformly varying 
I functions have been discussed. But it may happen that 
the increment of the function is not in a constant ratio to 
the corresponding increment of its argument, or in other 
words, that two equal increments of the argument do not 
always produce two equal increments of the function; in 
that case the function is said to vary non-uniformly, or at 
a variable rate, with respect to its argument. 

Let = when x varies from to x^+h let y vary 
from y^ to y^ + k, and when x varies from to + h let y 
vary from y^ to y^+k'. Then 

y^ = Zxi^ \ 2/i + ^> = ‘> + k — Qx^ + "^h-\ 

therefore kjh = Qx^ + 3A ; and in the same way we find 
k jh^ "b 

The two ratios kjh, k'/h are therefore unequal, so that y 
varies non-uniformly with respect to x. 

In this case the ratio kjh depends both on h and on x ^ ; 
the characteristic property of a uniformly varying function 
is that tlie ratio k/h depends neither on k nor on the value x^ 
of x, from which the increment begins. To obtain the 
number which is taken as the measure of a variable rate 
we proceed as follows. 

§ 36. Average Bate. We first define an average rate, 
thus : — The average rate at which a function varies with 
respect to its argument while that argument takes a given 
increment h is defined to be that uniform rate which would 
give the actual increment k taken by the function. 

The average rate is thus k/h. In the example of last 
article the average rate at wliich y varies with respect to x 
while X varies from x^ to x^+h is 

/c//t = “h 3/^ ; 

the average rate at which y varies while x varies from x^ 
\^x^+h\B Mlh = Qx,^ + ^k 

The average rate thus depends both on x and on h. 

Next, it agrees with our ordinary notions of a rate fif 
change to suppose th^t the smaller h is the better will the 
average rate measure the rate at which the fTinction varies 
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as X varies from to x-^+h. But as h is taken less and 
less the average rate 6a;i + 3/i approximates more and more* 
closely to the definite number Qxy The average rate will 
never be exactly Qx^, because it would be absurd to suppose 
h actually zero; that would amount to supposing that x 
had not changed from the value x-^ at all. On the other 
hand, however small h may be, provided it is not zero, the 
(luotient kjh can be calculated and the average rate for 
that small increment determined. We may therefore 
suppose h to be, not zero, but so small that the difference 
between Qx^ + ^h and 6.^1, namely 3/t, shall be less than any 
fraction that may be named, however small that fraction 
may be, provided only it is not zero; for example, the 
difference will be less than *001 if h be numerically 
less than one third of *001, say less than *0003. It is 
natural therefore to consider Qx^ as measuring the rate at 
which y changes with respect to aj as a? increases or 
decreases from the value Xy 

We therefore define as the rate at which the function 
y or 'ix^ varies with respect to its argument x for the value 
it'i (f the argument 

In the same way Qx^ is, by definition, the rate of change 
for the value and in general for any value a of the 
argument the rate is 6a, because the reasoning does not 
depend on the particular value x ^ ; the reasoning is the 
same whatever value of the argument be chosen. 

When X has the values 0, f, 1, f, 2... the rate is 
equal to 0, |, 3, f , 6, 9, 12 . . . respectively ; thus for the value 
1 oi x,y is increasing twice as fast as for the value for 
the value f thrice as fast, for the value 2 four times as fast 
and so on. The student should compare these statements 
with the information to be derived from an inspection of 
the graph of 3x^. 

When X is positive the rate is positive, so that as the point . 
X moves to the right the graphic point moves up ; on the 
other hand, when x is negative the rate is negative, so that 
as the point x moves to the right the graphic ;pomi moves 
down. 

It will be noticed that in stating a variable rate the 
phrase “for the value Xj^ of the argument'' occurs; the 
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phrase is needed because, unlike that of a uniformfy vaiy- 
‘ iiig function, the rate is in this case itself a variable. If the 
number 8 of feet described by a moving body in t seconds 
be 3^2, the rate at wliich s varies with respect to ^ at time 

seconds after motion begins is b/j, that is, the speed at 
time t^ is feet per second. 

§ 37. Measure of a Variable Rate. The method just given 
of defining a variable rate is of fundamental importance, 
and the student should make sure tliat he masters the 
reasoning on wliich the definition is based. The process 
consists of three steps : 

(i) We find the average rate klh : the number kjh 
depends both on and on h. 

(ii) We assume as consistent with our notions of rate of 
change that the smaller h is the better will the quotient kjh 
measure the rate at which the function changes as the 
argument changes from to x^+h. It usually happens 
that by taking h less and less the quotient kjh gets nearer 
and nearer to a definite number; h is not supposed to 
become zero, but in general we can take h so small that the 
difference between k/h and a definite number will become, 
and for smaller values of h will remain, less than any stated, 
non-zero, fraction. The number will depend on 

(iii) We then define this number as the rate at which 
the function changes with respect to the argument for 
the value x^ of the argument. 

The more rigorous of the older mathematicians, such as 
Maclaurin, starting from definitions or axioms respecting 
variation at a greater or less rate, proved, that Qx^ is the 
“ true measure ” of the rate at which f^x^ varies with respect 
to X for the value x ^ ; but the reasoning on which we have 
based the definition seems sufficient to establish its correct- 
ness. Of course if the values considered were determined 
by measurement a stage of smallness for h would soon be 
reached at which it would become ijnpossible to distinguish 
between Qxl and ■+• 3/i ; the average rate determined bv 
the smallest available^ value of h would therefore coincide 
with that determined by the process and defiiiition we have 
adopted. • . . 

o.a o2 
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Ex. 1. If find the rate at which s varies with respect to t 

when t has the values 0, 1, 2. 

Ex. 2. If find the rate at which p varies with respect to v 

when v = v^. 

§ 38. Limits. It would seem at first sight as if the rate 
could be determined from the average rate (iiCi + SA 
simply by putting h equal to 0. But the logic of such a 
step would be faulty, because the equation 

^= 6 * 1 + 3 ^. 

can only be established on the assumption that h is not 
zero ; in proving the laws of division in algebra the case in 
which the divisor is zero is expressly excluded. But 
further, if A = 0, so also is k, and the quotient kjh would 
appear in the form 0/0 — a symbol which has absolutely no 
meaning whatever. The ground in common sense for 
defining as the rate of change for the value Xj^ is that 
6a?i is the one definite number towards which the average 
rate fc//i settles down as /i is taken smaller and smaller. 
(See the values of SyJSx^ in examples 4*, 5, 6 (§ 32) as an 
illustration of this settling down.) 

In mathematical language we are said, in determining 
the number towards which the quotient k/h settles down, 
to find the limit of kjh when h tends to zero as its limit ; 
in this process h is a variable number, positive or negative, 
and it may take any value except zero ; zero is so to speak a 
boundary to which it gets nearer and nearer, but w^hich it 
never actually reaches. 

Before giving a formal definition of a limit we will 
consider a few typical cases; by carefully studying these 
the student will gather the necessity for the introduction of 
the word and will see what it really means. 

§ 39. Examples of Liiiiits. (i) Let AB (Fig. 24) be a 
chord of a circle whose centre is 0 ; AT, BT the tangents 
at-4, B, Let OT cut the chord AB at M and the arc AB at 
N ; M and N will be the middle points of the chord and the 
arc resppctively and OM will be perpendicular to AB. 
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The triangles OMA, OAT a.re equiangular; therefore 
MA OM 

AT'^OA 

Suppose now that the chord AB moves towards iV, the 
point N remaining fixed and AB being always perpendicu- 
lar to ON] let A, B always 
denote the ends of the chord, 

M its mid point and T the point 
where the tangents at A and B 
meet. So long as A and B ai*c 
not coincident, that is so long as 
is really a chord, equation 
(1) remains true. The ratio 
MA :AT is a function of Oif, 
for as soon as OM is fixed every 
other line in the figure is fixed, and the ratio can be 
calculated. 

When OM is all but equal to ON both MA and AT will 
be all but zero; nevertheless the ratio MA :AT will be all 
but equal to 1, because equation (1) remains true and OM 
is all but equal to ON which is equal to OA . Manifestly 
the nearer M gets to N the nearer does the ratio MA : A T 
get to unity. 

This behaviour of the ratio MA : AT is expressed in the 
words: — as OM approaches ON as its Hmit the ratio 
MA :AT approaches 1 as its limit. 

Here again it has to be noted that the reasoning ceases 
to be just if OM becomes actually equal to ON, for the tri- 
angles will then have disappeared and the equation (1) on 
which the reasoning is based could not be established. 

We might equally well consider the ratio as a function, 
not of OM but, of the angle NO A ; if the angle NO A 
approaches zero as its limit the ratio approaches 1 as its 
limit. 

(ii) Suppose AB (Fig. 24) to be t^e side of a regular poly- 
gon of n sides (regular 7i-gon) inscribed in the circle ; then 
it is easy to prove thg-t the side of the regular ti-gon cTr- 
eumscribed about the circle is equal to A T+BT or 2AT and 
y h^t the angle NO A is 1^0/n degrees. If V; P dqpote the 
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perimeters of the inscribed and of the circumscribed poly- 
gons respectively, then ' 

p=nAB=2inMA; P=2nAT, 


and 


P_MA_OM_ MN 
P~AT~OA~ OA- 


( 2 ) 


Imagine a series of polygons constructed corresponding 
to greater and greater values of n. When n becomes very 
large the angle NO A will become very small ; AB and MN 
will also become small, and therefore the ratio p/P will 
become nearly equal to 1. Hence when the angle NO A 
approaches 0 as its limit, the ratio pjP approaches 1 as its 
limit ; or again it may be put thus, when n becomes indefi- 
nitely large pjP approaches 1 as its limit. 

We may express the relation between p and P in a 
slightly different way. From equation (2) we get 


P^p^ 


MN 

OA 


.P. 


When n is greater than 4, P will be less than the peri- 
ineter of the circumscribed square, that is less than 80/1 ; 


hence 


P— p < ^MN. 


Now let € be any line that is as small as we please, only 
not zero. By the geometry of the figure we see that we can 
take n so large that MN shall be less than any given line ; 
choose n therefore so large that MN is less than e/S. Then 
for this and for all greaier values of n, HMN will be less 
than € and therefore P—p less than e. 

It is here that the limit notion comes in ; no matter how 
large n may be P and p will never exactly coincide, but as 
n increases beyond all bounds the difference P — p tends to 
zero as its limit, that is the perimeters P and p tend 
towards the same limit 


F • Gn ^ 

Fig. 25. 

On the straight line FH (Fig. 26) mark off Fgn, FG* equal 
to the perimeters p, P respectively;' then clearly for every 


LIMITS. EXAMPLES. 


77 


value of 71, Fgn is less than FOn* But, when n lias been 
' chosen as above, g^Qn = P -y < e, 

and therefore n can be taken so large that gnGn shall be less 
than the line e. Hence the common limit of p and P is a 
line FG greater than every one of the lines Pgr,,, but less than 
every one of the lines FOn^ 

Since the circumference G of the circle always lies 
between p and P, the circumference will be, equal to the 
line FO ; the circumference may therefore be considered 
as the limit either of an inscribed or of a circumscribed 
regular polygon when the number of its sides increa^ses 
indefinitely. 

(iii) Show that the area of a circle may be considered as 
the limit either of an inscribed or of a circumscribed regular 
7i“gon ; and that an arc of a circle may be considered as 
the limit of the sum of n equal chords obtained by dividing 
the arc into n equal arcs. 

The polygons have been supposed regular, but it would 
not be difiicult to show that the theorems hold even if they 
be not regular, provided that as 'a increases beyond all 
bounds the length of each side of the polygons approaches 
zero as its limit. 

(iv) Let Q be the number of radians in the angle NOA, 
where the angle is supposed to be acute ; we have 

chord AB < arc^P < AT+B2\ 
and therefore MA < a,rcKA < Al\ 


MA arc JO 
OA OA ^OA’ 
sin 9 < 0 < tan 6. 

Divide by sin 6 ; therefore 

^ sin 9 ^ cos 9 ’ 

and therefqre 1 > > ces 9. 

u 

Thus the quotient sin 0/0 lies between 1 and cos 0. When 
0 approaches 0 as its limit cos 0 approaches^ 1 as its limit ; 
therefore also sin 0/0 approaches 1 as its limit. ^ 


Hence 
that is. 
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From the nature of a limit, or from the last inequality, 
we see that the statement that sin 0/0 approaches 1 as itKS * 
limit when 0 approaches 0 as its limit may be put in the 
form: when 0 is a small number sin0 is approximately 
equal to 0. The student should verify this statement from 
the Tables ; thus, for l ^6 A — 1°, 

0 = *0174533; sin 0 = *0174524 ; 

for = 

0=:*O872665; sin 0= 0871557. 

(v) Show that the limit of tan 0/0, as 0 appmaches 0 as 
its limit, is unity. 

(vi) Provided x is not equal to a, 

(x^ — c6‘^)/(aj — a) = a; + a. 


The equation holds true so long as x is not equal to a ; but 
we can take x so nearly equal to a that x + a shall dilfer 
from 2a by as little as we please. That is, the quotient 
can be brought as near to 2a as we please simply by taking 
X near enough to a. Hence although the quotient has no 


meaning whatever, no valuCy when x is equal to a, it has 
a definite limit, namely 2a, for x approaching a as its limit. 

(vii) Let 8PT (Fig. 26) be the tangent to a circle at P : 
PQ a secant and PR a given length measured along the 

Q secant. Describe a circle with 

centre P and radius PRy cutting 
PTatii'. 

Now let Q move along the 
arc PQ towards P ; R will 
therefore move along the arc 
RR' towards R\ The nearer Q 
approaches P, the nearer does 
^ — R come to R\ and the smaller 
® Fm 26 ^ ^ becomes the angle PPP. If 

we suppose Q to approach P 
as its limiting position, the secant PR will approach the 
tangent PT as its limiting position. If we suppose the 
secant drawn on the other side of P, as PQ', PS* will be the 
limiting position of the secant as O' approaches P. Hence 
we may define^ a tangent thus : 

Depihition. a tangent to a ctirve at a point P is the 



DEFINITION. lImIT AND VALUE. 79 

limiting position of a chord PQ as Q approaches P as its 
limiting position. 

It is this definition of a tangent that will be subsequently 
used in the book. 

(viii) Show from the theorem in Exercises V. 10, that if T is 
a point on the directrix KNmch that the angle PST is a right 
angle, the line PT will be the tangent to the conic at P. 

§ 40. General Explanation of a Limit. The special meaning 
of the word limit should now be fairly clear. In each of 
the examples there are two variables, one being a function 
of the other. 

One of these variables, the argument, is supposed to 
become all but equal to a definite number, for example to 
a or 0 or CN\ or else it is supposed to increase beyond all 
bound. In the former case the definite number is called 
the Limit of the argument; it is not a value that the 
argument actually takes ; thus in (iv) 0 is not a value that 0 
assumes. In the latter case the argument is generally said 
to have infinity for limit, though this mode of expression 
seems rather a contradiction in terms; the argument has 
infinity for limit if it is supposed to become greater than 
any number N, no matter how great N may be. 

Again, when the argument becomes nearly equal to itsi 
limit the function at the same time becomes nearly e(]ual to I 
a definite number; not only so, but we can make the 
argument differ so little from its limit that the function 
shall differ by as little as we please (except by the difference 
zero) from that definite number. This definite number 
therefore is called the limit of the function for the 
argument approaching its limit. 

We will now give a formal definition of a limit ; the fir.st 
mode of statement is somewhat rough, the second is more 
definite, but in a first reading it may be found a little more 
difiicult to grasp. 

§ 41. Definition of a Limit. Notation. Distinction between 
Limit and Value. 

Deftnition 1. WJien it is possible to make the argu- 
ment of a given function so nearly equaj to a definite 
number a that the functipn will differ from another definite 
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numbe/ -4 by as little as we please, that difference remaining 
as small as we please when the argument is taken still nearer* 
to a, then A is called the limit of the function for the argu- 
ment approaching (or converging to) a as its limit. 

Definitio n 2. Given any positive number € that may 
be as small as we please, except that it must not be zero*, 
given also two definite numbers a, 41 ; if it be possible to 
find a positive number such that a given function shall 
differ from A by less than e for all values of its argument 
that differ from a by less than ^ (the value a itself being 
excluded), then A is called the limit of the function for the 
argument approaching (or converging to) a as its limit. 

The modifications required when either a or A is infinite 
offer no difficulty. In general a variable is said to become 
infinite if it takes values that are numerically greater than 
any positive number iV', no matter how large N may be ; if 
the variable is positive it converges to -f oo , if negative to 
— X . The definite number A will be the limit of a 
function for its argument approaching +qo as its limit, 
provided that a positive number N can be found such that 
tor every value of the argument greater than N the difference 
between the function and A shall be as small as we please. 

The notation for a limit is the letter L or the first three 
letters of the word limit, namely lira. To state that the 
function f{x) approaches A as its limit when x approaches 
a as its limit, the notartion is 


L f{x) = A when Lx=^ a, 
or, more usually, L f{x) = A ; 


read “limit of f(x) for x equal to a is A.'* It must be 
remembered however that the more usual form is a con- 
traction for the first, and that a, A are not values that the 
variables are supposed actually to take. 


In this notation, if liVOA = 0 and OA = a, ex. (i) of § 39 may be 


* 


L jp= L P=C; 



tang , 


ev(ii) ; 

«• (y) • 
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The necessity for the introduction of the notion of a 
limit arose from the consideration of cases in which the 
function ceased to have meaning when a particular value 
was assigned to the argument ; but the notion of a limit is 
not, by the definition, restricted to such cases. Whether 
f{x) has or has not a definite value when x is equal to a the 
limit is found by considering the values of f{x) for values 
of X nearly equal to a ; the value a itself is not to be used 
in the process. It may of course happen that the limit A 
of the function coincides with the value f{a) ; still, even 
when A and f(a) coincide, the fact that they are deter- 
mined by different processes should not be forgotten. 
•Instances frequently occur in which the limH; ^^! and the 
value f(a\ are both definite and yet unequal. 

§ 42rT!iieoreins on Limits. We now state the principal 
rules for working with limits. In the following theorems 
the functions have the same argument, x say, and the 
limits spoken of are .the limits for each function as the 
argument approaches a limit, say a, the limits of the 
functions being finite ; it will be sufficient therefore to use 
the letter L without the subscript x = a” The number of 
functions is supposed to be finite; the theorems are not 
necessarily true if the number be infinite. 

Theorem I. The limit of the algebraic sum of any 
number of functions is equal to the like algebraic sum of 
the limits of the functions. 

Theorem II. the limit of the 'product of any number 
of functions is equal to the product of the limits of the 
functions. 

Theorem III. The limit of the quotient of two functions 
is equal to the quotient of the limits of the functions^ pro- 
'aided the limit of the divisor is not zero. 

The proof of these theorems is simple ; it depends on the 
particular cases that if the limit of each of a finite number 
of variables is zero, then the limit of their sum and of their 
product must be zero. 

Let Ag, for example, be tliree variables the limit of 

each of which is zerp. To prove that the limit of their ^uiif 
is zero we have to show that x can be tak%n so near a that 
that sum will be num^ically less than any given positive 
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number e. Now, since the limit of each is zero, we can 
take X so near a that each of the variables shall be numeri- 
cally less than Je; hence we can take x so near a that 
their sum shall be less than e. The same reasoning holds 
if there be n variables; each can be made less than e/n. 
It does not matter whether the variables be positive or 
negative or whether the sum contain negative terms since 
it IS the numerical value alone that is concerned. Mani- 
festly the product will also have zero for limit. 

Again, if G be any finite constant, the limit of Ch^ will 
be zero ; we need only choose x so near to a that shall 
be numerically less than e/C, 

Now, let u, V, w be functions of x whose limits are 
U, F, W. Then by the nature of a limit when x is nearly 
equal to a, u, v, w are nearly equal to U, V, W; hence we 
may write v^V+h^, w=W+h;,. 

where h^, h^, are variables which have zero for limit. 
Then u+v—w=U+hi+V+h2—W—h^ 

= cr+ V- W+h,+h^-h^. 

Hence, since the limit of each of the numbers h^, h^, is 
L {u+v-w)= U+ V- W, 

= Ltt+Lv— Lw. 

Again, uv=(U-\r V + /t,), 

= UV-\-Uk^+Vh^+W-, 

so that L (uv) = UV = (L tt) x (L v). 


Again, L {uvw) = L (uv) x L w, 

= L'm.xL'?;xL V, 

by applying twice the case for the product of two variables. 


Finally, 


u _U+h^_U (V+h^ U\ 


u U , ¥h,-UK 

v-V^V(V+h^- 

The limit of. the second fraction is zero because the 
numerator can be made as small ys we please, while the 
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denominator is not zero, since V is by hypothesis not zero ; 
it follows that 

v~ F“L V 


We have for simplicity taken only three functions, but 
clearly the reasoning holds if there be more than three 
functions, the limits U, V, ...being of course all finite and 
no denominator having zero for limit. 

I f one or more of the functions be constant it is evident 
that the reasoning holds ; thus u might be a constant, and 
then we might consider Lu as being simply n itself, 
without in any way violating the conditions for a limit. 


§ 43. Examples. We will now give a number of examples 
in which the above principles come into play. In seeking 
the limit it is useful to bear in mind that any transforma- 
tion of the function which is legitimate when the argument 
is not equal to its limit may be applied as a help towards 
the solution. Thus 



X X { -b 1 ) + 1 } ^ {x -h 1 ) + i 

The division of x out of numerator and denominator is 
legitimate so long as a; is not zero ; but in finding the limit 
for x = 0, X is not to become 0, and therefore the first and 
the last of the three fractions are equal for all values of x 
considered. Hence 

..0 + 2 * 

In the same way w^e find 

L + L-^-:^ =0. • 

xr=fjo X a:— l/"i"l 

We take it to be sufficiently evident that the first of 
these limits is .V; by Def. 2, § 41, wc should be able to find j;, 
so that when x is numerically less than rj the difference be- 
tween the function and ^ shall be less than any number we 
may name, say less than ’001. But the search for ri is usually* 
very troublesome, and in such simple cases as we have to 
deal with we shall us\iklly dispense with that pgirt of the 
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investigation, as the nature of the processes involved will 
show that such a number can be found. 


Ex. 1. 


For the sum * 




1 +24*3+ ... +71 




This example shows that Th. I., § 42, is not necessarily true unless 
the number of functions is finite ; for although the limit of each term 
in the bracket is zero, the limit of the sum is not zero. 

T 12+22+32 +... +W .2 1 
nio 3’ 


Ex. 2. 
for 


12+22+32+ 


+w2=g^(n + l)(2w + 1), 


and therefore I.^+2»+y+ ... 1^1 

n3 3 2/i^6n2’ 

BO that the limit is i. 

3 

Ex. 3. If r be a proper fraction and w a positive integer, L r”=0. 

n=ri 

For any positive proper fraction is of the form 1/(1 +a), where a is a 
positive number. Now, by the binomial theorem or otherwise we can 
readily show that (1 + a)** is greater than 1 +wa. 

Hence, so far as numerical value is concerned, 

1 1 


^ = 7 


‘{l+ay^i+na’ 

and since the limit of 1/(1 + wa) for co is zero, the limit of r" is also 
zero. 

Ex. 4. Show that if r be a proper fraction and n a positive integer 
L nr”—0, L 7iV*=0, etc., 


for 


(1 + ay*> 1 + wa + ^n{n - l)a ^ ; so that 
1 


nr^< 


Ex. 5. 


Jor 4he fraction 


i+a+i(»-l)a2 

- 2«*+3a:— 1 i 
,,3a!2-2a!+l“^ 


l+T 


etc. 


and the linyts of numerator and denominator are 2 and 3 respectively 
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Ex. a 

n. 

for ^ - ^ - J~^ =3:g»+3arA+A». 

, T ^^+4^+3 2 

*=-ix*-7x-8 9' 

First remove the common factor ^+1; it is the presence of this 
factor that makes the fraction take the form 0/0 when we try to 
calculate its value for 07= - 1. 

^ 

Ex. 9. 

r sin3o7 8in3o7 ... , ^ sin3o7 _ 

tor =-_^.x3 and L— ;r — = 1. 

X OX *=o •^X 


Ex. 10. 


cot 07 
,7r * 


Put x—--y\ then when x approaches - as its limit y approaches 0 
as its limit. Hence 

cot.r tany _ 

L == ij = 1. 


This device of changing the variable is often useful ; for example : 


Ex. 11. 


h — F— =2^- 


Put x=y' and x + h=(y'\-ky, so that when h approaches 0 so does k; 
therefore 

T -07^ ^ , 3y^k -\-3yk^ + P 

jJo h H=^ 

3?/2 3 3 1 

= —=—?/ = — 07^. 

2?/ 2-^ 2 

Ex. 12. l\ P* are the perimeters of two regular n-goiis circum- 
scribed about two circles whose radii are a, a' and circumferences 
C, 6"; show that 

P:a = P':a' and C\a==C\a!, 

The constant ratio of circumference to radius is denoted by 27r ; 
IT is an irrational number, approximately equal to 3T4169. • 

Ex. 13. Show that the area of a circle of radiuif a is Tra^, and that, 
the area of a sector of the circle of angle 6 radians is hScCK^ 
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Ex. 14. 'Show that the volume of a right circular cylinder, the 
radius of the base being a and the altitude h, is ira^h. 

Show that the area of the curved surface is 27ra4. 


Ex. 16. If ^ is the base and k the altitude of a triangular pyramid, 
and if the pyramid be divided into n slices, each of height A/w, by 
planes parallel to the base j show that the volume of the pyramid 
IS less tnan 




but greater than 

n\ ) 


Hence show, by ex. 2, that the volume is ^hA. Extend the result to 
any pyramid. 

(Let V be the vertex and DEF the base ; through the line in which 
a plane meets the face VEF draw a plane parallel to VD to meet the two 
planes next above and next below the plane containing the line. Two 
sets of triangular prisms will be formed ; the one set will lie within 
the pyramid, the other set will include the pyramid. The two sums 
are the volumes of the two sets ; the highest pyramid of the upper 
set is got by drawing a plane through the vertex parallel to the base.) 

Ex. 16. Taking a circular cone as the limit of a pyramid whose 
vertex is the vertex of the cone and whose base is a regular n-gon 
inscribed in or described about the base of the cone, deduce from 
ex. 15 that the volume of a cone is JAA, h being its altitude and 
A its base. 


Ex. 17. Show that the volume of the frustum of a right circular 
cone is JA( A + VA-5 + B) or + where h is the height of 

the frustum. A, a and 5, h the areas and the radii of the circular ends. 


Ex. 18. (7 and a are the circumference and the radius of the base, 

and I is the slant side of a right circular cone ; show that the area of 
the curved surface is ^IC or wla, 

(The curved surface may be considered as the limit of the lateral 
surface of either of the pyramids of ex. 16.) 

Ex. 19. If the slant side of a frustum of a right circular cone is /, 
and if the radii of the circular ends are a, h show that the area of 
the curved surface is 7rl{a-\-h)\ if c, d are the circumferences of the 
ends, the area is ^^(c+c')- • 



CHAPTER V. 

CONTINUITY OF FUNCTIONS. SPECIAL LIMITS. 

§ 44. Continuity of a Function. The conception of a limit 
enables us to put in arithmetical form the property that 
may be considered as most characteristic of a continuous 
function. 

The argument will be said to vary continuously from a 
to h when it takes once and once only every value lying 
between a and b ; when the argument is represented as an 
abscissa, the corresponding point will move along the axis 
from the point a to the point b as the argument varies 
continuously from a to 6, and will coincide once and once 
only with every point on that segment. 

In plotting the graphs of the elementary functions it 
was found that, except in the immediate neighbourhood of 
those values .)f the argument for which the function 
became infinitt>, a small change in the argument produced 
only a small change in the function. Now by the defini- 
tion of a limit, when x is nearly equal to a the function, 
f{x) say, is nearly equal to its limit A ; if therefore the 
limit A be identical with the value f{a) of the function, 
we see that when x either increases or decreases from the 
value a by a small amount the function f{x) will also 
change by a small amount from the value f(a). Hence the 

Definition. A function f{x) is*defined to be continuous 
for the value a of x, or more simply, continuous at a if ^ 

(i) f(a) is a definite (finite) numbqr, and 

(U) 
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For continuity therefore the value of f{x) for 05 = a and 
the limit of f{x) for 05 = a must coincide; since infinity is 
not a value, in the sense that is required for the application 
of the laws of algebra, a function ceases to be continuous, 
that is it becomes discontinuous, for those values of the 
argument that make it infinite. 

Again it is implied in the definition that 05 may approach 
a either through values less than a or through values 
greater than a ; that is when /(a) is represented as an 
ordinate the point 05 may approach a either from the left 
or from the right and the limit must for both methods of 
approach be the same. It will sometimes happen, as for 
example when f(x) = ^(a^ — x^), that x can only approach 
a from one side, the function being undefined for values of 
X on the other side ; in such cases of course the condition 
that the limit must be the same from whichever side x 
approaches a has to be modified, but the modification offers 
no difficulty. To express that x is to approach its limit a 
through values less than a the notation 

L/(a;) 

a?=a-0 

is sometimes used, and in the same way the notation 
a5 = a+0 implies that x is to approach a through values 
greater than a; but we shall as a rule use the ordinary 
notation and leave the student to modify it to suit special 
cases. 


The only other type of discontinuity that needs special 
mention is that represented in Fig. 27. As x varies from a 

value a little less than a to 



Flo. 27. 


one a little greater the func- 
tion changes by the finite 
amount Bu. Here the func- 
tion f(x) has not a definite 
value when x — a\ as x ap- 
proaches a from the left f{x) 
approaches one definite limit 
AB, while as x approaches 


* * from the other side f(x) ap- 

proaches anotht^r definite limit AC, If a moving particle 
were at ^ certain instant to expMence an impulse the 
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graph of its velocity would present a discontinuity of this 
kind for the value of the abscissa representing the instant. 
(See § 69, ex. 6, for an example of discontinuity.) 

§ 46. Theorems on Continuous Functions. When f(x) is 
continuous at a it is merely stating the definition of 
continuity in another form to say that if x be nearly equal 
to a, f{x) is nearly equal to f{a ) ; or again we may say that 
where c/ is a variable which converges to zero 
when X converges to a. 

A function is said to be continuous over the range from a 
to h if it is continuous for every value of its argument that 
lies between a and 6; the range is understood, unless 
the contrary is stated, to include its extremities a, 6. A 
range which includes its extremities is sometimes called a 
dosed range; one which excludes its extremities an open 
range. 

The following theorems are of constant application : 

Theorkm I. If /(x) is continuous at a and if /(a) is not 
zero, then for values of x near a, /(x) has the same S'ign as 

/(a)- 

For if f(x)=f(a) + d, the sign of f{x) will be that of 
the numerically greater of the two numbers f(a) and d ; 
since x may be taken so near to a that d shall be less 
(numerically) than any given number, and therefore less 
(numerically) than /(a), the sign will be that of f(a). 

The meaning of the phrase “near a” and of similar 
phrases will be gathered from the proof. 

Theorem II. Iff{x) he continuous over the range from a 
to b, and if /(a) = il and /(b) = if, then fix) mil assume once 
at least every value lying between A and B as x ranges 
continuously from a fo b ; in particular if A and B have 
opposite signs f(x) will become zero for at least one value of 
X lying between a and b. 

A mathematical proof of this theorem lies beyond 
our scope > so far as a function ih adequately represented 
by a graph the theorem is geometrically evident. It^is 
easy also to show iJy use of a graph that the converse 
theorem is not necessarily true. 
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§ 46. Continuity of the Elementary Functions." The theo- 
rems on limits stated in § 42 enable us to prove that the 
elementary functions of a single variable are continuous for 
all values of the variable except those for which a function 
becomes infinite. 

When X varies continuously so does the product a?” and 
the product aaj”, n being any positive integer and a a con- 
stant. (§ 42, Th. II.). Hence by Th. I. a rational integral 
function is continuous for all finite values of its argument ; 
and by Th. I. and Th. III. a rational fractional function is 
continuous for all finite values of its argument except such 
as make its denominator vanish. 

From the geometrical definition or by direct application 
of the limit test we see that the trigonometrical functions 
are continuous for all values of the variable except such as 
make the function infinite. The sine and the cosine are 
continuous for all values of the argument ; the tangent and 
the secant for all values except the odd multiplas of ; 
the cotangent and the cosecant for all values except 0 and 
multiples of tt. 

A full discussion of the continuity of a® would take us 
too far into abstract considerations; we will therefore 
assume that is continuous for all finite values of x and 
that its inverse, log x, is continuous for all finite positive 
values of x but discontinuous for x = 0. When x is irra- 
tional we may in practice replace a® by a*' where x' is a 
rational approximation to x ; the simplest discussion is 
based on the exponential series. 

Function of a Function, When y is a function of u, 
say 7/=:<^(u), and u a function of x, say u=/(a?), then y is 
said to be a function of a function oi X) y is thus given as 
a function of x mediately, through u. Functions of func- 
tions are of constant occurrence in the calculus, and there 
may be several intermediate variables such as u. 

If 2 / is a continuous function of u, and u a continuous 
function of x, the student will have no difficulty in showing 
that 2 / is a continuous function of ; in the notation of § 42 

L 0(u) = 0(f7)=<^(L u). 

Again when a function is continuous so is its inverse 
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function. Hence is continuous when n is fractional, 
positive or negative, except for a? = 0 when n is negative. 
In the same way we see that the inverse trigonometric 
functions arc in general continuous. 


§47. L- 

x=a X-a 


fundamental. 


The limits discussed in §§ 47-49 are 


j 

x—a ^ ^ 




1 


71 being any rational number. 

(i) Let n he s, positive integer ; then 

= + 

x — a 




. • . L f ' j = L (x^ + xa^ 

x=a^ X — a J x—a 

--=na^'^y 

since the limit of each of the n terms is 

(ii) Let n be a positive proper fraction p/q, where p, q 
are positive integers. 

Put for X and for a ; then when x = a, y=^b. Hence 
since x^ = xPl^ = yP and a'^ = hP, 

x^-a^_yP-hP_yP-^ + yP-%+...-{-ybP~^- + bP'^ 
x — a y^ — b^~^ y9-^ + y^-^b+ ...+yb^~^ + b^''^ * 
by rejecting the common factor y — b\ 

tc— a / L~(^i+i/«- 26 +...+ 2 / 6 »'^+ 6 «-i) 

y—h 

=2^-=:£ftp-9=n,a"-^ 
qhi-^ q 

(iii) Let, n be negative, but either integral or fractional^ 
say n = —m. Then 

x^—a^ x-'^—a^'^ x^ — a^ ^ 1 

05— a QiS^a^^ 


x—a 


x-^a 
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x^aS / *=a\ — Gt / x^aX^a”^ 

since the limit of the first factor is by cases (i) 

and (ii). 

The student should be able to identify the theorem in 
whatever notation it may be presented ; thus 

T (x+h)^-x^ « 1 T 1 / 1 1 

T =nx^-^; )= — 5- 

A=o A 8i,=oo'<;\v+0'y v/ tr 

Cor. If a be a small positive or negative number, 
{x+hy* is equal to x'^+nhx^-^ approximately. 


§48. L ( 

VLsseo ^ 


i+i)' 

mJ 


The number 6. 


(i) Let m be a positive integer and expand by the 
Binomial Theorem; then 

1 m(m— 1) I 

2 l ^ 




m(m — l)(m— 2) 

3l 


w 


i+- 


=i+j+- 


.1 (i-i)(i-i) 

m . \ m/ \ m/ 


2! ^ 3! ^ 

In the expansion there are (m + 1) terms and every term 
after the second can be written in the form given to the 
3rd and 4th terms; for example, the last or (m+l)th term 
is 

\ m/\ m/ \ m / 


Let n be any positive integer less than m and let n be 
kept fixed while m increases. Denote the first ( 71 + 1) terms 
of the expansion by S'n+i and the remaining (m^— n) terms 
by jR'n+i- Then 
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^^n+i = 1 + 7 + 


,_i (i-i-Vi-l) 

1 . m . \ m/\ m/ 


, \ m/\ m/ \ m / 

n\ 

The limit for m = x of each of the factors fl — ~Y 

/ 2\ . . . . V w/ 

( I )••• is 1, and since there is a finite number of factors 

\ 7/1/ 

the limit of each numerator is 1. Denote by Sn+i the limit 
for 7/1 = 00 of ; therefore 


111 1 
^ + 1 + 2i + ri + ■ ■ ■ + 

We have now to consider the limit of -B'n+i- Th( 
term of JK n+i 

and this term is a factor of every one that follows it. 
Hence JR'n+i is the product of 


The first 


i_!L+.A ( 
1+ ‘2L.+: 

^ n+2 ^ 


%-’‘a 


(7l + 2)(7l + 3) 


+ • • -to (rn, — 7? ) terms 


Everywhere replace each of the factors ••• 

^1 — — — which are all positive and less than 1, by the 

factor 1, and replace each of the factors (n + 2), (t/ +3) ... m 
by (n + 1); ^by so doing we shall hicrease jR'n+i, which is 
therefore less than 


(^ + 1) 


ri)i{^+iTi+(irFi)«+'" **"”4 
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But £he series within the bracket is a geometrical pro- 
gression whose sum is 

i_ 1 

(n+l)™-” •»+![, 1 ]. 

1 “ n 1 (ri+1)™-"/’ 


and for every value of m greater than n, this sum is less 
than (n+l)ln. 

Hence iJ'n+i is a positive number which for every value 
of m greater than n is less than R''n+i, where 
™ 1 .. •»+! _ 1 
(«+l)! n 


But L (l+— ) 

The first limit is /Sn+i, and the second limit is a positive 
number less than ; therefore, inserting the values of 
s«+i and R"n+i we get, 


<i+i+|j+|j+- 


^ nV 




where i2n+i is less than ii' n+i \y 

When n is even moderately large, jRn+i is very small ; for 
.example, when '/i = 12, lln{n\) is less than 3x10"^®; so 
that the value of the limit may be obtained very approxi- 
mately by calculating the series as far as 1/12 !. The 
calculations are very easy to effect, and the value will be 
found to be, for the nearest 7-figure approximation, 

27182818. 

The limit is usually dtooted by e ; c is really en irrational 
number. It is easy to see, by comparing Sn+i with the sum 

l + l+i+^+.„+^, 
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which is greater than Sn+i and equal to 3 — 1/2**"^, that no 
’matter how great n may be is certainly finite and 
leas than 3. Since e—8„+^ is equal to Rn+v and since the 
limit for 11=00 of Rn+i is zero, e may be considered as 


tTi)’ 


or, in the usual phraseology, 

e = 1 + 1 + ^ j+~ j+ . . .to infinity. 

(ii) Next suppose that m proceeds to infinity through 
positive fractional values ; m will therefore always lie 
between two consecutive integers, say n and -n + l. Hence 

1 1 1 

71 m 71 + 1 

and L (l + -i Y= L(l+--]- )”''*-HL(l+-4-,) = e-5-l 

w = oo\ 71+1/ n=(»\ 77+1/ 7i = «}\ 7?+l/ 

by case (i). 

Hence in this case also the limit is e, because as m becomes 
infinite so does ti. 

(iii) Let m be negative, 777 = — 7 ? where 71 is positive but 
either integral or fractional. Then 


by cases (i) and (ii). , 
Hence finally I 


= ex 1 


fi+i)’-., 

aV m/ 
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whether^ m* proceeds to infinity through integral or frac- 
tional values. 

Cor. Jj(l+hY = e. 

h=0 

§ 49. The Function If aj=|=0, we see, by putting 
m = Mx, that when m becomes infinite so does M ; hence 




by §46 (Function of a Function). 

Since M may be positive or negative, integral or frac- 
tional, the result holds whether rr or m be positive or 
negative, integral or fractional. 

By exactly the same method as in § 48, it may be shown 
that 




= L(l+aj-H 





by expanding + for positive integral values of m. 

It is easy to see that this series is a finite number no 
matter how great n may be ; for as soon as n is numerically 
greater than x, 

^n+l j^n+2 ^n+8 

■^(^+2)!*^ (714-3)!“'“ 

{ 

is numerically less than 



( 714 - 1 )!\ 714-1 

where x^ is the numerical value of x. The series in brackets is 
a geometrical progression with a common ratio numerically 
less than 1 ; hence if we write 


(n+l)\ 

^n+l 

'(ITfT)! 


X 


71 4 “ 2 ('^ “f" 2 )( 7 ^ 4 * 3 ) 


X, 


&-}■ 










•w 
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i2„+i will, for every value of n greater than x numerically, 
•be less than 

0:1"+' ^ % + ! _ 0',’*+' 

(71 + 1 ) ! ^ TO + 1 — a;^ ~ (71 + 1 — XjXw !) 

If a:j= 1, this gives the value of -K„+i in § 48. 


Cob. 


*=0 ^ 


For if be a positive proper fraction, we may put 1 for n in (a) ; 


therefore 


so tliat 


€^> l+.r, 


but e*<l+^ + 


2-x 


> 1, but <l + f 


X ^ 

from which the result follows for positive values of x. 
If w be negative, x= -h where « is positive, then 
-*-l , e*-l 1 




■=L i 

A=0 ^ 




*=0 h—d ~ h h~d ^ ^ 

by the first case, so that the limit is the same whether x proceeds by 
positive or negative values towards its limit 0. 


§ 60. Compound Interest Law. When an exponential 
function is spoken of, the base is usually understood to 
be e ; where the base is any other number, say a, the func- 
tion a® can be written e*-®, where h = log a. 

The rate at which ae** increases with respect to x when 
x — is that is, is proportional to the value of the 

function when x = Xy For when x increases from x^ to x^ -f h 
the increment of the function is 

and the average rate is 

a^x^{ekh — 1 ) _ — 1 

h ' kh * 

By § 4?9, Cor., the limit of this expression for fc = 0 is ka^^u 

Many processes in nature follow this law ; the law is 
sometimes quoted as the compound interest law, since the 
simplest case of it is that of compound interest. For, 
suppose a principal of P pounds to earn interest at the 
rate of p per cent, per ^nnum ; let interest be calculated at 
n equal intervals in each year, and let it be added to the 
principal as soon as it is e^med^ so that the interest bears 
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interes'c. It is easy to see that at the end of t years the 
principal will amount to 



Let us suppose now that n increases indefinitely, that is, 
suppose that the interest is added on at shorter and shorter 
intervals; we thus approach a condition in which the 

interest is added on continuomly. Put ^ = so that 

when n becomes infinite so does m. The limit of the above 
expression for n increasing indefinitely is 

1+^j |i<^ = Peioo. 

Again, we see that if ^ increase in any arithmetical pro- 
gression, whose common difference is hy A will increase in a 

ph 

geometrical progression whose common ratio is for if 

T{t^h ) ^ ph 

t become t+hy A will become Pe , that is, Hence 

A is a quantity which is equally multiplied in equal times. 

The density of the air as we descend a hill is a quantity 
which is equally multiplied in equal distances of descent, for 
the increase in density per foot of descent is due to the 
weight of that layer which is itself proportional to the 
density. Many other instances may be found in physics. 

# 

EXERCISES VII. 

1. If is a rational integral function 

of Xy show that 



and therefore that when x is numerically large, 

where d is a variable whose limit is zero for ± oo . 

Use Th. I., § 42. ^ 

2. Show that J{x) in ex. 1 has the same sign as a when a? is a lar^e 
positive number, but has the same ^ign as when x is 

numerically large but negative (that is, has the sign of + a or - a 
according as n is even or ^d). i 
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3. From the result of ex. 2, show, by applying Th. II. of ^ 45, that 
•every equation of odd degree has at least one real root, and that if it 
has riioie than one it must have an odd number. 

4. If is a rational fractional function 

// ,.. + ka:+l 

+ T. . + 

prove (i) f{x ) = + cf,) if w > w ; 


(ii) X^)== j(l+^?2) if ^>1=^ 


(hi) • ^(1 + ^^3) if 

where dy^ c?2, d^ are numerically very small when x is numerically very 
large. 

Use Th. I. and Th. 111., § 42. 

5. Show that, the angle being measured in radians, 


T / 1 - cos lx/ siii 


Hence show that when 0 is small, cos 0 = 1 - approximately. 
1 > cos ^ > 1 — 

sina^ a ^ taxiaO a 

a ~ r ; MV U ; ; “-7^^ - r- 


6. Prove 

7. Prove 

8. Prove 
By § 49 (a) 

therefore 


(i) L: 


0=0 sin 6^ ^ ^ 0^0 tan '6* 

(i) L {xe~^) — 0 ; (ii) L {x log x) — 0. 

*:= + « X =0 

e*>l+;r+J.r2; 

1 




^ 1 +x+^a^^ 


that is, ■ 


X * 


and the limit of the fraction last written is zero. 

Next put x=e~'''; then ^log:r*= and the limit for x=^0 is 
equal to the limit for y = + 00 , which is zero. 

9. Prove L af*e~^=0. 

x=+v> 

10. Prove that if n be positive L ;a7’*log^==0. 

*=o 

For log 07= log {x^) 

and the limit is zero by ex. 8 since the limit of x”^ is zero. 

11. Prove L sin.rlog^=0, 


For 


; log a:= ^)- 


12. If X is pmy finite qu&ntity, prove 

.L^=a 
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Suppoise X equal to or less than the integer /a ; then, numerically, 

7il fjbl ' fji+i fi+2 ''' n fil\fx+l/ 

But xl(ii+l) is a proper fraction. 

13. If a be a constant or a function of x which is finite for every 
value of Xy prove 

14. If Sn is a variable that (i) always increases as n increases but 
(ii) always remains less than some definite fixed number a, show that 
as /A tends to infinity tends to a definite limit that is equal to or 
less than a. 

Take the values Sn... as the abscissae of points da, d^... 
on the ^-axis and let A be the point whose abscissa is a ; for every 
value of n, d„ will be to the right of An-i but to the left of A. As n 
increases the point An will move further and further to the right, 
but will not for any finite value of n coincide with A, There must 
therefore be some point S to the left of A or coinciding with A to 
which A„ may be made to approach as near as we please; if the 
abscissa oi S is s then by the definition of a limit 

L 

n=oo 

and s is less than or equal to a. (Compare § 39 (ii) and Fig. 25.) 

15. If is a variable that (i) always decreases as n increases but 
(ii) always remains greater than some definite fixed number 6, show 
that as n tends to infinity tends to a definite limit that is equal to' 
or greater than b. 

16. If 

show that 8n converges, as n tends to infinity, to a number that is 
greater than 2 but less than 3. 

17- If *»=|s+^ + p+ — +^2> 

show that Sn converges to a number that lies between 1 and 2. 

Let 

then for every value of n (greater than 1) «„<s'„<2. 


18. Apply the theorems of exs. 14, 15 to establish the results of 
exs. (i), (ii), (iii) of § 39 when the ?i-gon8 are not regular but are such 
that as n increases indefinitely the length of eadi side diminishes 
indefinitely. 



CHAPTEK VI. 

DIFFERENTIATION. ALGEBRAIC FUNCTIONS. 

§61. Derivatives. Differentiation. The process of §§36, 
37 can now, by making use of the notion of the limit, be 
stated more compactly. 

The average rate at which the function varies as x 
varies from to x^ + Sx^y where may be either a 
positive or a negative increment, is by definition 

and the number which is taken as measuring the rate of 
change when x = x^ is 

L &') = L (6a:i+ 3 « 5 a:i) = 6*1. 

8 x 1^0 ox^ 5X1=0 

The reasoning does not depend on the particular value x^ 
of the argument, and we therefore state the result in the 
form, the function 3x^ varies yvith respect to a; at the rate 
6xy” leaving it to be understood that when x = x-^ the rate is 
GcCj, when x=X 2 the rate is Gx^ and so on. It will save 
multiplication of symbols to use x as the symbol for the 
argument in general and also as the symbol for some 
definite value of the argument, and the student will find 
that, as a rule, it causes no ambiguity to do so ; if he ever 
finds difficulty, let him choose a separate symbol as x^ for 
the definite. value at which the rate*is measured. 

Now take the general case. Let f(x) be a continuous 
function of x; as the argument varies from x to x+Sx, 
where Sx may be either positive or a negative increment, 
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the function varies from f(x)tof(x+Sx). The average rate 
of change of the function when the argument changes by Sx 

Sx Sx ' 

an(i the number which measures the rate of change is 

lM?) 

Sz=0 

We shall find that for all the elementary functions this 
limit is a definite number, except, it may be, for particular 
values of x. In general the limit will depend on x, and a 
special name is given to it, namely, “ the derivative of /(x) 
with respect to x” 

Instead of “derivative,” the names “differential co- 
efficient,” “ derived function ” are also used ; in certain 
connections also the word “gradient” or “slope” is used. 
(§53.) The process of finding the derivative is called 
“ differentiation ” ; the name “ differential coefficient ” was 
formerly more frequently used than “ derivative.” 

Again, there are special notations for the derivative. A 
very convenient notation is obtained by accenting the 
functional letter, as f'(x) ; another is got by prefixing the 
letter D, with or without the suffix x, as D^flx) or 
If the function be denoted by a single letter, as y, the nota- 
tion for the derivative of y with respect to the argument 
X is similar, as j/L, B^y or y\ Dy. As a rule the suffix is 
omitted when there is no ambiguity as to the argument. 

Finally, to denote the value of the derivative for a special 
value of X, say the following notations are used : 

. /'(»i) ; [■D*/(a:)]x=x, ; 

As a matter of fact, the derivative is really formed for 
such a definite value, but the functional character of the 
derivative is more prominent when that value is denoted by 
the same symbol x as represents the argument in general. 

To sum up then we have the defining equations : — 



L /(a!+<?a?)-/(a:) 
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The function thus determined is called the derivdttive, or 
ihe differential coefficient, or the derived function of f(jr) 
with respect to x and it measures, or briefly it is, the rate 
at which the function varies with respect to its argument 
for the particular value x. 

Of course other letters than x,/, y, may be used ; thus 




Bl=0 


and is the derivative of <p(t) with respect to t. 

It will be convenient often to use such expressions as 
x-derivative of f{x), or the time-rate of change of a func- 
tion, instead of the derivative with respect to x, or the rate 
of change with respect to the time. 


Ex. 1. 
for 
Now 


- 4^ + 3) = 6.r - 4, 

6(3^2 _ 4 4- 3) = 3(.if 4- 3.r)2 - 4(.^• 4 - ^x) + 3 - (3.> 2 
= 6 + 3(8.i7)2 _ 43^’ j 


5x=o 


$*=o' 


4.r+3) 


Ex. 2. j ^ constant), 


for 


\v) 'y4-8v V v^-\-v^v^ 


A 


L- 

xv) 


If -y = 0, the above process cannot be carried out. 

§ 52. Increasing and Decreasing Functions. 

of a limit and of a derivative 


By definition 


Sfjx) 

Sx 




a. 


where a is a variable which is very small when Sx is very 
small and converges to 0 when Sx converges to 0. 

For an illustration of the difference between 8/‘(.r)/&r and f{r), see 
the results of examples 4, 5, 6, § 32. 

Hence it fXx) is not zero the sign of fXx)-^a and there- 
fore of Sf{x)jSx will be, for^sufficiently small values of Sx, the 
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same as that of /'(x) (compare § 45 Th. L) ; therefore the 
sign of ^/(aj) will be that or f(x)Sx. 

Now suppose Sx a positive increment ; then Sf(x) will be 
positive or negative according as f(x) is positive or 
negative. Bat 

hence f{x+Sx) is algebraically greater or less than f(x) 
according as /'(x) is positive or negative. In other words, 
f(x) increases as x increases so long as f'(x) is positive, but 
f(x) decreases as x increases so long as /'(x) is negative, 
increase and decrease being algebraical and not numerical 
increase or decrease. 

If we suppose Sx a negative increment then Sf{x) will be 
negative or positive according as f{x) is positive or negative; 
f{x) will decrease as x decreases so long as f\x) is positive 
but will increase as x decreases so long as f\x) is negative. 

Hence the mere sign of f{x) tells how the function 
changes as x changes; if /(aj)=aa?+6, f'(x) = a and the 
conclusions agree with the statements of § 33 for the 
uniformly varying function. 

Definition. A function which increases as its argument 
increases and decreases as its argument decreases is called 
an increasing function ; one which decrease^ as its argu- 
ment increases and increases as its argument decreases is 
called a decreasing function. 

Thus since D{'Sx^)=^QXy ^x^ is a decreasing function for all 
negative values of x and an increasing function for all posi- 
tive values of x. The function ceases to decrease and begins 
to increase as x passes through the^alue 0; hence when a? = 0 
the function is a minimum (§ 17, iv), and its value is then 0. 
It will be noticed that when x = 0 the derivative is 0; the 
rate of change is therefore zero for the minimum value. 

The derivative of — 4ir-[-3 is 6ic — 4 ; hence so long as 

— 4 is positive, that is, so long as Qx is greater than 4, 
that is, so long as x is greater than f , the function is an 
increasing one; on the other hand so long as x is (al- 
gebraically) less than f 'it is a decreasing function. When 
x^% the function is a minimum, the ^minimum value being 
Here again when cc = f the derivative is zero, that is the 
rate of change of the function is 
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Stationary Values. The conclusions about increasing 
' and decreasing cease to hold for those values of x for 
which f (x) is zero. Since f(x) measures the rate of change 
of the function it is usual to class those values of the 
function for which f{x) is zero as stationary values. 

Ex. Show that the function has a stationary value when 

= and that for all other finite values of x it is an increasing 
function. 

§ 53. Geometrical Interpretation of a Derivative. A 

specially useful interpretation of a derivative is obtained 
from the graphic representation of a function. 

Let ABP (Fig. 28 a, h) be the graph of f{x). Take a 
point P on the graph ; OM—x, MP = y= f{x). 



Let MN=Sx; then ON—x+Sx, NQ = y+Sy—f{x+Sx\ 
From P draw PR parallel to the ic-axis to meet NQ (or NQ 
produced) at R ; then, both in sign and in magnitude, 

RQ^ NQ^ NR ^ NQ - MP ^f{x + Sx) ^f{x) = Sf{xl 

When Sx converges to 0 as its limit, the quotient Sf(x)ISx 
converges to /'{x) as its limit. But as Sx converges to 0, N 
tends towards coincidence with M and Q tfends towards 
coincidence with P. Helice since tan RPQ converges to a 
o.a d2 * • • . 



106 AN ELEMENTARY TREATISE ON THE CALCULUS. 


definite value, namely f\x), the angle RPQ converges to 
a definite angle and therefore the secant PQS tends to a 
definite limiting position PT. The line PT is, by defini- 
tion (§ 39, ex. vii.) the tangent to the curve at P. 

Hence f{x) is the trigonometrical tangent of the angle 
that the tangent to the graph at P, the point (a:, f{x)\ makes 
with the aj-axis. From this property of the derivative, the 
name gradient is used (see § 22). 

In Fig. 28 a, the tangent PT makes with the x-axis the 
positive angle RPT or XLP; in Fig. 286 it makes 
the negative angle RP'T or XLP'. We will usually denote 
the angle by 0, so that tan 0 = /'(x). 



Fig. 2Sb, 

In the diagrams Sx is positive, but it is evident that the 
same conclusions can be drawn if ox is negative, that is if 
Q is on the opposite side of P. In particular cases it may 
happen that P can only be approached from one side. 
Thus if f{x) = X cannot take negative values; in 
finding /'(O) therefore Sx must be positive. Here 


/'(0)= L 

tx=0 8x=0 Sx 


L VW = 0, 

Sx = 0 


and the tangent makes a zero angle with the ic-axis ; since 
y(0) = 0, the a; axis is itself the tangent at. the origin. 

Ex. Find the gradient of the graph of 3a?2-4a?+3^ at the points 
whose abscissae are -1, 0,‘§, 1, 2. c 


§ 54. Derivative as an Aid in Gralihing a Function. The 
conclusions drawn in § 52 from the sign of the derivative 
are vajimble as an aid to a mehtal representation of the 
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.variation of a function ; those of § 53 are equally valuable 
in helping us to graph the function. 

The diagrams of § 53 may be considered the standard 
ones. We see that when the gradient f{x) is positive the 
graphic point moves upward as the point x moves to the 
right — as along BPQ Fig. 28a, along HAB Fig. 285 ; when 
the gradient is negative the graphic point moves down as 
the point x moves to the right — as along AB Fig. 28a, 
along BPQ Fig. 285. At B the gradient is 0, and the 
tangent is parallel to the ai-axis ; the graphic point is for 
the moment stationary. 

The student must not confuse moving upwards with 
motion away from the ^r-axis ; thus near H (Fig. 285) the 
graphic point in moving up gets nearer the axis. The 
graphic point moves up or down when the point x moves 
to the right according as is algebraically greater or less 
than MP ; for NQ—MP —f\x)Sx approximately, and when 
f\x) is positive, Sx being supposed also positive, NQ is 
algebraically greater than MP, If MP and NQ are both 
negative this implies that NQ is numerically less than MP, 

As an exercise, trace the graph of /(.r)=A"'^-3a-’+l, already shown 
in § 23. Here it is easily found that 

/'(^) = 3a;2-3 = 3(^+lX.«^- 1). 

So long as x is less than - 1, that is, so long as the point x is to the 
left of the point ~1, both x-\-\ and .r— 1 are negative, and there- 
fore f{x) is positive. Hence, as the point x moves from the extreme 
left of the ^-axis to the point -1, the graphic point moves steadily 
upwards. 

So long as 0 ? is greater than -1, but less than 1, 1 is positive 

and a; —I negative, and therefore f{x) is negative. Hence, as the 
point X moves from the point —1 to the point 1, the graphic point 
moves downwards. 

If X be greater than 1, f\x) is positive. Hence, as the point x 
moves from the point 1 to the extreme light, the graphic point moves 
steadily up. 

The turning points of the graph are found where x— - I and where 
x=+l ; when - 1, the function has a maximum value 3, and when 
+ 1, it has*a minimum value - 1. 

§66. Derivative not* definite. It may hajmen that the 
limit of Sf{x)lSx is not a definite finite numb^. There are 
two chief cases. * , 



108 AN ELEMENTARY TREATISE 6n THE CALCULUS. 


(i) f {x) may be infinite for particular values of x. 
if f{x) = ^x, then 


Thus 


A0)= L L 

fix=0 fi3C=0V 


= 00 > 


but, for all other positive finite values of x, 


f(x)= L 

Sx=0 Sx 


= L 

to =0 


1 1 

^(x+Sx) + ^x " 2Jx 


We see that as x approaches the origin the gradient gets 
greater and greater, and when x coincides with the origin 
the tangent to the graph is perpendicular to the cc-axis. In 
general the tangent at a point on the graph at which f'(x) is 
infinite will be perpendicular to the a;-axis. When f(x) is 
infinite for a finite value of x as in the case of 1/x for x = 0j 
it will usually be found that as x tends towards that value 
f'{x) tends towards infinity ; we may say, therefore, that 
the tangent which meets the graph at the infinitely distant 
point is perpendicular to the aj-axis. Such a tangent is an 
asymptote. (See the graphs of § 24.) 

(ii.) It may happen that at particular points of the graph 

there are two tangents, as 
at A, Fig. 29. Although 
the function is continuous 
when x = a, the gradient 
f{x) is not. There is one 
gradient as we approach A 
from the left, another as we 
approach A from the right; 
as X increases through the 
value a, f{x) changes sud- 
denly from tan XBA to 
tan XCD. 

It will be found that 
for all the ordinary func- 
tions the derivative f'(x) is, except for particular values 
of Xy a continuous function and therefore these func- 
tions can be ‘ appropriately discussed by means of their 
graph, ^ *’ 
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§ 66. Fluxions. Newton founded his treatment of the 
calculus on the conception of the growth of mathematical 
quantities by a continuous motion ; he called the time-rate 
of change of a variable its fluxion, the variable itself being 
called the fluent. He laid little stress on notations but 
sometimes denoted the fluxion of a variable, say x, by the 
symbol x, and this notation is still often used in works on 
mechanics to denote a time-rate of change. 

We may take one illustration of a time-rate of change. 
Suppose a particle to move along the path APQ (Fig. 28 a. 6) 
and at time t seconds from a chosen instant let it be at P, 
the point (x, y), where y = f{x) is the equation to the path. 
Let 8 be the length, in feet say, of the arc ABP measured 
from some fixed point A on the path, x, y, s are then all 
functions of t 

Suppose that when the time increases from ^ to the 
particle comes to Q (Fig. 28 a, b) and denote the increments ‘ 
MN, RQ, arc PQ of x, y, s by Sx, Sy, Ss. By the usual 
definitions, the chord PQ is the displacement of the particle 
in time St and the quotient of the displacement by St is the 
average velocity of the particle during the interval, the 
direction of this velocity being given by the angle RPQ. 
To get the velocity at time t, find the limit of the average 
velocity for St approaching 0. 

Now the limit of the angle RPQ is RPT, so that the 
direction of the velocity at time t will be along the 
tangent P2\ 

Again, to find the magnitude of the velocity, or the 
speed, as the magnitude is no'v^ usually called, we have to 
find chord PQ 

st=o St 

We will assume as an axiom that when the chord PQ is. 
very small, the arc and the chord are nearly equal ; or, in 
the more definite language of limits, we will assume 

• Chord SLTcPQ ) 

Now, • 

chord chord PQ arc chord PQ Ss ^ 
St arc PQ St “ arc PQ 
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Hencls, since ^8=0 when St=0, we have 

T chord FQ , /chord FQ\ _ Ss . 

6«=0 OC PQ=0^ / St~0ot 

This equation of course simply states that the speed is 
the time-rate of change of 8, and may be considered merely 
as the symbolic statement of the definition of speed; but, 
however simple the conception of a rate is at bottom, it will 
be well for the student to recur again and again to the 
process by which the number is determined. 

Again, x is the rate of change of x, that is, x is the rate at 
which the point moves to the right, and in the same way y 
is the rate at which the point moves upward. These two 
rates are called the components of the velocity parallel to 
the coordinate axes. 

From the diagram we see that 

(<5x)H(^2/)^ = (chord PQ)‘^ = . (&)2, 

and therefore 

/&y V _ /chord PQ ^ /&Y 
\u) '^\St) &TG F(r) \Jt)' 

Hence, taking the limit for St — 0, we get 

a result that expresses the usual rule for determining the 
resultant velocity 8, when the component velocities x, y are 
given. 

♦ 

Ex. Suppose x—t, For every value of y—x ^ ; that is, the 

point P lies on the parabola whose equation is y~,7^. The component 
velocities are ./;=!, y — ^t^ and the magnitude of the resultant velocity 
h is sJ{x^+y^) = sl{\-\-^t'^)- The direction of the velocity is given by 
tan </) = — 2x= %t. 

It will be observed that the path of the point is given by stating 
where at each instant the point is, because whenever the instant is 
named, that is, whenever the value of t is given, the coordinates .r, y 
can at once be calculated. By eliminating t between the equations 
determining x and y, we ^ find a relation that holds between the 
coordinates of every point on the path, that is, we find the equation of 
the path in the usual form. (See Exercises^IV. 10, YL 4, 6, 10, 11.) 

We will nt^w show how to find the derivatives of the 
ordinary functions ; in the exerciass examples will be found 
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illustrating the geometrical and the mechanical appfications 
of the derivative. After the student has gained some 
facility in differentiating, other examples will be considered. 


§ 67. Derivative of a Power. By definition 






8x 


and, by §47, this limit is nx ^-^ ; that is, . 


Hence tlie derivative of a power with respect to its base 
is got by multiplying by the index and then diminishing 
the index by 1. 

It is obvious that the derivative is a continuous function 
for all finite values of x, except for x = 0, and it is then 
discontinuous only when n—1 in negative; that is, when 
71 is less than 1 algebraically. 

CoK. If (I be a constant, Da‘(ax^‘') = nax^~‘\ 


Ex. 1. 





Ex. 2. Write down the derivatives with respect to t <>f 

/5 ^ 3 

Ex. 3. Write down a function of .r wliicli has as its dei-ivative. 

Reverse the process for obtaining a derivative, that is, increase the 
index by 1, and then divide the result by the new index. Thus, one 
function whose .r-derivative is .r^ is as may at once be tested by 
dilierentiation. 


Ex. 4. Write down for each of the following functions a function 
of which it is the derivative, 




1 £ 


68. General Theorems. The following theorems ai‘e of 
constant application. • We suppose x to be the independent 
variably, so that the suffix may be omitted, in indicating 
derivatives. • 
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TheoI^em I. An additive constant disappears in 
differentiation; or, two functions which differ only by a 
constant have the same derivative. 

For let /(a;) = ^(aj)+(7,where (7 is a constant, that is, does 
not change as x changes ; fix) and (f>ix) therefore differ only 
by the constant 0, 

fix + Sx) ^fjx) _ [ct^x +Sx)+G]^ [<f>ix) + G] 

6x Sx 

_ (f>ix+Sx) — (l){x) 

Sx 

Take the limit of these equal quantities for Sx converging 
to 0 and we find = 

• Ex. y)(.r*-4)=3.r2. 

Theorem II. A constant factor remains as a constant 
factor in the derivative. 

For D[0f{x)'\ = = 0 

qX OX 

therefore 

Theorem III. The deHvative of an algebraic sum of a 
fnite number of functions is equal to the like algebraic 
sum of the derivatives of the functions. 

Let fix)y Fix), f/)ix) be three functions of x ; then it is 
easy to see that 

S[f{x) + Fix) - <f>ix)] = Sfix) + SFix) - S<l>ix), 
Therefore, dividing by Sx and taking the limit, we get 
D[fix)+Fix)--<l>(x)]^Dfix)+DFix)^D^^^^ 

The same proof holds for more than three functions ; the 
number of them, however, must be finite, for if there be an 
infinite number the theorem is not necessarily true, just as 
in the case of the corresponding theorem in limits (§ 42, 
Th. I). 

Ex. D(Sa^ - 6 . 2 ? -f 1) = />(3^) - 2 >( 5 . 2 ?) • Th. III. and L 

, , Th. 11. 
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Theorem IV. IXuv)=vDu+uDv, where u, v afe func- 
tions of X. 

When X takes the increment &, let u, v take the incre- 
ments Sn, Sv respectively, then 

S(uv) —(u + Su)(v + Sv) — uv 
= vSu -h uSv SuSv ; 

. S(uv) Su SvSu 

When Sx converges to 0 so does Sv; the limit of the last 
term is therefore 0, and we get 

D(uv) = vDu+uDv. 

Tf there be more than two factors, say u, v, w, we may 
extend the theorem by applying it twice ; thus, first consider 
viv as forming one factor, we get 

D{uvw) — D{u . vw) = vwDu + uD{viv). 

But D(vw) = wDv + vDw ; 

D{uvio) = vwDu -h uwDv -h uvDtv, 

If we divide both sides by uvtv we get 
D( uvw) __ Du .Dv Dw 
uvw ~ V w ' 

More generally, if there be n factors, u^, ... Un, we 

I DV'9, I j^DUn 

U-{U^..,Un ~ 'W'l ^2 

Logarithmic Differentiation. When the differentiation 
is carried out in the form last written, the process is usually 
called logarithmic differentiation, (See § 65, ex. 3.) 

The student must particularly notice that the derivative 
of a product is not the product of the derivatives of its 
factors. 

Ex. 2)[(5^+ 2)(3a? - 7)] = (3.r - 7)D(5aj+ 2) 4- {bx + 2) Z)(3.^• - 7) 

* =(3^-7). 54(6^42^3 

• =30.r-29. 

The result may he verified by first distributing the product and 
then diiferentiating. • ^ ^ 
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Theorem V. 


j./'u\ vDu—uDv , 

^ provided v is not zero 


, for the values of x considered. 

u+Su 


For 


<5 - = 


V + &V V 

Su Sv 

'^Sx ^Sx 

Sx ~ v^+vSv 


vSii — uSv ^ 
v^+vSv ’ 


<?) 


Since the limit for ^ic = 0 of the denominator is and 
is not zero, we can apply the theorem that tlu^ limit of a 
quotient is the quotient of the limits of numerator and 
denominator. Hence the theorem. 

u * 

If we divide by - we get 



Dn Dv 


u n V 
V 

‘^ 2 + 1 ;- “ (.^ 2 + 1)2 - 
(;r2 + l) . — . 2^:* 

■ (2P^ + 1)2 

_ Ax 

“(07^+ 1)2* 

Theorem VI. If the derivatives of two functiom are 
equal for every value of th& argument, the functions can 
only differ, if at all, hy a constant 

This theorem is the converse of Theorem I. and seems 
hardly to require prpof for the ordinary functions. For 
if f{x) = (p\x) for every value of x, then putting y equal 
to f(x)-^^(x) we have 

i>xy = •D*[/(*) - =/(®) - 0'(») = 0. 

Hence the gradient of the graph of y is zero for every 
value of X ; the graph must therefore be either the ic-axis 
or a straight line parallel to that axis. But tlie equation 
of every line parallel to the jr-axisds = const. = C^; the 
equation will represent the axis itself if C= 0. 

Therefpre f{x) — = C or f{x) = <j>(x) + (7. 
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Ex. If 1, determine the general value of y. * 

The derivative of — ^ is 1, as may be tested by differentia- 
tion ; therefore the derivatives of v and of are the same for 

every value of x. Hence y and — x can only differ by a constant, 
that is, This value is called the general value, because 

every function which has the same derivative as y will at most differ 
from \3(?~x by a constant, and (7 may be any constant. 

The particular function which has the value 2, say, when x has the 
value 1, will require a particular value of the constant C, But always 

therefore 2 = J - 1 + (7, (7= § ; 

and y = \^-os^%. 

It is to be observed that the derivatives must be equal 
for every value of the argument ; thus — I and — 1 are 
equal when a; is 0 or 1, yet the functions — and 
+ of which they are the derivatives, do not differ 
merely by a constant : they are different functions. 


EXERCISES VIII. 


Differentiate with respect to x^ examples 1-10 : 


1 . *Jx^+6x^’{-4x-2. 

3. a--l)(a:-f2)(.a7-3). 

5. 


ijx 


7. + 


1 


2. (7.^--3)(8a;+2). 
4. (3a'-7)/(5-2.r). 

»■ 

8 . ax'^+ ^ 


10 . 




9. 4x^ +2x^ -2x~^ 4-30 J.V. 

Differentiate with respect to t, examples 11-14 : 

11 . (at-hb)/(cl-hcl). 12 . a/(b-hct). 

13. (a.e+2b(+c)/(A(^+2B(+0. 14. 

15. Give a geometrical interpretation of Th. I. § 68. 

Deduce Th. V. from Th. IV. by putting so that Du—D{vw). 


16. If at time t the adjacent sides of a rectangle are tc and v feet 
respectively, where u, v are both functions of t, show that at time t 
the area is growing at the rate vu -p nij. 

If at tim«? t the three edges of a rectangular parallelepiped which 
meet at one corner are v, w feet respectively, find the rate at which 
the volume is increasing. 

Show that these results give a geometrical interprijtation of Th. IV., 

§ 68 . » 
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17. Find the values of x for which the following functions ai*e 
(i) increasing, (ii) decreasing, (iii) stationary. Apply the results to 
the graphing of the functions, and state the turning points. 

(a) S-x+x^; (b) (c) — 

18. State the most general function which has as its derivative 

(i) 2x-l; (ii) Zx-\\ (iii) ax^-^hx+c. 

19. The gradient of a curve is x^-x-k^l^ and the curve passes 
through the point (1, J) ; find the equation of the curve. 

20. If where Vq are constants, show that 

-vDvP=^p. 

21. The speed of a particle at time t seconds from the beginning of 
its motion is V-gt leet per second; find how far it has moved in 
t seconds. 


§ 59. Derivative of a Function of a Function and of Inverse 
^Functions. 

The derivative of such a function as (x^ — x + 1)^ cannot 
be found by immediate application of the rule for the deri- 
vative of a power. In a case like this we may proceed 'as 
follows: — Denote cc+1)^ by y; now put a;4-l=u. 
Then y = u^ where u=a:^— aj-fl; that is, y is a function 
of 'll where u is a function of x. In other, words, ?/ is a 
function of a function of x (§ 46). 

When X takes the increment Sx let u take the increment 
&\i\ when u takes the increment S'li let y take the incre- 
ment &y. Hence when x takes the increment 8x, y takes 
the increment dt/, and when Sx converges to zero so do Sn 
and^y. Now Sy^SjfSu, 

Sx Su Sx ’ 


therefore 
that is, 


L^= L — • 

SxssO^X Su=0^^ 5fl5=oda/ 

D^y^DuyxD^u, 


In the derivative D^y, y is supposed to be expressed as a 
function of x, while in the derivative y is supposed to 
be expressed as a function of u. That is, 


- aj + 1 )^ = X Da.(cc2 - «; + 1 ) 



= Ju"'ix(2a?-l)= 


2g;-l 
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where, after the difFerentiation is effected, u is replaced by 
its value in terms of cc, namely x^—x+1. 

The reasoning is perfectly general, so that we have the 
theorem: — If and u = (f>(x), then 1 / is a function of 

a function of a;, and 


Dxy^Dyf{u)xD^<li{x) or D^^y D^y x 

If we had y=:f{u\ u = 0(v), v — yfA^x), we should get in 
exactly the same way 

Dxy = Duf{u) X X D^\fr{x) 

or Dxy^DuyxD^nxDafv, 

The same method shows how to obtain the derivative of 
an inverse function. Let y=f(x) so that x is the inde- 
pendent variable. The inverse function is x=f~‘\y) and y 
is now considered to be the independent variable. 

Let Sx and Sy be two corresponding increments of x and 
y, so that Sx and Sy vanish together. Then 


Sy Sx 
Sx^Sy 


= 1 ; 


Sv Sx 

therefore L ^ X L ^ = 1 ; that is, D^y x = 1. 

fia; = 0Oa: fiy=:0Oy 


The result is evident geometrically. In Fig. 28 (§ 53) D^y 
is the tangent of the angle that PT makes with OX, DyX is 
the tangent of the angle that PT makes with 0 Y, and since 
these two angles are complementary the product of their 
tangents is 1. 

This theorem is of great use in finding the derivatives of 
inverse functions (§§ 64, 65); meanwhile we note that 



and the theorem remains true even if one of the derivatives 


is zero. 

The student should carefully note the following ex- 
amples ; at all stages the rule for differentiating a function 
of a function has constantly to be used. 

Ex. 1. Dx(ax+bY=na(aX’\-hY~\ 

Put ax+b=u, • 

then DJ^ax+bY==DjP x /),%= x a= wa(a^+ 6)?V. 
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With a little practice, the student will be able to dispense with 
the. actual substitution oi u. Thus he will write 

DJiax 4- 6)" = n(cuc + 6)**"^ xa— na{ax + hY ~^ ; 

- 2)^ = - 2)“^ x 3 = — t- 

2(3®- 2)2 

' Ex. 2. x 

Ex. 3. If - a?) and u—x^— a\ find 7)„y. 

Duy = Dxy x DuX = DxyjD^u — xj{a^ - aP)l2x ; 

therefore Duy== ^>J(x^ - ci?) — 

Ex. 4. If y is a function of x^ so is y\ 3^®, ... xy^ 3i?y and 
J>lf ) = X = 2^Z),y, 

* DJixy)=xD^y+yD^=xD:,y+y, 
and generally, using y for Dxy, 

Dj(x^y”) — x^DJ^y") + y”Dj(x”) 

=x^-^y‘^~\nx^ + myy 

Converiky, y}/=DJ\y\ y''-^ = oj^y’''^. 

This transformation is specially useful in mechanical problems. 
Thus, t being the argument, 

xx=Dl\3f^', yy=D,{^y^). 

Ex. 5. If v=s, prove v=DJ[^). 

v=DtV^D,v X Dt8=8D,v=vD,v=D,{^^), 
or, in words, the time-rate of change of v is equal to the space-rate of 
change of (see § 69). * 


Ex. 6. If the coordinates of a point on a curve are given in the 
form x—fit), y=^<li(t), where, for example, t may denote the time, 
find D^y, 

y is a function of and t may be supposed to be determined as a 
function of x by the first equation. Hence 

Dxy^DtyxDxt 


But Dj=^ljDtX by the rule for inverse functions ; therefore 
thus, if x=at\ ^=2at, 




^ X 2at \ 


c • 
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Ex. 7. When y is given aa an implicit function of x by afJ equation 
of the form 

Ax'^y^ 4- Bx^y^ + . . . + Kx + Ly 4- M= 0, (a) 

we can find y' by the method of ex. 4. For in whatever way x changes 
y must change so that the equation (a) always remains true ; therefore 
the rate at which the expression on the left side of (a) changes as 
X changes must always be zero ; that is, 

Dx{Aoif^y^ 4- Bx^y^ 4- ... 4- Kx 4- Ay 4- i/) = 0 ; 


that is, A />*(A”*y”) 4- BDJ^xPy^) 4- ... 4- A" 4- = 0. 

Each term may now be difi'erentiated and the equation solved for 


Dj^y or y\ For example, given 

:r2 4-:ry4-y^- 1=0 
J^/4-y2- 1)=0 
2 Ji: 4- . 2 ^' 4- y 4- 2yy ' = 0 
2.r4-y 


then 
that is, 

and therefore 






(y) 


.^•4-2y 

To find the gradient of the ellipse represented by (^) at particular 
points, we proceed as follows : 

When .r=l, y‘^4*y=0 ; that is, y = 0 or — 1 ; 

24-0 

at the point (1, 0), y' ^-2; 


2-l_ , 
^ 1-2 


at the point (1, -1), 

To find where the tangent is parallel to the ^-axis, we have to solve 
(13) and the equation // = 0, taking care that the values which make 
the numerator of y' vanish do not also make the denoinuiator vanish. 
If this were to happen, then y' would foi‘ such values take the form 
0/0, and y' might or might not be zero. In the above case we have to 


The values are x—- 


/3’ 2'=- 


v'3’ 


,, and 


solve ((3) and 2.r4-y=0. 

12. 

X— — j ^ ^ — these points the tangent is parallel to the j>axis. 

V ^ V o ^ 

In the same way we find where it is perpendicular to the .^’-axis by 
solving (p) and .r4-2y = 0, which makes ?/ infinite. The points are 


EXERCISES IX. 

Differtntiate as to a?, examples 1-8 ! 

1. »J(^-x), , 2. xlJ(l-x). 3. v^(2j74-1X-^“2). 

4. xli^(a^-xl^), 5. J?/v/(a24-^. 6. ^(ax^ + hx+c), 

- 7. V(«*+l)/V(^-l). Bf ^(ax^+2bx+c)l^(Ax^^2Bx+p). 
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In differentiating a quotient of the foiiii {x-\-ay*j{X’\-by\ it is 
often advisable to write the quotient as a product in the form 
; when simplified, the result will appear in its lowest 
terms. Differentiate in this way : 

9. {x+\fl{x--\)\ 10. {x+ay-l{x+h)\ 11. \lx\x-\f, 

12. State in words the equation 

, Dty^D^yxDtX, 

13. If show that v— « and v being functions of 

the time t. 

14. If find y\ Tlien find the gradient at the points : 

(i) (1, 1), (ii) (-1, 1), (iii) (-1, -1), (iv) (1, -1). 

15. If {x+y)'^ - bx+y = 1, find y'. Find the gradient at the point or 
points where the line whose equation is x+y=i cuts the graph. 

16. If x==at^ y^ht-\ct^^ find the components parallel to the axes of 
the velocity of the point (x^ y\ and find the dii-ection in which the 
point is moving at time t. (Compare Ex. VI. 4.) 

17. Find in the following cases : 

(i) (x-(if\{y-}^^—<^, (ii) y'^ — Ax-\-Ba^. 

(iii) xy=<^. (iv) 

18. If Dxy=^a^^{aa^-\-h) and + find /)„y. 

19. If D^y = (^ + a)(^2 ^ ^^x + b)^ and t/ == + ^ax 4* 6, find /)„y. 

20. If Dgy—f{ax-\-h) and u^ax+h^ find i)„y. 

§ 60. Differentials. In Fig. 28 a, 6, § 53, the value of f{x) 
or Da-j/ is tan RP1\ and 

Now, suppose that as x increases from OM to ON the 
ordinate y or fix) increases uniformly at the rate fix) 
or tan RPT ; then the point P will move, not along the 
arc PQ but along the tangent PT, and the increment that y 
on this supposition will take will be, not RQ but RT, 

This hypothetical increment of y is called the differential 
of the function y or fix) and is denoted by dy or dfix). 
The axitual increment of y, denoted by ^y or ^/(a;), is not 
.RT but jBQ. Writing *as usual & for the inci'ement MN 
of X we have • 

dy^RT=^fix)Sx\ Sy^RQ^if\x)+a)Sx^ 
where » as used in the same meatiing as in § 52. 
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If f{x) is the function x, then /'(cc)=l, and we h^^ve 
df{x) — dx—l, Sx, 

so that for the independent variable Sx and dx may be con- 
sidered to be the same thing. We may therefore write 
dy — ItT=z f\x)dx ; Sy = RQ — (/'(x) + a)dx. 

The first of these equations gives a new notation for the 
derivative, namely 

/(^) = 

This notation, which is perhaps the most common, has the 
advantage that its form recalls the process by which the 
derivative is obtained. Again, we have another advantage. 
F or Sy — dy = (f'(x) + a)dx — f(x)dx = adx, 

and (see § 52) when dx or MN is very small a is also very 
small, and therefore Sy is very approximately equal to dy. 

The notation of differentials is due to Leibniz ; the above mode of 
defining a differential is usually attributed to Cauchy, but the 
differential is equivalent to Newton^s ‘‘ moment,” which is explained 
in exactly the same way by Benjamin Robins (see his Mathematical 
Tracts^ London, 1761). A reading of Robins^ TracU would well repay 
the student who is fortunate enough to get hold of a copy ; the book 
is now somewhat rare. 


dy dfjx) 
dx dx 


The notation of differentials is practically a necessity 
in the integral calculus, and the student should accustom 
himself to it. In practical work dx and therefore dy are 
usually supposed to be very small quantities ; but it is only 
their ratio that is of importance. 

The sjmibol ^ is often written as ; but when used 

in this way the symbol ^ is to be taken as a whole and as 

meaning exactly the same thing as 

Since du = dx, dv = dx, etc., when the independent 
variable is x, we have 

, d{u^v—w)—du+dv’-dw, 
fi(uv) = vdu + udv, 

and so on. We may, in fact, replace D in Jbhe theorems 
of § 58 by d « 



122 an elementary TREATISE ON THE CALCULUS. 


Again, since ^ means DaU we have 

d(u + V’—w) d., . du , dv dw 


and so on. 


d(uv) du , dv 
dx'^^dx ^dx 
dy dy du 

dx du dx' ^ dx^ 
dy 


Ex. 1. d{^x^ — x + \) — Dx{^x^—3C+\),dx—{(Sx-\)dx, 
Kx. 2. d . 

Ex. 3. jcdx'—d(la:^) ; (s^-\)ds—d(laP -x). 

Ex. 4. State in the form of differentials Ex. IX. 1 -6. 


§61. Geometrical Applications. Let OM be the abscissa 
and MP the ordinate of the point P on the curve whose 
equation is y=f(x); and let the tangent at P meet the 
axes at L, K (Fiff- 30). 

The line GP^ drawn through P perpendicular to the 

tangent is called the 
normal to the curve 
at P. 

When the tangent 
and the normal are 
spoken of as finite 
segments the portions 
PP; GP, intercepted 
between P and the 
.r-axis, are the. seg- 
ments referred to. 

In the same way 
the projections of 
r these segments on the 
oj-axis, namely LM and MG^ are called the subtangent and 
the salmormal respectively. 
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These segments can be expressed in terms of th^ values 
of X, y, y' at P. 

Subtangent = LM — — ^ ; 

Subnormal = MG = y tan (fi = yy' \ 

Tangent = LP — y cosec 0 = — — — ; 

Normal = OP— ysec(l> = y^{l + 2/'“) ; 

0 X = 6 JIf -- X Jlf == 0) - ; 

y y 

Oir= ~0Xtan(/>= 

These expressions are true for all positions of P, provided the »ign$ 
of the segments be attended to. Thus, if LM is (expressed by a nega- 
tive number, L will be to the right of i/, since, in the above diagram 
which is taken as the standard, LM is positive when L is to the left 
of M. There is no need to commit these formulae to memory ; the 
values can at once be obtained in any given case by drawing a 
diagram. 

We may also find the equations of the tangent and 
normal. For tins purpose let tlie values of x, y, y' at P be 
denoted by T/n y{ in order to distinguish them from the 
coordinates {x, y) of a point on the tangent LP or the 
normal OP. 

The equation of the tangent is 

2/-yi = (®-*i) or 2/-2/i=2/i (•'r-aJi), 

since it is a straight line passing through {x^, y^ and making 
an angle ^ with the ic-axis. 

The acute angle that the normal makes with the cc-axis 
is ^ — ^ and tan ^0 — = — cot — 1/y^ ; hence the equa- 
tion of the normal is ^ 

y-yi=-^^-ooiy 

a Vl 
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Ex. l.N Find the subtangent and the subnormal in the ellipse 
given by -8+f5=l. 

If we suppose y to be positiv^e, then 

subtangent = ^ - - - - ; 
subnormal =y;/~ 

When X is positive^ both these numbers are negative ; L therefore lies 
to the right of M and Q to the left of M \ when x is negative^ the 
positions are reversed. 

OZ=.r- subtangent =— ; 

OL.OilJ^ .x=^a\ 

X ’ 


a well-known property of the ellipse. 0 is of course the centre of the 
ellipse, denoted in § 26 by U. 


Ex. 2. 
to ZP. 

Here 


If the equation of the curve is xy — (^^ find the ratio of KP 

KP__qM_xj/_ ^ 

LP LM y X ' X 


The ratio is given both in sign and in magnitude ; hence P lies between 
K and Z, and KL is bisected at P. The curve is a hyperbola (§ 27, 
II., ex.), and this is a well-known property. 


§ 62. Derivative of the Arc. Let s be the length of the 
arc AP measured from a fixed point A on the curve 
(Fig. 30) ; to find Da.8, DyS. 

Proceeding exactly as in § 56 we get the equation 




.(A) 


where &8 and Sy are the increments of the arc 6 and of the 
ordinate y due to the increment Sxoix\ Ss = avc PQ, 

The average rate of change of 8 with respect to x, namely 
Ss/Sx, is determined by the equation 


\ox/ \ arc-ry / \dx/ 
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Since the limit for to = 0 of the first factor on the right 
is 1 we get 

o»- ■D»s=V{1+(-D»2/)*}. 

In exactly the same way we obtain 

i)^=^{l+(D^)2}. 

Again, 


, T Sx T fSx arcPQ N ^ 

^ PC=oPQ~ chord Pq ) ~ ds 

_ r (^y arcPQN^ d2/ 

P^oV& * chord pq) ~ cfo* 




Using the notation of differentials we take PP = cte; 
then RT=dy and PT=ds. The equation in differentials is 

{d8f^{dxf+{dyf (A') 

and division by {dxf or {dyY at once gives the derivative 
of 8 with respect to x or y. 

If i be the independent variable and dt its difierential, 
then, since Xy y, s are all functions of t, we shall have 

dx = xdty dy = ydty ds = 8dty 
and the substitution of these values in (a') gives, as in § 56, 

We also have 


dx __dx ds 
dt ds dt 


= scos0; if 


dy dy ds . . . 

m-£ 


EXERCISES X. 

1. Show that in the parabola* y^—Aax the subnormal is constant. 

2. If the subnormal is constant (2a) show that the curve is a 
parabola ^^=4a.r+C7. 

3. Find the equation of the tangent and of the normal at the point 
(‘^n .Vi) of the parabola y^—Aax. 

Show that the subtangert is bisected at the vertex. 

* It is customary to abbreviate the phrase “ the curve of which the 
equation is y==/w” to “the 6lirve y*=/(^).” 



126 AN ELEMENTARY Treatise on the calculus. 


4. If ihe 'tangent at P in the ellipoe (Pig. 20, § 26) meet the major 
axis at T and the minor axis at prove that 

aM.CT=CA\ 

Where m is the projection of P on BB. 

5. Show that the equation of the tangent at to the 

hyperbola a^la^-y^/b^—l is 

With the same notation as in ex. 4 show that 

CM,GT^CA\ Gm,Ct^-Cm, 

and explain the meaning of the minus sign. 

6. The equation of the normal to the ellipse at is 

(x-Xi) a^Xi ={y- yi) 

7. If the normal at P to the ellipse (Fig. 20) meets the major axis 
at O show that GQ—^CM in magnitude and in sign. 

Prove also that 

SG=e{A G+ eGM)^eSP ; QB = eST ; 
m ; GB^SP : S'P. 

The last equation shows (Euc. vi. 3) that the normal at P bisects 
the interior angle and that the tangent at P bisects the exterior angle 
between the focal distances of P. 


8. State and prove for the hyperbola the results corresponding to 
those of ex. 7 for the ellipse. 

9. If SZf BZ are the perpendiculars from the foci S' on the 
tangent at P to a central conic (Figs. 20, 21) show that 

SZ.BZ'^GB, 


For the ellipse 


SZ.S'Z'^ 



?a_i 

' a a* 




where 







A little reduction shows that 

a2-62 




since e^ = 


since (xi^ yi) is on the ellipse. 

(See Exercises VI. 18.) 

10. If P is the point (a cos 0, h sin ff) show that the equations of the 
tangent and normal at P are (see Exercised V. 5) 

“Costf+vsin0=l ; — — r^y=a2-68 

« a 6 cosU sm^"^ 
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11 . If P is the point {at\ ^at) on the parabola Ihow that 

the equations of the tangent and normal at P are (see Exercises V. 6) 

12 . From the result of ex. 3 or otherwise show that if the tangent 
at P to the parabola (Fig. 19) meets the axis at T 

TS^AS+AM^SP. 

If NP is produced to Q show that TP bisects the angle SPN and 
PG bisects the angle SPQ. Also that, if SN cuts the tangent 
at the vertex at SZ is perpendicular to and bisects TP and 
SZ'^=::^AS,SP. 

13. In the notation of § 61 show that for the curves 

KP:LP^-in:n. 

Sketch the curve (i) if m = 7, n = 5 ; (ii) if . m = 10, 7i = 9. 

These are Adiabatic Curves. 

14 . Show that for the parabola y^~^ax 



15 . In the semi-cvhical parabola ay^ — x'^ show that 

LJH=^l.v, ilO=~LiP. 

3 2a Ba 

Show also that 

and verify that if the arc s is measured from the origin 

Ba( ^ , 9,r\^ 8a 
*'27V'^4aj ~27‘ 

16 . Show that the tangents at the points where the straight line 
ax-^-hy — O meets the ellipse 

ax^ -^2hxy 

are parallel to the .r-axis, and that the tangents at the points where 
the straight line hxA-hy=0 meets the ellipse are parallel to the 
y-axis. 

17 . Show that the tangents at the points where the parabola 
ay^x^ meets the folium of Descartes, whose equation is (compare 
Exercises VI., *13) 

I .r®-fy*=3Gw;y, i 

are parallel to the x-axis, and that the tangents at thja points where 
the parabola y’^^ax meets the {olium are parallel to the y-axis. 
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The origin (0, 0) is one of the points, and the coordinate axes are 
tangents, though this is one of tne exceptional cases referred to in 
§ 59, ex. 7. The other points are (a J/2, a S/4), (a a V2). 

18. Show that for the ellipse = l 

ds l( a^~eV\ 

and that for the hyperbola a^la^-y^lh^=\ 

If 

dx~yv:v^^r 


19. Show that for the curve y = 

^ 1 -f 

20. Show that for the curve • 


dx 


(a\i 3 

\x} ^ 




the ai*c being measured from the point (o, a). 



CTIAPTEK VIL 


DIFFERENTIATION (continued), TiiANSCENDENTAL 
FUNCTIONS. HIGHER DE IH V ATI V ES. 

§ 63. Derivatives of the Trigonometric Functions. The 
fimdamcntal limit is that proved irrg 39 Gv.), the angle 
being measured in radians, namely 

j sin 0 

Ld - ^ 
t7 

(i) DxSinxscosx* 

Tj, n • T sin(;r + &;) — sin./; 

For sin iT = L — — 


Sx^O 


Sx 

Sx 


Now, 


sin(a; + Sx) — s in a; 


^ . Sx ( Sx' 
2 sin cos(^./'+ 2 


(iu'\ 


Sx 


. Sx\ 

mi- 

Sx 

2 


cos^oj+y)- 


The limit for Sx = 0 of the first factor is 1, and of the 
second factor is cos ic. Hence 

Dx sin X = cos x, 

(ii) DxC 03 k=— sinx. 

T cas(a; + Sx) — cos x 
Da.cosa;= L — ^ , 


For 


5 a :=0 


and cos(x + Sx) — cos ic = — 2 sin ~ sin + y/ 


The rest of the work is 'the same as in (i). 

G.C. K ' 
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<Ui) bmtaiiKs~^sseo*3c. 

For i), fcan«:= L 

Sx 

_ 1 sin^ a? 

*" ■+* Sx)co8 X Sx 


1 

cos^x 


=^8ee^x. 


The result may, of course, be obtained by writing tana: 
in the form sinaj/cosa:, and applying the rule for differen- 
tiating a quotient. 

. Directly from the definition or by applying the rule for 
differentiating a quotient we obtain 

(iv) D* cosec a: = — cosec x cot x ; 

(V) i>* sec a: = sec a? tan a:; 

1 

(vi) Dx cot a; = — = — cosec^a:. 


The knowledge of the derivatives makes it easier to 
graph the functions, and the student should test such 
graphs as he has already drawn by examining the gradient 
in the light of the derivative. 

The derivatives of the sine and cosine are continuous for 
all values of the ar^ment. The derivatives of the other 
functions become discontinuous for the values for which 
the functions become discontinuous. 


The rule for differentiating a function of a function has often to be 
applied, for it is very seldom that the argument is .r simply. The 
most important case is that in which the argument is a linear function 

<3W7-h6. 

Put ax+b=Uj and we have 

Z), sin (cuv -h 6) = sin u x DJax + h) 

= cos tix a =a cos (ax + 6). 

In the same way we find 

/>*cos((m;+ 6)= -a6in{cu7+5) ; D^: t&n (ax +b)=r a sec^ (ax +b), 

and so on. In fact the student should from the first accustom himself 
to these forms. * 

Again, to find the deriv:itiv3 of Bm^(ax \‘b\ let sin (aw? + 6) be 
denoted by u ; then • 



DIRECT TRIGONOMETRIC FUNCTIONS. 


131 


2)J[8inXaa?+5)]=2>ttw2x/)^sin(a^+6) • 

«= 2w X a cos (flw; + 1) 

*= 2a sin (aa? + b) cos (ax + b). 

With a little practice, and the application of common sense, even 
this substitution will not be necessary. 

Note. — If the angle is measured in degrees, then D^sin x 
is not COSO? but ^^cosic, because x degrees make ttoj/ISO 
radians, and 

sin(aj deg.) = sin^^^ rad.^ ; 

Da, sm(a: deg.) = D* rad.) 

=ilo 


EXERCISES XL 

Differentiate with respect to Xy ex. 1 -9 : 

1, sin3jr+cos3.r. 2. Bm—(x+b), 3. sin two; cos 

a 

4. .rsin.ip+cos.3;. 5. sin,^— o^cos.?*. 6. — Jsin2ar. 

7. i.«7+Jsiii 2.F. 8. |sin.r+=|Vsin 3.r. 9. -|cos;3;4-|\cos3a;. 

Write down for each of the functions 10-15 a function of which it 
is the .r-derivative. 


10. cos3j7 — sin 3.^’. 

11. cos(aj7+6). 12. 

sec2(a^+6). 

13. cos'^x 

14. sin‘^.r. 15. 

sin 4x cos2.r 

Differentiate w 

ith respect to jf, ex. lG-22. 


16. coB^ (aa: + b). 

17. tan’*^ (^x + 1 ). 18. 

y/sin 2x. 

19. sin^^r/cos^.^;. 

20. i- ^ ■ 21. 

1 — cos X 

1 H- cos .V 

1 +COS.S;’ 

22. 

l+tano?* 

• 


23. Show that 

Aftan 1^1 == Y-r- ^ 

-r«L / j i_^.cos.t* 


and that 


• 
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24. S£ow that steadily decreases as x increases from 0 to 

- ; graph the function from ^7=0 to x=Tr (see also ex. 34). 

a 

To prove the theorem, show that the derivative of sina;/^’ is negative, 
and therefore ^inxlx a decreasing function. Since sin.jr/a;=2/7r when 
x—7rl2 and sin we get the inequalities 

9 

^x < sin X < x^ 

TT 

which hold for the range 0 to 7r/2. 

25. A point moves on a straight line and at time t its distance s 
from a fixed point on the line is given by the equation 5 =acos(y/if-<?). 
Find for what values of t its velocity is greatest and state where the 
point then is. For what values of t is its velocity zero and where is 
the point at these instants ? 


26. The coordinates .r, y of a point at time t are given by the 

equations x—aQ.Q^t^ y — Show that as t varies from 0 to 27r 

(or from to + the point describes an ellipse, and find the 
components of the velocity and the direction of motion at time t. 

27. The coordinates of a point are given by 

x — a{0 — sin y = a( 1 - cos 0), 

where Show that the tangent to the locus of the point 

TT 0 

makes with the .r-axis the angle — ^ and that if the ar c s is measured 

from the origin, «=4a^l-cos^y The locus of the point is called a 
cycloid (§ 146 ). 

28. Find the subtangent and the subnormal of the curve of sines 
vdiose equation is y — a sin (x/h). 

29. If — and :r=asin $, show that DQy—a^ao^^S. 

Tn the notation of differentials, we may write 

ci^j = - x^dx ; dx = a cos 0 dO ; dy = GO^^OdO. 

30. If dy — ^{x'^-\-aP)dx and 07= a tan 9, sliow that 

dy — d^ sec^^ dO. 

31. If ^’=«sin 9y show that dy=d9. 


32. If 


and x—a{\ +sin 9\ show that dy~d$. 


33. If ^o?)=l — coao7, show that when x is positive f\x) is 
negative. Hence snow that for positive values of x ' 

1 — ^07^ < cos 07 < 1 .' 

f{x) is a degreasing function. Since f{x)~0 when o;=0, it must 
thereiore be negative for every positive value of x. 
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34. Show that when x is positive • 

X - ^x^ < sin X < X. 

Take J.r®*-sin.r ; then (by ex. 33) <f>X^) is negative, since 

35. Prove in the same way that wlien x is positive 

1 - < cos .*7 < 1 - ^x^ + ; 

< sin - .1 
3! 3! 5! 

These inequalities may be carried out to any number of terms. 

36. How should the inequalities of examples 33, 34, 35 be stated for 
negative values of ? 

37. Show that if x is positive and less than 7r/2 

^ J tan .r +§ sin .r. 


§ 64. Inverse Trigonometric Functions. The direct trigo- 
nometric functions arc single-valued but tlie angle has to 
be restricted to a certain range in order that the inverse 
functions may be single-valued (see § 28). The range is 
from — 7 r /2 to 7 r /2 for the functions inverse to the sine, the 
cosecant, the tangent, and the cotangent, but from 0 to tt 
for those inverse to the cosine and the secant. 

In finding the derivatives the theorem expressed in the 
equation = l/Dj/r is used (§ 59). 


(i) Bjc sin-^x = + 

Let y = sm~‘^x; then x = sin y and 
DyX = coHy= + v^(l 

because cosy is positive, y lying between — 7r/2 and 7r/2. 


Hence 




l),^v 

(U) = 

Let y = cos‘^ir; then ic = cosy, and 

. Dja; =- sin 1 / ==--[ + V<1 - x*)], 
because sin y is positive y lying between 0 and ir. Hence 

11 
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Thid result may also be obtained from the equation 


cos ■ ^03 = ^ — sin ■ *«. 


In the same way the following results are established : 
(iii) 2)*tan-'a;=Y^; (iv) DaCot-‘aj= - 


(v) Da- cosec '^a;= 




; (vi) Da;Sec"^a; = 




Of the above results (i), (iii) are the most important. 
The root is a positive number, so that, for example, 
means +x when x is positive, but —a; when x is negative. 
The results (v), (vi) hold so long as a; is positive ; when x is 
negative the sign of each mustoe changed. 

It is worth noting that the derivatives of the inverse 
trigonometric functions are not transcendental but are 
algebraic functions. 

The derivatives (i), (ii), (v), (vi) become discontinuous for 
±1; (iii), (iv) are continuous for every finite value of x. 

In the case of the inverse functions also the student 
should accustom himself to the form in which the argument 
is not X but a linear function of a?, specially xja or xj^h 
Thus, if xja^n 


i),sin-i(^^j = i),sin-%xD4^) = 


xiJ ^(1 — * a ’ 


i)a;Sin 






\s/k)~ j(k-xy “■*+»*■ 


EXERCISES XU. 

Differentiate with respect to j?, ex. 1-6 : 

1, sm->3x. 2. ’ 3. 

•• 

4. sin“'(l-^\ 5. a?sin”*i?;. « 6. a7tan~'.jt?. 

t 
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Write down for each of the functions 7-9 a function of which it is 
the ^-derivative ; 

7 _L_ 8 -j- 9 _ 

10. Prove that 

i>.| W(«® - ^ + K = V (a® - **)• 

11. Show that* 

\a-\‘bco»jcJ a + bcoax 

If is less than the derivative is imaginary ; explain this. 

12. Show that 

^ r asin.r b _j / fe+acos .r\ I _ (a^-b^)co8x 

’ *t.a + feco8ar yj(a^ - 6^)^® \a + 6co8.27/ / ^ (a + ftcoso?)^* 

13. Show that 

/),tan-> (s/T^tan x ) = 

14. Show that 

\a + b sin X/ a + 0 sin a? 

15. If ^=rcosft y=rsin^, and .r, y, r, 6 are all functions of t, 
orove 

(i) J^=rcoa0-raiii$ 6. (ii) y — rsin 0+r cos 0ft 

(iii) xij -yx—7^0. 

§ 65. Exponential and Logarithmic Functions. The funda- 
mental limit is now that discussed in § 48, namely, 



and that stated in the corollary to § 49, which may be put 
in the form 

T 

*The value of the derivative given in ex. 11 is only true if a is 
positive and ^^lies in the first or second positive quadrant. If a is 
negative, or if x lies in the first or second negative quadrant, the sign 
of the result must be chahged. A similar remark applies to ex. 12. 

In ex. 14 the result holds if a is positive and if x yes in the first 
positive or in the first negative^quaarant. 
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L ]>^=e*. 

^ pX pSx _ 1 

For Z>^e* = I. = ^* T. f 1 = 


8.=0 Sx \Zo Sx 
Cor. i)a,«®=loga. a*. 

For if /(: = log(«, a* = c**, so that putting hx = u 
])x«^ = i)„e” X DJ,Icx) =e‘^xk= log a x a®, 

n. Dziogrx=^> 

For D.bg^. L !2 ^(» , +f )-log» , Lllog(l+*5'). 

Sa..= 0 ' Sx &^=oSx xJ 

o 1 

Put as Sx converges to 0, m con* 

verges to x> . Now 

= - log e. 

Since the base of the logarithms is supposed to be e the 
result is established. 


(JOR. 


-D*logi„a! = -logi„e. 


X 


Assuming the derivative of logcc the derivative of may 
be obtained by the rule for the derivative of inverse func- 
tions; and conversely that of logo? may be obtained from 
that of Thus, 

Let y = then x = log t/, and = 1/y. 


Again 


— I^xy — jy ^ — 2/ — e*. 
D,\og{(^+h)=J'^. 
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For, put ax+h = u and we get 

log {ax +b) = A* log u X D^{ax + 6 ) = 1 x a = 

Since logic is a real number only when x is positive, 
log ( —cc) will be real only if x is negative. The ic- derivative 
of log(--ic) is however 1/ic, as may be seen by putting 
rfc= — 1, 6 = 0. Hence the function whose ic-derivative is l/x 
is logic or log( — .t), according as x is positive or negative. 

It will be noticed that the derivative of logic is an algebraic 
function, discontinuous for x = 0 like the function itself. 


Ex. 1. A log (.r + == ^ 

Jjet u=x+ 4- ; then 

Djc 1 eg {x 4 4 h) — DuXog it k D^u x 


...a ft.., 

Hnd the result follows at once. 
Tlie student should note tliat 


but 





or of — coB”^ 


va- •<•-)“ 

These results ai‘e fre(|uently required in the Integral Calculus. 


(5f)- 


Kx. 2. Find the derivative of sin (6 a 4 c) and of cos (6 a 4 c). 

'Hiese functions are of very frequent occurrence in certain branches 
of physics. 

i4{c®* sin (6a 4 c)} = ac“* sin (6a+ c) 4 6c** cos (6a 4 c) 

= c**{a sin (6a 4 c) 4 6 cos (6a 4 c)}. 

This iTsult can he put into a form that is very convenient. What- 
ever be the values of a and 6, it is always possible to find It and Oy so 
th‘'*^t 0=a, R sin 0=b; 

for these equations give 

tan0=^ 

Replacing a and 6 by R cos 6 and R sin 0, we get 

Z)*{c** sin (6a 4 c)} = /2c**{cos 6 sin (6a 4 c) 4 sin 6 cos (6a4c)} 

= /fe** sin (6a 4 c 4 ^). 

In the same way we find * 

i)*{c** cos (6a4c)} = yZti** cos f6.r4c4 
where R and 0 have the same meaning as before. • 

0.0. B 2 " * ’ • 



138 AN ELEMENTARY TREATISE (JN THE CALCULUS. 


Some care is necessary however in making the transformation, 
because 0 is not uniquely determined by its tangent ; the quadrant in 
which 0 lies is determined by the signs of a and b. Thus, R being 
taken positive, if a and b are both positive, tan 0 is positive and 0 is in 
the first quadrant; but if a and b are both negative, tan^ is also 
positive, but 0 is now in the third quadrant. Similar oljserva tions hold 
when a and b have opposite signs. 

In practice it is usually simplest to choose R positive when a is 
positive, but negative wnen a is negative ; then to choose 0 as a 
positive or negative acute angle. When numbers are given it is best 
to work the example without reference to the general formula. Thus, 

cos (4^ +. 1)} = - cos (4r + 1) + 4 sin (4r + 1)}. 

Choose iK cos 0=3, fZ sin 0=4, and therefore iZ=6, taii0=|. Now 
J=tan63® 8' and 53® 8' = ’9274 radian, so that 

^*{e“^co8(4:r+l)} = -5«"^{co8 0co8(4r+l)+sin 0sin(4/r+l)} 

= - cos (4*;+ 1-0) 

= - 6«-»* cos (4r+ *0726). 

Ex. 3. Find the ^'-derivative of 1)(^ - 2)/V (s - 3)(r - 4). 

In this and in similar cases where the function is a product, it is 
often simplest first to take the logarithm of the function and tbenr 
differentiate. Denote the function by y ; then 

log y = i log - 1 ) + log (^ - 2) - i log (r - 3) - i log (a? - 4). 

Now logy = logy x Z)*y ; 

, 1 _i_i 1 1 1 1 

” y ^07-4 

2^2-10:r+ll . 

(,r - IX^ “ 2X^ - 3)(^ - 4) * 

. n 2a?2-10r+ll 

• • ^*3^ I T “a 3 

- l)2(.r ~ 2)\x - ^)%a: - 4)^ 

In the same way, if the function be uvw/UVW, where m... W are 
all functions of .r, we should get, denoting the function by y and 
taking logarithms (see § 58 Th. iV.), 

Dy ^ Dv Dw DU DV J)W 
v'^ w U V W" 


Ex. 4. If w, V are both functions of a?, we may find the derivative 
of u* as follows : Put and take logarithms ; then 
logy =v log «, 

— =Z)i;xlogw+v. “ ; x logw+~Z>w}. 

y * w ^ u ' 

For example, 2)^««4?*(log^+*l). 
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EXERCISES Xm. 

IKfferentiate with respect to examples 1-13 : 
1 . ^logx 2. ^"logj7. 3. log sin 

6. log tan 


4. log cos X, 
— cosjrx 
-f cosj;/* 


8. log^ 


^ a- ,J sc 

11. 


9. log 19. ore*. 

12. e“*(sin x + cos s^. 13. 


1 + i' 

Write down for each of the functions 14-18 a function of which it 
is the ^-derivative : 

1 


14. 

16. 


ar+4 

1 


r = -1 

f — --- 

L 2a' 

\x-a x-\~(f 'J 


\x‘^ — 9’ 

19. If 

show that 


17. 


18. 


^7^1)' _ 

y log {.;>;+ 


Compare Exercises XII. 10. 


2b. i f 


show that 

D,.y=^{x‘+h)lx. 

21. If 


show that 

a+ocos.r 

Compare 

Exercises XII. 11. 


a+6cos.r 


22. In the exponential curve, the equation being y=cea^ find the 
subtangent and the subnormal. 

X ^ 

23. The curve whose equation is y=^^a(ea+e~a) is called a 
“catenary”; find the siibtanffcut, the subnormal, and the normal. 
Show that the perpendicular drawn from the foot of the ordinate at 
any point to the tangent at that point is of constant length. Gmph 
tile curve. 

24. In the catenary, show that, the arc s being measured from j;=0, 

^^KeS+e-S) and 

• 

§ 66. Hyperbolic Functions, In recent years certain func- 
tions called Hyjyerhotic Functions liave been introduced; 
these have many analogies with the trigonometric or 
circular functions, and 4n some respects have thf. same 
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relation ^’to the rectangular hyperbola as the trigonometric 
functions to the circle. We shall not make much use of 
them, but it seems proper to define them, so that the 
student may not bo altogether at a loss should he fall in 
with them in his reading. They are called the hyperbolic 
sine, cosine, etc., and are defined as follows, the symbol 
sink meaning hyperbolic sine of; cosh, hyperbolic cosine of, 
and so on. 


sinh x — cosh a; = + <? “ ; 


tanh X 


sinh X 
cosh X 




coth X 


cosh X ^ 
sinh X ' 


cosech X = 


1 

sinh X ’ 


sech X = — y — 
cosh X 


Identities. The following identities, similar to those for 
the trigonometric functions, are readily established by sub- 
stituting the values of the functions in terms of x, 

(i) cosh^ X — sinh^ x=^\; (ii) 1 — tanh^ x = sech^ x ; 

(iii) coth^ a? — 1 = cosech^ x, 
where cosh^ x means (cosh xf, etc. 

Addition Theorem. Again, corresponding to the addition 
theorem in trigonometry, we have 

(iv) sinh {x ± y) = sinh x cosh y ± cosh x sinh y ; 

(v) cosh {x±y) — cosh x cosh y ± sinh x sinh y ; 

By putting y — x we get 

(vi) sinh 2x = 2 sinh x cosh x ; 

(vii) cosh 2x = cosh^ x + sinh^ x ; 

= 2 cosh^ a? — 1 = 1 -f 2 sinh- x. 

In drawing the graphs of these functions it should be 
noted that the sine, the tangent, and their reciprocals are 
odd functions, but that the cosine and its reciprocal are even 
functions. The sine may take any value from — oo to -f oo ; 
the cosine is« never less than 1 and is always positive ; 
the taijgent may take any value b^3tween — 1 and 1, and the 
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lines whose equations are y==^±l are asymptotes* to the 
graph of tanh x. 

Derivatives, The derivatives are readily found : 

Dx sinh X = cosh x ; Dx cosh x = sinh x ; 

Dx tanh x = secli^ x ; Dx cotli a; = — cosech^ x ; 

Dx cosech x= cosech x coth x ; 

Dx sech 05 = — sech x tanh x. 

Inverse Functions, The inverse functions can be ex- 
pressed by means of the logai'itliin. 

If '^ = sinh~^ 05 , then 05 = sinh y, just as when y = Hm~^x, 
X = sin y. '^Fo find the logaritlimic form of y we have to 
solve the e(juation 

05 = or e^y^^x0>— 1 =0, 

which gives ty = x ± !)• 

Since e^ is always positive the + sign can alone be taken; 
therefore 

e^f = x + ^{x^+\), and sinh"^a; = y = log(a5 + 1). 

In the same way we find 

cosh '^x = log {x±tJx^-“\ ). 

Since (05 — V - 1) = 1 /(a; + >>/ x^ — 1) we have 
log(a;-- V-t?— 1)= — ]og(a;+ 1). 

In this case the invci'se function is not single-valued ; to 
eacli value of x greater than 1 there are two values of 
cosh "^05, equal numerically but of opposite sign. The 
graph of cosh x is in general appearance like that of 1 -h /- ; 
by rotating the graph of l-f-ir- about the bisector of the 
angle XOY we should get a curve resembling that of 
cosh a’, and the curve would be symmetrical about the 
ir-axis as the graph of cosh a; is syminetrical about the 
y-axis. 

If x^<l, tanh"^a5 = i log^-i^; 


if 
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Derivatives of Inverse Functions, The derivatives of 
the inverse functions, taking for greater convenience xja 
instead of x, are ^ ^ 


D*tanh-i-= 


a 




(x^<a ^) ; 


i)* coth - 1 - = - 2 -^ (®2>a®). 

(t X a 

• X • 

For the positive ordinate of oosh"^- the + sign must i>e 
taken. “ 

It should be noticed that 

sinh ■ ^ ^ = log = log (05 + -v/as^+a*) — log a, 

so that the derivative of sinh"^- is the same as that of 
a 

log {x^fJx^-\- a‘^), the constant log a disappearing in the 
differentiation. The occurrence of the divisor a in the 

logarithmic form of sinh*^- has to be borne in mind when 

comparing the same result expressed in logarithms and in 
inverse hyperbolic sines (or cosines). 

§ 67. Higher Derivatives. The derivative of f{x) is 
usually itself a function of x and may therefore be differ- 
entiated with respect to x. Thus the derivative of x^ is 
Za? and the derivative of Zx^ is &x, 6x is therefore called 
the second derivative of x^, while 3x^, which has hitherto 
been called simply the derivative of x^, may be called for 
distinction the first derivative of x^. 

The notation for derivatives higher than the first is 
modelled on the analogy of indices. Thus 
the first cc-derivative of y is Dxy. 
the second „ „ D^D^y) written D^^ 

the third! „ „ „ D/y, 

th^ 
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dv * 

When the 'Jerivative is written in the form the higher 

d 

derivatives are written by considering -y- as the equivalent 

d^V 

of Dx and D^y becomes . i/, usually written -yy ; 

generally Da,»y becomes ^n-V ^n- 

The accent notation is also used; thus /"'(x), f"Xx\ 
P\x) f^^\x) mean the 2nd, 3rd, 4th...7«-th derivatives 
of f{x\ n being enclosed in brackets to distinguish the nth 
derivative from the power. In the same way y'\ 
y"* ,,,x,x,,, are used, but the notation is rather cumbrous 
when more than two accents are used. 

Ex. 1 , If f{x ) = + cx^ + dx + e, find fXx\ f”(x\ f^\x)» 
f{x) = + ^hx^ + 2cx + d 

fXx) = 1W+ + 2<? 

/"'(a’) = 2Aax 4* 6/> 
j^^{x) — ^Aa. 

Since is a constant, the fifth and all higher derivatives will 

be zero. 

It will be readily seen that the /i*** derivative of .r" is n ! and all 
derivatives of higher order than n are zero. 

Ex. 2. If x—aco^nt, find x, 

X — —na^xnnt \ = - n^a cos nt — — it^x. 

Ex . 3. If y = <?"*, pi o ve D^y — = a”y. 

7)y=ae^; etc;. 

Each differentiation in this case is equivalent to the multiplication 
of the function by a. 

Ex. 4. If ^=e“*sin(/A^'4-c) find D'^y and /)"y. 

Dy = sin (6.r + c*+ 0) (§ 6fi, ex. 2), 
f)ht = RR^* sin {hx-\-c +0+$) 

• = R^<f^ sin {hx + c* + 2 0). 

It is easy now see, ahd the result may ho strictly proved by the 
method of induction, that ^ 

= R^e^ sin {bx + c + nO). 
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Ex. 5.* Prove Z>**sin(a^+6)=a“sin + 

Z>8m(6W7+&)=«cos(cM7+6)=asin ^aa;+6 + | j, etc. ; 
and in the same way it may be shown that 

D” cos (cm? + 6) = a” cos (cM?+6 + ^y 
Ex. 6. Prove Z>**log.5i7=(- — 1)1 

§ 68. Leibniz’s Theorem. Examples. The calculation of 
higher derivatives is, as a rule, a laborious process, and 
there are only a few functions such as x'^ or of which 
the derivative can be stated explicitly. The following 
theorem, named after its discoverer, is useful in finding 
the derivative of a product. 

Leibniz’s Theorem. Ify is the product of two functions^ 
u and Vy of x then 

jy^y = vD^U + nC^DvD^ ” ... 

+ " ^vDu + . u . . . (i) 

where n(7i, ^he binomial coeficients. 

The proof is obtained by repeated application of Th. IV., 
§ 58. Using the accent notation we have, since y = uv, 

y' =zvu' + v'u, 

y" = vu" + v'u' + v'u' + v"u = vu" + 2'^ V + 

2 /'" = W" + V' + 2v'u ' + 2 v V + v"u + v"u 
= 3i/u"+ JIv'V + v"'u. 

'These expressions for y", ?/" clearly obey the law given by (i). The 
general theorem may now be proved by induction. The r*** and the 
(r+ ly*' terms in (i) are 

and if (i) is differentiated the coefficient of in the expression 

thus obtained for will be 

n^r—l^n^ri that is, 

Hence ...*, 

so that the expression for obeys the Law given by (i). But the 

theorem has bcfn proved to be true when w = 2 or 3 ; therefore it is 
true when n is any positive integer. • 
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The theorem will be found very useful at a laiffer stage 
when the expansion of functions in series is taken up 
(Chapter XVIII.); meantime the student will find among 
the exercises a number of examples to which the theorem 
may be applied. 

(Jcometi'ical and physical interpretations of the higher 
derivatives will be given in the next and following chapters. 
The student may however try to interpret the geometrical 
signification of the second derivative /"(x) as measuring the 
rate', of change of the gradient f'(x ) ; for example, if J"(x) 
is positive how will the tangent at the point P (x, /{fc)) turn 
about its point of contact as x moves to the right ? 

W(* will conclude the chapter with one or two examples. 


Ex. 1. Find tlie derivative of the argument being x, 

means the square of the derivative of y ; ly^y means the second 
derivative of //. The derivative of y^ should be written D{y^) or /> . ?/®. 
These three forms {DyY^ mean quite different things, and 

must be carefully distinguished ; i 

l espectively {Dy)\ Dh/, D(y^) or D . y^. 

Now put u for T>y ; then 

T ) . {DyY' = x DxU = ^uD^u, 

But Djli—D. Dy^D^y^ and therefore 
I ) . {Dyy~^Dy U^y, 

This equation may also bo written in such forms as 


Dx . (y'F=2/'y" ; 


d:x\ dx ) ^ ^dx dx^' 


In the same way it may be shown that 


'0x.(y?=3(y)y'; 



Ex. 2. If X and y are functions of find D^^y in terms of deriva- 
tives with respect to t. 

Here D^y = DtyjBtX ^y/x ; 

therofoixi D^^y = DJ^yJxi^ == Dt(ylx)IDtX. 


0 (y\ -yl>tx xy-yx . 

\x) • ix)'^ (x)^ ' 


{xY - {xY 

therefore DYjf = {xy — yoo)lx^^ 

whoi-e jc^ means • 
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Ex. 3. • li y=Aa^+BIXy prove 
We have 

BJx ; y' — ^Ax - Bjx "^ ; 7 /' = 2^4 + ^Bjsi^. 

Eliminate A and B between the three equatione ; in this case the 
second equation is not really needed because if we multiply the third 
equation by x^ we get 

' = 2Ax^ + 2Blx = 2?/. 

In general, however, all three equations would be required for the 
elimination of the two constants A, B. The equation obtained is 
called a differential equation. 

Ex. 4. If y—a^u where is a function of x.^ find 
By Leibniz’s theorem 

ly^y — x^D^u + n i^x) D^~^u + — -^ 2 ) / %, 

M 

since every derivative of above the second is zero Thus 


EXEBCISE8 XIV. 


1. If 

2. If 

3. If 

4. If 


y=lai^-i3?Jr 4, find /, f, f\ y". 
y=s/(j:*+l), findy". 


y=x‘(a—x)\ find y" and y"'. 

a4+4a;+l , .v, . 1.1 1 


and then find ?/', y'\ 

5. If y = 8in2 a:, find y', and y*'^ lysin' 


\r=i-icos2ji? 1- 




6. If ^ =.^2 cos .r, find y' and y’*^ 

7. If ,y = sin.rcos'^T, find?/' and y"\ 

8. If y^xlogx, find y' and y”\ 

9. If y—x^s find y’‘\ 10. If find y"\ 

11. If ^ is a rational integral function of x of degi'ee w, say 

y = ax^ + hx^’'^ kx+l, 
prove y”^=w! a, y^+^^^O, y”'^‘-'=0.... 

12. Find the turning values of the functions in examples 1 and 2, 
and graph the functions. • 

13. If ^ = find the turning points ®f the gniph. Find also 

where y' is zerq, and show that at these points the tangent changes 
its direction of rotation. • 
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14. If prove that a7y'=w(n+l)i/. • 

15. If y~ae'^*-{-he''^^ prove that y" 

16. If y^aco^Tix+hminx^ prove that /'-f'wy=0. 

17. If y = <?“ Qo^nx+h sin nx\ prove that 

y"' + ky' + {n^ + \k^)y = 0. 

18. If = where <^(^) is a rational integral function 

that does not vanish when x~a^ show that 

/(«)=0, /'(a)=0, f"(a)=2<j>(a). 

19. If f(x)—(x^ay<fi(x) where r is a positive integer and as 
in Ex. 18, show that 

/(a)=0, /'(a)=0,... /<'-"(a)=0, /">(«) =r ! «^ (a). 

20. If X is positive, show tliat 

X - log (1 4- x)<x. 

Take f(x) jtx^ ~ log ( 1 + .r), (f> (x ) = jf - log (1 + ar) ; then see 

Exercises XL 33. 

21. If X is positive and less than 1, show that 

~log(l -x) >x. 

22. Show that the limit forn=oo of «„~log7i, where 

««=i+Hi+-+^ 

‘ n 

is a finite quantity ^called EuleEs Constant) lying between 0 and 1. 
I'^rora the inequalities of examples 20, 21, 

-iog(i-y>i>iog(i+,^), 

or log { n/(7i ~ 1 ) } > ^ > log { (n + 1 )//i 1 . 

Hence log { (w - 1 )/(n - 2) } > > log { 7il{n - 1) }, 

log{2/l}>2>log{3/2K 
1 =:l>l0g{2/l}. 

By addition, 1 + log 7 i >.% > log (w + 1 ), 

therefore . l>«^n-logw>log*|l +^|, 

from which the result fdllows at once. Tlie value of the constant is 
*577 215 664 90 

23. If x=ai‘, y^iat, find»X>/y in terms of t. 
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24. If i=acos^, .y=6 sin^, find D^y in terms of t. 

25. If show that in the notation of § 62 

cos <l> +y sin (j>. 

26. If aa^ + %hxy -f 6^2 _ ] ^ show that 

Dhj={K^--ah)\{hx-^hyJ. 

27. If ax^ + ^hxy + hy"^ 4- %gx + ^fy + c = ( ), show that 

B-y = A /(Ar + \yy +/)^ 

where A = ahc + 2fgh - af^ - bg*^ - c1^. 

28. If 0^ - ^axy = 0, sliow that 

7)2^ = 2a?xyl(ax - y^)\ 

29. If u is a function of x, show that 

30. If ?/ = tan” show that 

(i) % = cos2y; (ii) i>2// = oos ^2y ^-l^cos**^ ; 

(iii) B^y = 2 cos ^ 3^ + 2^ ^ cos’ v/ ; 

(iv) B^y = (w - 1) ! cos ^ \ cos^y. 



CHAPTER Vm. 

PHYSICAL APPLICATIONS. 

§ 69. Applications of Derivatives in Dynamics. We give 
in this chapter a few simple examples of the use ol 
derivatives in physical problems. 

Take first the case of the rectilinear motion of a particle 
an<l let the units of time, length, and mass be the second, 
the foot, and the pound respectively, and the units of force 
and work the poundal and the foot*poundal. 

At time t, that is, t seconds from some chosen instant, lot 
the |)article be at P, distant x feet from a fixed point 0 on 
the line of motion and let the mass of the particle be 
m pounds. Denote the velocity at time t by v, the accelera- 
tion by a, the momentum by M, the force by P, the kinetic 
energy by E ; these quantities may be expressed in terms 
of t, X, m. 

X' 6 P Q ^ 

Fig. 31. 

When t increases by (U let x increase by 6x = EQ ; then 
the average velocity during the interval (5^ in the direction 
in which x increases, namely, in the direction OX, is Sx/Si, 
and the velocity at time t is the limit of this quotient for 

= 0. Therefore 

, (?. /; d x 
V= L 

• st=o at* 

V is in general a function of t The average acceleration 
during an interval St in the direction in which x increases 
is Sv/St, where Sv is the increment of v in time St \ the 
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acceleration at time t is the limit of this quotient for St = 
Hence _ •• 

° a(=o^i dt dt dt ctt* 

The momentum in the direction in which x increases is 
M=mv=^mx, 


: 0 . 


By the second law of motion the force F in the direction 
in which x increases is the time-rate of change of the 
momentum in that direction. Hence 




dM 

dt 


We may express F in another form, by considering v as 
a function of x, and x as a function of t, so that (see § 59, 

dv d.v dx dv c? / 1 ov 
dt dx dt 


Now and therefore 




dx 


Hence the force may be defined either as the time-rate of 
change of momentum dM/dt or as the space-rate of change 
of kinetic energy dE/dx, 

Let W denote the work done on the particle by the force 
F in moving it from some standard position, say from tlie 
position at which ic = a, to the position P\ 6W the work 
done in moving it from P to Q. At Q the force is F+oF', 
hence when 8x is small the work done will lie between 
F&x and {F+8F)Sx. For F8x is the work done on the 
supposition that the force is constant over PQ and equal to 
its value at P, while {F+8F)8x is the work done on tlie 
supposition that the force is constant over PQ and equal to 
its value at Q ; evidently the work will lie between these 
two values. Hence 8WI8x lies between Pand F+SF and 
therefore * dW 

dx • 

Since dEjdx is also equal to P, E and W differ only by a 
constant. • 
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Again, the time-rate at which the force works m*dWldt, 
and W may be considered as a function of x and x, a func- 
tion of t 


Tlierefore 


dW _dWdx_ 
dt ^ dx dt~ 


The student should note the dimensional formula for 
these magnitudes (§ 34). If x is the measure of a length 
so is dx, and the dimensional formula for v or dxfdt is LT~^; 
similar observations hold for the other quantities. 


Ex. 1. Suppose F constant ; then the acceleration will be constant, 
equal to f say. Hence v—f, and therefore 

2 ^=/^+ const. 

Let the motion such that when ^=0, v= Y and these are 

dialled the initial conditions. The constant in the value of v is 
therefore V. We cjin now find x ; for 

V ; + Vt + const. 

avs may be tested by differentiation. The constant is a, since when 
= 0, .r = ^/, so that finally 

To get E in terms of t we have K)*-*. Using the 

value found for x and putting E^ for \m we get 

E - Eq = mf(x - a) = F{x - a). 

This form may !l>e obtained at once from the energy equation 
dEldx—F. 

Finally since dWIdx—F we have W=F(x-a)y W being zero when 
.r==a. Hence E-E^=^ W ; that is, the gain in kinetic energy is equal 
to the work done by the force. 

Ex. 2. Suppose to be an attraction proportional to the distance 
of the particle fi’oni 0, 

Let the intensity of the attraction, that is, the force on unit mass 
at unit distance fr*oni 0, be /x. If x be positive, that is, if the particle 
be to the right of O, the force towards 0 is \i.mx ; if x be negative, that 
is, if the particle be to the left of 0, the force towards 0 is 
In both cases therefore the force in the direction in which x increases 
is -firrix. But the force in the direction in which x increases is 
always m'x. Hence • 

m ’x Y - ixmxy or + /jur=0. 

This equation is called the differential equation of the motion of the 
particle, the woid “differential” being used becau^ the equation 
contains the differential coefficient x, « 
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The student will easily verify that the equation will be sati.sfied (see 
Exercises XIV., 16) by 

x — A cos fit H- jG? si n 

where A, B are any constants whatever. The motion becomes definite 
when in addition to the law of force we are told the position and the 
velocity of the particle at any one instant. Suppose for example that 
when ^=0, ^=a, 27=0. Putting t--0 and x — d in the equation for x 
we find A=a. 

Again v is found by differentiating x with i*espect to /; therefra c 
— Jfi A sin /^//x/ + ^//x^cos ^jit. 

But when <=0, v=0 ; therefore we get 0 — ^f[iB, that is, B~-0, and we 
find that x=a cos ^ [it. 

Simple Harmonic Motion. When the law of force is that stattfd in 
the example the motion is called simple harmonic motion, and the 
form X — a cos ,J [it is the simplest way of stating the relation between 
X and t. Obviously the motion is periodic, the j)erio<l being 
becAuse while t increases from a value t^ to the value both 

x7and.rgo through their complete range of values, a is called the 
amplitvde of the motion. 

The student may show that if a — c, /;= T when ^ = 0, then 

07 = c COS slpt + -r- sill ^[it — a (ios {sl[lt - d\ 

vM 

where a— \l ( cos = c, a sin 0 = X-. 

\\ /A/’ V/x 

a is again the amplitude and 27r/vV period. 


Ex. 3. A rod is stretched from its natural length n to the length 
aA-x:\ assuming Hooke’s Ijfiw to hold, find the woik done. 

The ratio xja is called the extemioiiy and by Hooke’s Law the force 
required to produce that extension is proportional to it. Denoting 
this force by we have F—Exja^ where A' is a constant. When the 
extension is (.r + Sj7)/a, the force will be F+^F—E{xA-^v)la. If the 
work done in producing the extension xja is W, and if 8 W is the work 
done in producing the further extension, then 8 W will lie between 
Fhx and {F-\-^F)^Vy so that SWji^x will lie between F and F-h^F. 
Taking the limit for 8x converging to zero, we get 


dW 

dx 




a 


Hence 


W^lH'^A-const. 
^ a 


Since when x = 0j the constant is zero, W that 

c 
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Ex. 4. A fluid is in communication with a cylinder in which 
a piston is free to slide, the cross section of the cylinder being S, 
a constant. Let W bo the work done by the fluid in pushing out the 
piston a distance .r, and let the intensity of pressure on the piston 
oe p. Show that d W/da'=pS, 

The force on the piston due to pressure is pS ; when the piston is 
pushed out the further distance 8.v, let the intensity of pressure be 
P + &P so that the force on the piston is {p + 8p)S. The work 8 \V done 
in pushing out the piston through the distance will lie between 
pSojc and {p-^8p)SaT, and therefore 8W/8.r will lie between pS 
iUulpS+8pS. itoncQ dWld.c=pS. 

The lesult may be put in another form. If v be the volume of the 
fluid, then S8x is the increment of volume which may be called 8v, 
Hence 8 Wj8v lies between p and fS/?, and we get 

dW 

dv 


Ex. 5. A body is rotating about an axis ; a line fixed in the 
body and perpendicular to the axis makes at time t an angle 0 wdth 
anothei* line fixed in s{)ace and perpendicular to the axis. What do 
6 and 6 measure ? 

0 is the time-rate of increase of that is, d is the angular velocity 
of the body about the axis. In the same way we see that d is the 
angular acceleration. 

If a point I* is moving in a plane, and if 0 is the angle which the 
line joining the point P to a fixed point 0 in the plane makes with a 
(ixed line through <>, 6 and 6 are sometimes called the a^gidar velocity 
and the angular acceleration of the point P about 0. 


Ex. 6. A positive charge m of electricity is concentrated at a 
point 0 ; the repulsion on unit charge at P (Fig. 31) is mjx^ where 
x~OP. Find the work done as unit charge moves from A to B 
where ()A=a^ OB = h. 

Let W be the work done from A to P ; then 


When 07= a, 
the work is 


dW^m. 

clx 


and 


XT’" 

IV V const. 

X 


ir=0, and the constant is therefore m\a. 




m 

a 


m 

X 


Hence at P 


The work in moving from A to B is therefore 


^ a 0 • 

Potential, When B is so far off tliat mjh is negligible in 
comparison with mja then W^ — mja, Hence in this case 
the work done as unit ^jharge moves from out of the 



154 AN ELEMENTARY TREATISE ON THE CALCULUS. 

A 

field is jYhIOA, This function mjOA is called the potential 
of the charge m at A. 

At P the potential is ml OP, Denoting it by V we have 
” ^ ’ dx'^ 


so that the force at P is the space-rate of diminution of 
the potential V at P, and the direction of the force is from 
that of higher to that of lower potential. 

For gravitational forces the attraction between two 
particles, m, m' (grammes) at a distance from each other 
of X cm. is hmm'jx^ dynes where h is the constant of 
gravitation (equal to 6*GxlO‘‘®). See Grays Treatise on 
Physics j § 195. [London: J. & A. Churchill.] The potential 
V of m at the point x is kmfx and the attraction towards 
m is — Z)j;F; the force outwards from m is +l)xV. 

It is proved in works on Dynamics {e,g. Gray, § 4S4 ; see 
also Exercises XXX., 24) that the i^otential at the point x 
of a sphere of radius a and uniform density p is 

V = 27 rkp(a^ - }x^) for an internal point (x<(i ) (i) 


ifirkp 

3 X 


for an external point (x>a) 


(ii) 


Since the field is symmetrical the force is radial at every 
point and the attraction at the point x is therefore 




(x<a) ; 




a'^ 


4s7rkp 
3 x^ 


(x>a). 


The functions V and have each different analytical 
expressions according as x is less or greater than a, but 
they are each continuous functions near x = a] for we see 
from (i) and (ii) that whether x tends to a through values 
less or through values greater than a, V tends to Airkpa^j^ 
and to ~ 47r/:pa/3, and these are the values ol V and 
D^V when x = a. 

On the other hand the function D^V is discontinuous 
at a ; for when x tends to a through values less than a 
we find from (i) that D^V tends to — 4'7rA;p/3 and when 
X tends to a through values greater than a we find from 
(ii) that D(b^V tends to +87rAp/St The function Dg?V has 
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therefore no val'm when = but has one definAe limit 
for X approaching a from one side, and another definite 
limit for x approaching a from the other side (see § 44). 

To ^aph the functions F, suppose for 

simplicity a=l, 47rfcp/3=l; the graphs for other values 
can be derived in the usual way (Fig. 32). 



ABGD is the graph of V ; the part AB is a parabola, the 
part BCD a rectangular hyperbola. 

The dotted curve OEF is the graph of D^V) the part 
OE is straight. 

The graph of D^^V is the straight line GE parallel to 
OX and the curve HGK. 

The parts to the left of the vertical dotted line represent 
the functions for x<a, th^ parts to the right for x>a. 
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§ 70. 'Coefficients of Elasticity and Expansion. Let be 

the intensity of pressure and v the volume of unit mass of 
fluid, p being a definite function of v. When p increases 
by Sp let V increase by Sv ; if we suppose Sp positive then 
Sv will be negative. The quotient — that is, the ratio 
of the diminution of the volume to the volume at pressure p, 
is called the compression or the mean compressioUy and the 
limit of the increment of pressure, Sp, to the compression 
produced, —Svlv^ is called the coefficient of the elasticity of 
volume, or simply the elasticity of volume, or sometimes the 
coefficient of the resilience of volume. Hence the elasticity 
of volume is 

iv-0 ov dv 
V 


For a gas expanding at constant, temperature pv — k, a 
constant, so that the elasticity of volume is 


dv 


— V 


■^k 

v^ 


=p. 


For a gas expanding acliabatically pv^^c, a constant, and 
in this case the elasticity is ’)p. 

A rod whose length at a standard temperature, say at 
0®C., is the unit of length expands when heated to a 
temperature 6 so that its length becomes l+/(6); denote 
1 + f(0) by X, and when the temperature becomes Itit 

the length become x + Sx. The quotient Sx/S0 is called the 
mean coefficient of linear expansion as the temperature 
increases from Q to Q+SQ, and dxjdQ is called the coejficient 
of Ihiear expansion at the temperature 0. 

Usually /(0) is of the form aO or ad+bff^ where a, b are 
very small constants. When x = 1 + aQ, the coefficient 
dxjdO is a and is independent of 0; if /(0) = a0+60‘^ 
and x = l+a6 + b9^, the coefficient is a + 260 and depends 
on 0. 

If a solid expand equally in all directions, the area 
and the volume which are unity at 0°C. would become 
2 / = (!+/( 0))2^ and = +/(0))^ at temperature 0. The 

numbers dyjdd, dz[d9 are called •che coefficients of super- 
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ficial and of cubical expansion respectively at temperature 
6. If f(6) = a0, then 

y = {l + a6f -, ^=2a+2a*0; 

0=(l+a0)3; ^^=3a+6«20+3a302 

Since a is very small and will bo much smaller and 
the coefficients will be veiy approximately *2a and oa. 

Ex. The volume at temperature 6 of the water which occupies 
unit volume at 4" is approximately I -{■a{0-AY where a = 8’38 x 10"® ; 
find the coefficients of cubical expansion at temperatures 0° and 10®. 

§ 71. Conduction of Heat. A slab of thickness d whose 
opposite faces are parallel pianos has. one face maintained 
at constant temperature v and the opposite face at constant 
temperature {v>i\)\ the quantity Q of heat which in 
time t crosses an area A forminp^ a part of a section parallel 
to the faces and lying between them is 

Q — kA{v--v^tjd, 

where is a constant, called the conductivity, depending on 
the material of the slab. This equation expresses the law 
of steady jloiu of heat in a conducting solid and is a result 
of experirnimt. 

If the temperature v of a solid vary from point to point 
of the body at the same instant, and from one instant to 
another at the same point in the body, v will be a func- 
tion of more than one variable, namely of t and of the 
coordinates of the point. 

A t a given point in the solid the time-rate of change of v is 
L = DfV. 

In forming this derivative the coordinates of the point do 
not change; v changes through lapse of time at a given 
point. 

On the other hand, let P be a point in the body whose 
distance from a fixed plane is MP = s, and R a point in MP 
produced such that PR = 8s ; then at the samg instant the 
temperature v at P will b« different from that at jR, which 
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may bd denoted by u + Sv. At the time t the space-rate of 
variation of v at the point P in the direction PR will be 

fi8=0OS 

Let us assume that at any given time t the temperature 
is the same at every point in any plane perpendicular to 
MP though different for different planes. We may assume 
therefore that the heat flows in straight lines parallel to 
MP\ let V be the temperature at P, v+Sv the temperature 
at R where PR = Ss, and let SQ be the amount of heat 
which in time U crosses unit area of a plane perpendicular 
to PR and lying between P and R. The formula given 
above for Q is assumed to give the average value of the 
amount of heat crossing a section when the flow is not 
steady, St and Ss being small. In that formula, therefore, put 
SQ for Q, I ior A, v+Sv for Vp St for t, Ss for d, and we get 
SQ = lc{v — (v+ Sv)}St/S8, 


and 


SQ __ j^Sv 


St 


Sfi 


Take the limit for St and Ss converging to zero, and we get 

DtQ=^-kDsV; 

in words, the time-rate at which heat crosses the section of 
unit area at P is k times the space-rate of diminution of 
temperature in the direction perpendicular to the area. . 

DtQ or its equal —kD^v is called the flax in the direction 
in which s increases ; obviously the flux is from places of 
higher to places of lower temperature, and this is shown by 
the form ’-kDaV since if v decreases as .s’ increases DgV is 
negative and — is positive. 

^kt 

Ex. v= Ve^ c sin:*? where V, c are constants. 

DtQ = - kDj^v = —kVe^^- cos x. 


When .3?=7r/2, DtQ—O whatever t may be; that is, there is no flow 
of heat across this plane ; when x<7rl2, the flow is towards the left, 
when x^Trj^ it is towards \)he right, the positive direction of x being 
towards the right. ^ 


This probk^m gives an example of a function of more 
than one variable ; such functions will be taken up later. 
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EXERCISES XV. 

1. A point P moves with uniform velocity V along a straight line 
AB\ OA is perpendicular to A B and equal to a. Find the angular 
velocity of P about 0. 

2. A point P moves with uniform velocity u along a straight line 
AB^ and another point Q with uniforiu velocity v along an intersecting 
straight line A 0. Find the rate at which the distance between P and Q 
increases. 

3. If p is the density and p the intensity of pressure of the atmo- 
sphere at a height of ^ feet above sea-level, express in symbols the 
statement that the rate of increase of pressure per unit of length 
downwards is equal to the density multiplied by the acceleration due 
to gravity. Assuming that p=kp where k is a constant, and that at 
sea-level p—p^ show that 

gx 

4. If N be the number of lines of force passing through a circuit, 
state in words the meaning of - dNjdt. 

5. Express in symbols the statement that the electromotive force E 
is the sum of two terms of which the first is the product of the resist- 
ance R and the current ( 7 , and the second is the product of the self- 
inductance L and the time-rate of increase of C. 

6. Express in symbols the statement that the force A' acting on a 
magnetic shell in the direction x is equal to the space-rate of diminu- 
tion in that direction of the energy E, 

7. If in ex. 4, 69, is the work done as the fluid expands from 

volume Vj to volume find If\ (i) if pv — k, (ii) if pv^ — k, k being 
constant. 

8. The potential of a long uniform rod of linear density a- at a point 
P whose distance PC from the rod is x is 

ihr log {cjx). 

Show that the attraction of the rod on a unit particle at P is towards 
C and eqxral to 2kcrjx. 

9. The potential of a thin circular disc, of surface density or, at a 
point P on the normal to the disc through its centre 0 is 

V— 2Trk(T{ y/(a^ -h x^) - x] 

where a is the radius of the disc and OP=x. Show that the attraction 
on unit mass at is - 

Show that if x is small compared with a, the attraction is ^Trkar 
approximately. > 
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10. TLe coordinates of a point at time t are given by 

a;=acos(2nt — a\ ^—hcosnt. 

Show that the equation of the path of the point is 

1) -fli) “}• 

The ,r-c(>ordinate is a simple harmonic function of amplitude a and 
period tt/??, while the ?/-coordinate is a simple harmonic function of 
amplitude h and period 27r/??, double that of the j?-coordiriate. The 
juotion is thcrtjfore said to be compounded of two simple harmonic 
motions in rectangular directions and of periods in the ratio 1 : 2. 

When a=0, the path is a j)arabola. Figures of the curves for 
different values of a will be found in Gray’s Phjdc^y Vol. I., p. 70, 
and in vaiaous other books. 

11. Sliow that two simjde harmonic motions of the same period and 
in the saine straight line compound into a simple harmonic motion of 
the same period and in the same straight line. 

12. If in ex. 11 the motions are in rectangular directions, show that 
the curve compounded of the motions will be an ellipse. 



CHAPTER IX. 

EAN VALUE THEOREMS. MAXIMA AND MINIMA. 
POINTS OF INFLEXION. 

§ 72. Rolle's Theorem and the Theorems of Mean Value. 

'he following theorems are of constant application. 

Theorem L If F{x) and F'(x) are continuous as x 
aries from a to h, and if F(x) is zero when x = a and 
vhen x = b, then F'(x) will be zero for at least one value of 
: between a and. b. (Rollers Theorem.) 

In geometrical language, the theorem simply states that 
: one point at least on the graph of F{x) the tangent is 
)arallel to the u;-axi8. There may be more points than 
me; if there are more than one there must be an odd 



lumber of such points, as G, D, H (Fig. 33). The student 
should show by a graph ihat the theorem is not necessarily 
irue if either F{x) or F\x) becomes discontinuous at a 
loint in the range from a to,6. 
o.c. 
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Th^j theorem is otherwise obvious, because F(x) cannot 
either always increase or always decrease as x increases 
from a to 6, since F(a) = 0 and F(b) = 0. Hence for at least 
one value of x between a and 6, F{x) must cease increasing 
and begin to decrease, or else cease decreasing and begin to 
increase ; for that value of x, F\x) will be zero. Obviously 
a may be either less or greater than 6. 

Theorem IL If f(x) and f'{x) are continuous as x 
varies from a to 6, then there is at least one value of x, 
x^ sayy between a and b such that 

/W=/(«)+(^-«)/(®i) (1) 



(Theorem of Mean Value). 

In Fig. 34 let A be the point (a, f(cb))y B the point 

(6, /(6)) ; the gradient of 
the chord AB is 
f(b)-f(a) 
b-a ' 

and the theorem simply 
asserts that there is at 
least one point, as P, on 
the graph between A 
and B such that the 
tangent at P is parallel 
to the chord AB. If the 
abscissa of P is x^ the 
gradient at P is f'(xf) and the equation is established. The 
student should draw graphs to show that there may be 
more than one point such as P, and that on the other hand 
the theorem may not be true if either f{x) or f\x) becomes 
discontinuous for a value of x between a and b. 

The theorem may however be deduced from Th. I., and 
the method of deduction is important as it leads to the 
theorem known as Taylor’s Theorem, one of the most 
far reaching in the Qalculus\ indeed the present theorem 
is only a special case of Taylor’s. 

Consider the quantity Q defined by the equation 

or/(b)-^{a)-(b-a)Q=0 (V 


Fia. 34. 
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Let F(x) denote the function * 

/(a;)-/(a)-(aj-a)Q 

formed by replacing 6 by aj in the expression 

By (2) F(b) is zero; also F(a) is zero. Hence the con- 
ditions of Th. I. hold for F{x) since F{x), F'{x) are 
continuous. Therefore F\x) will be zero for at least one 
value of X, x^ say, between a and h. But 
F\x)=^f\x)^Q; 

and therefore f(oo^)'-Q — 0 or Q=zf(x^) 
so that the theorem is established. 

Theorem III. J^f fio(^)y fX^), fXx) are continiiom as x 
varies from a to ft, then there is at least one value of rr, 
say, behueen a and h such that 

m=f(a)+(b-a)f(a)+Ub-aff"(x,). 

This theorem is an extension of Th. II. To pro\e it 
consider the quantity R defined by the equation 

m - m - - a) /(«) (3) 

As before, take the function F{x), such that 

F(x)=f{x)-f{a)-{x-a)f{a)- l{x-af B. 

Here, i^(a) = 0, F(b) = 0 (by (3)), and F(x) satisfies the con- 
ditions of Th. I. Now, 

=/(^) - /(«) - (-c - a) B., 

and therefore for at least one value of x, x^ say, between 
a and 6 F'ix,)=f(x,)-fXa)-{x,-a)R=0. 

Hence FXoo) vanishes when x^x^ \ obviously it also vanishes 
when x = a\ the conditions of Th. I. apply therefore to 
FXco) so that its derivative must vanish for at least one 
value of x, say, between a and and therefore between 
a and h. But the derivative of F'{;x) is F'X^) and 
nx)=/»-7?, 

and therefore 

FXx,)==fXx.^^ R = 0 ; oi*iJ=y>,) 

and we get • 

/(6)-/(«)-(6-«)/(a)-|(6-a)V>,) = 0 
which establishes the theorem. 
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The theorem has the following geometrical interpretation. 
If the tangent at A (Fig. 34) meet DB at Jt, then 

DR==f(a)+{b-a)fXa); 
and therefore, both in sign and in magnitude, 
nB^DB-^DR^\{h--af 

Hence the deviation of the curve at B from the tangent at 
A, that deviation being measured along the ordinate at B, 
is equal to Kb — affXx.^). 

8 73. Other Forms of the Theorems of Mean Value. The 

following forms may be given to Theorems II., III. 

If X be any number lying between <i and h, tlien x — a and 
6 — a are of the same sign whether a is less or greater than 
b; therefore (X’-a)l(b-~a) is a positive proper fraction, 
6 say, and we can write x = a + d(b--a)y so that any number 
between a and b is of the form a + 6(b’—a) where 0 is a 
positive proper fraction. 

Now let b = (i+Ji, 6 — a = A; Th. II. will become 

f(a + h)^f(a)+h f(a+eh) (Ila) 

and Th. III. will become 

/(a+/i)=/(a)+A /'(a)+ (Hla) 

The 0 of Th. III. is not necessarily the same as the 0 of 
Th. 11. and 0^ is used for distinction. All that is known of 
0 is that it is a positive proper fraction; it depends in 
general both on a and h. In special cases its value may be 
found. Thus, iif(x) = x^ 

f{x) = 2x ; f{a + Qh) = 2 (a + Qh). 

But (a + hy = + %ih + + h . 2(a + 

and {a + hy- = /(a) + hf{a + Qh) = q. ^ 2 (a + Qh\ 

so that in this case 0=|. In Fig. 34 if APB is an arc of 
a parabola, M is the mid point of CD^ and MP bisects the 
chord AB. . . 

If we replace ahy x the above forms becorrie 

f{x + h) = fix) + h fix +Sh) (II.b) 

f(x+h) =/(£c)+ A /(aj^+ + e^h) (III.6) 
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* If we make a zero and then put x for h we get * 

f(x)=f(0) + X f(dx) (II.c) 

f(x) =m+x fX0) + lx^r(e,x) (III.O) 

Theorem 11. affords another proof, though really at bottom 
it is not different, of Theorem VI. § 58. For if f\x) is zero 
for every value of then f\x^) is zero, and we get 
y(5) = /(a), that is, any two values /(a), /(5) oi f(x) are equal : 
in other words f{x) is a constant. Hence if (/)'{x) — F\x) is 
zero, the function ^{x) — F(x) is a constant. 

Ex. 1. If .r is positive, show that log(l+.r) is less than x but 
greater than x - \x\ 

fia!)=log(l+x); /"W="(r:^2: 

/(O)=log 1 =0 ; /(0)=1, ; 

ByTh. II.C, log(l+a;)=/(O)+^/(0^-)=~-<x 
By 111. IIl.c, log (1 +,®)=/0)+^/(0)+iry''(6>,^) 

I 1 9 

= ^ 

Ex. 2. Show that cos x is greater than 1 - 

f{x) — cos X ; f(x) == - sin ^ ; f\x) — - cos x ; 

/W = l ; /(0)=0 ; fX0vv)= -cos(0j.r). 

By Th. III.c, cos .37 = 1 - cos ( O^x) >l-ix^, 

since cos is numerically less than unity. It is easy to deduce that 
(H)s.3;=1 - Hx^ where 6^ is a positive proper fraction less than L 

Kx. .3. The student may try to prove by assuming 

-./(«) - (^ - «) f\a) - r\(6 - a)Y'(a) - i{b - af.S ( » 

that if f(x) and its first three derivatives are continuous, S will be 
equal to f”{x^\ where x^ lies between a and b. By putting 0 for a 
and X for b we should get 

/^)=y(o)+^/xo)+i^y'Xo) X 

where 6^ is a positive proper fraction. 

Ex. 4. By using the theorem of eXi. 3, sljow that if x lies between 
0 and 7r/2 •.jF>sin.37>.r-- ; tana7>arH- J.r®. 

How would the inequalities be stated if x lay between - 7 r /2 and 0 ? 

Ex. 5. If /(^)— (a; - 1)^ - 1, f{x) is zero when .^=0 and when .17=2. 
Does f\x) vanish for any value x between 0 and 2 ? 
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§ 74 . Maxima and Minima. In §§ 17, 52 attention has 
been called to the turning values of a function ; a turning 
value may be either a maximum or a minimum value of 
the function. A formal definition of such values may be 
given. 

Definition, /(a) is defined to be a maximum value of 
f{x) if /(a) is (algebraically) greater both than /(ci— A) and 
than f(a+1C) for every positive value of h less than a small 
but finite positive quantity rj, f(a) is defined to be a 
minimum value of f(x) if f(a) is (algebraically) less both 
tlian /(a — A) and than f(a+h) for every positive value of 
h less than rj. 

It is to be noticed that a maximum value is not 
necessarily the greatest value the function can have nor 
a minimum the least ; f(a) is a maximum if it be greater 
than any other value of f{x) near /(a) and on either side 
of it. 

The condition for a maximum or a minimum value is 
easily obtained. If f(a) is a maximum value of f{x), then 
as X increases from a--h to a, f{x) is increasing, and 
therefore /'(x) is positive (§ 62) ; on the other hand as x 
increases from a to a+h, f{x) is decreasing, and therefore 
fXx) is negative. Hence as x increases through a, f\x) 
must change from a positive to a negative value. Con- 
versely, if as X increases through a, fix) changes from a 
positive to a negative value, /(a) will be a maximum value 
of /(a:). 

Hence /(a) will be a maximum value of fix) if and only 
if fix) changes from a positive to a negative value as x 
increases through a. 

In the same way it will be seen that /(a) will be a 
minimum value of fix) if and only if fix) changes from 
a negative to a positive value as x increases through a. 

This condition may be called the fundamental condition 
or test. 

For ordinary cases a sirnpler form may be given to the 
condition. Usually fix) will be continuous ; now a con- 
tinuous function can only change sign by passing through 
the value zqto (§ 45, Th. II.). Therefore, if /(a) is a turning 
value of /(a;), fid) will be zero. « 
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• Again, if /(a) is a maximum value of f(o[:)y f(x) changes 
from a positive to a negative value as x increases through 
(i; therefore near a, f'{x) is a decreasing function, and 
therefore itff derivative, namely f'(x)y must be negative 
near a. But if /"(^) is not zero, then near a the sign of 
f"{x) is that of f"(a). Hence /"(^), if it is not zero, will be 
negative when f(a) is a maximum value of /(x). In the 
same way we see that /"(ti), if it is not zero, will be 
positive when f{a) is a minimum value of f(x). Com ersely, 
f(a) will be a maximum or a minimum vahui of f{x) 
according as /"(a) is negative or positive. 

Hence the rule for determining the maxima and minima 
values of f{x) when f(x)y f{x) are continuous : 

The roots of the equatwn /Xx) = 0 are^ in general^ the 
values of x which make /(x) a maximvtm or a minimum. 
Let a he a root of f(x) = 0 ; then /(a) will he a maximum 
value of /(x) if f '(a) is negative hut a minimum if f\a) is 
positive. 

When/"((0 IS this rule for testing whether /(a) is a 
turning value fails ; f{a) may be zero and yet f{a) neither 
a maximum nor a minimum. When f'(a)=^0 and also 
f\a) = 0, recourse may be had to the fundamental test that 
f{x) must change sign. It will be seen in § 78 that, in 
general, the point on the graph of f{x) for which both /’X*^) 
and f"(x) are zero is a point of inflexion. 

We leave it as an exercise to the student to show that 
maxima and minima values occur alternately. Thus in 
Fig. 33, § 72, which is the graph of F(x), the function is a 
maximum at C, then a minimum at I), then a maximum 
at E. At F and H on that graph the function tufns 
though F'(x ) ' is not zero at these points ; however F'(x) 
has opposite signs on opposite sides of F and H. Again 
at Oy F'(x) is zero, yet the graph has no turning point 
there ; F'(ie) has the same sign on opposite sides of (?, and 
Cr is a point of inflexion. 

The above conclusions, when /(.r) and its,derivatives arc continuous 
at a, may also "be deduced from the Theorem of Mean V alue. For if 
f{a) is a turning value of fi^) the differences 

A ===/(« + k) -f(a)y ^f{a - h) -f(a\^ 

must have the same sign for«sniall values of h : the negative sign 
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when /(a) is a maximum, but the positive sign wlicn /(a) is«a 
minimum. 

Now, by § 73 (Ilia), 

i )2 = - hf{a) + \hY\a -efh)=h{ -f{a ) + - &h ) }. 

When A is a very small positive number the signs of and I)^ will, 
if f{a) is not zero, be the same as the signs of f{a) and -f{a) 
respectively {compare § 45, Th. I.) ; therefore and />2 cannot have 
the same sign, and therefore f{a) cannot be a turning value unless 
f{a)=-0. 

Again, if f\a) is not zero the sign of f\cL^0h) and of f\a-&h) is 
the same as that of f\a) ; therefore if f {a) — 0 both /), and />2 will be 
negative when /"(«) is negative, but positive when f'{(t) is positive. 
We thus get the same rule as before. 

By Taylor’s Theorem (chapter xviii.) f\ and can be expressed in 
a series of ascending powers of h ; the same line of argument as that 
just followed leads to the conclusion that if /'(«)> - 
vanish, but f''\a) does not vanish, then /(«) will be a turning value 
of f{x\ provided that n (the order of the first of the derivatives that 
is not zero) is an even integer, but not a turning value when n is an 
odd integer : the turning value will be a maximum or a minimum 
according as f^\a) is negative or positive. It will be a good exercise 
to deduce this conclusion by examining the signs of the derivatives 
near a ; for example, show that if f{a) and f\a) are zero but f\cb) 
not zero, f'{x) chamjes sig7i, and therefore does not change sign 
as ,v increases through a, but that if f'\a) is zei’o and /‘'"(a) not zero 
f”{x) does, f\x) does not and f{x) does change sign as x increases 
through a. 

§ 75. Examples. 

Ex. 1. Find the turning values of 3.r^ - 4.^^+ 1. 

Denote the function by y(.r) ; then 

f{x) = 1 2.r3 - 1 2;r2 ; /"(r) = 36.^2 - 24a?. 

•^ow f{x') — Vix\x - 1), and is therefore zero if a?=0 or L 
/"(I ) = 36 -24 = 12= positive number. 

Since /'(I) is positive, /(I) =0 is a minimum value of^o?). 

Again /'(0)=0 ; in this case consider the sign of f{x) near 0. Let 
h be a small positive number ; then 

/(-A)=12(-A)*(-/4-l)=(+X-)=- 

r(+/0=W(A-i)=(+X-)=-, 

where only the sign of each factor and of the product needs to be 
written. f{x^ is therefore negative both* when a? is a little less and 
when 0 ? is a lijtle greater than 0 ; that is, /(a?) decreases as x increases 
from -A to 0 and continues to decrease as x increases from 0 to A. 
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Hence f(0) is not a turning value of J{ai) ; on the graph of f(J^) there 
is a point of inflexion where ^=0. 

We may prove otherwise that /(O) is not a turning value ; for 
['"{0)— —24, that is, the first of the derivatives which does not vanish 
wlien .^;=0 is of odd order. 

As u! increases from -x to 1, is negative, and therefore 
is a decreasing function ; as .v increases from 1 to + x , /'(.r) is positive, 
and therefore t(jr) is an increasing function. Hence J{}) is not only 
a minimum value of /(./•), but it is also the least value can take for 
any value of x ; f(.v) is not negative for any value of x. The student 
should graph the fum^tion. 

Ex. 2. Given the total surface, 27r«‘“, of a right circular cylindei*, 
find the cylinder of maximum volume. 

Denote the radius of the base by x^ and the height by y ; then 

vol u 1 lie — ; surface = 2Trxy + 27r.:i - == 27ra^. 

From the second equation — ; therefore denoting the volume 

by /(.r), we get 

= TTX . ocy = 7r(rr.r — 

Tlierefoi-e 

f\x) — - 3.^2) ; f\x) — - 67r.r ; f{x) = 0 if = ± a\^Z ; 

the negative root may be discarded as irrelevant. Now /"(«/>/‘0 
negaitive, and therefore is a maximum ; the maximum volume 

is 

The height is given by y={a^ — x^)/Xy and when x=^alJZy y=2al,^3y 
so that the height of the cylinder of maximum volume is equal to the 
diameter of its base. 

The student should observe how the given condition enables us to 
express iraPy as a function of the one argument x. 

Ex. 3. If r=acos204-/>sin^^, find the maximum and minimum 
values of r, where a, b are positive constants. 

Examples of this type are most simply solved without the use of 
derivatives. Thus, 

r=|a(l +COS 26?) + i6(l - cos2^)=i(u + J(a- ft) cos 20 . 

Now obviously r will be a maximum or a minimum according as 
i(a — ft)cos2^ is so. If a>ft, the greatest and least values of 
M«--ft)cos 20 are ^(«“ft) and -i(a-ft), so that the greatest and 
feast values of r are a and ft. I'hese values are reversed if a<ft, 
since in that case the greatest and least values of ^(a — ft) cos 20 
are -J(rt-ft) and \{a-h). 

In a similar way we can find the maximuni and minimum values of 
when X and y are connected by the equation ax^-k‘2hxy + hj/^^\. 
For put ^=rcos 0, 'y=rsin,0, and then x^+y^ becomes r\ where 

r\a cos^0 4- 2ft sin 0 cos 0 + ft sin®0) = 1 . ^ 

Now will be a maximum or minimum according as 1/r^ is a 
o.a f2 • • 
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iiiinimuii or maximum, and we may write, from the equation between 
r and 6, 

1 /r® = a 008^6/ + 2A sin 0 cos 0 

= J(a + ^>) + - h) cos 20+ A sin 110 

=^a + ft) + /if cos (20 - 0'). 

where R cos 0' = l{a - ft), /? sin 0^ = and R= ^ 4 " " + 

The maximum and minimum values of 1/r^ are given by 
lA-==i(a + ft)±i4(a-ft)H4ft‘-^}. 

Geometrically, this example is the problem of finding the semi-axes 
of the conic whose equation is a.r^+2A^y+ft;y-^=l. Tne values of 0 
that give the axes are determined by 

cos(20~- 0')— ±1, 20=0' or 7r+0', 0= J0' or A7r+ J0', 

so that the two axes are at right angles. The value of 0' is uniquely 
determined by the two equations Rcob 0'=|(a-ft) and /2 sin 0'=A. 

The solution of problems of this kind by use of derivatives is much 
more tedious. 


Ex. 4. If /(.r)=5“‘**sin(ft.r+c) where a, ft are positive, find the 
turning values of /(x), 

f(x) = - { ^7 sin (ftjr + c) - ft cos {bx + c) } 

= - Re~^ sin (ft^+ r - 0), 

where R c( 6=aj R sin 0 = ft, /2 = + + ft^), 

f'(x ) = sin (bx + c - 20). 

Since is not zero for any finite value of ,r, the roots of f'(x)=0 
are those of sin (bx+c- 0)=O ; therefore f'(x) is zero when 
ft47+c-0=W7r (w=0, ±1, ±2,...). 

Denoting by the value of x corresponding to any riy we have 
f" = R“e~^n sin (bxn + c — 0 — 0) = R^e‘~°^n sin {nir - 0). 

Now sin (iiTT — 0)= - cos 7i7r sin 0 ; and sin 0 and are positive, 

so that the sign of f\x^ is the same as that of -coswtt, that is, 
of (-l)”-"b 

Hence y^.r) is a maximum for w=0, 2, 4 ..., but a minimum for 
w = l, 3, 5 limiting consideration to zero and positive values of n. 


Now 


WTr — C+0 TT 


and sin (ft.rn + c) = e"®*n sin {nir + 0), 

which may be put in the form 

ntra ac - aQ 


yi-J^/i)=(-l)’‘tf ^ !e ^ .8in0. 

Thus the values of x for which A^) tqrns form an arithmetic 
progression with common difference irjb ; the values of x for which 
A^) is a maximum (or a minimum) have the common difference 27r/ft. 
If be called the amplitude of ^a^n), ihe amplitudes of the maxima 
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ifnd minima values of f{x) form a geometric progression with Common 

2ira 

ratio e ^ . 

Since the gradient of is equal to tiiat of /(.r) 

for those values of .r, for whicn 

-ac~**= - 6)y 

that is, for which 

sin d) = flf/72=sin *> 

that is, for which 

+ + ^ or (2/)?-f l)7r-'^-^ (m=0, 1,2 ...). 

Now when hv + c - $—{2m + l)7r - ^ sin (hx+() ~ 1 , and tliercfore 

for these values of c““*=/(.r). 

Therefore whei 6^+c=2?Ai7r+7r/2, e~“* and f{x) have tlie same value 
and tlic same gradient, and therefore their graphs touch at tlie points 
whose abscissae are given by these values of x. 

The discussion of c“‘‘*cos(6x4-c') can be reduced to that of 

e~®*sin (hx-\-c) by putting c' equal to c~^. 

M 



Fig. 35 shows the graph for a=T, 6 = 1, c=0. The dotted line 
is the graph of e ‘ io* . 

§ 76. Elementary Methods. Certain types of problems can 
be solved very simply by eleinent,ary algebra or trigonometry. 

The discussion of the quadratic function or tlie quotient 
of two quadratic functions will be found in any book on 
algebra ; the turning values of y wliere 

y = {ax^ + 6a?+ c)l{Ax^ + + C) 
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are found by writing the equation in the form 

(il?/ — a) x+Cy — c = 0, 

and determining the values of y that make the discriminant, 
that is, 

{By - hf -\{Ay-a) {Cy - c) 

vanish. A little consideration distinguishes the maximum 
from the minimum if there are two values of y, and shows 
whether the solution is a maximum or a minimum when 
there is only one. 

A more general case occurs when there are more variables 
than one and these are connected by a relation, all the 
quantities being positive. For two variables the 5th, (Sth, 
and 9th propositions of Euclid’s second book or their 
algebraic equivalents are fundamental. 

(i) 

(ii) {x + yf-4ixy+{x-yf\ 

(iii) + y ^ + yf + l{x - y)\ 

When the sum (;x + y) of two quantities is given, we see 
by (i) that their product is greatest and by (iii) that the 
sum of their squares is least when the twq quantities are 
equal. When the product xy of two quantities is given we 
see by (ii) that their sum is least when they are equal. 

These theorems may easily be extended. Thus let :r,’ //, 
Zy w,,.he n positive quantities and let their sum (a) be 
given; then their product xyzw...\\\\\ be greatest when 
'they are all equal. For let x^y y^y Zjy iv^y ... be a set of simul- 
taneous values of these variables ; then if any two of these, 
say a?!, y^, are unequal it will be possible, without altering 
the sum of the n quantities, to get a greater product than 
x{y^Z{w^... by replacing both and by + 
leaving z^, tu^y ... unaltepd, because the product of the two 
equal qiiantities •K^i + ?yi)> is + is greater than 
therefore, as any twa are unequal the pro- 
?duct has not reached its greatest value. When they are all 
equal each is equal to aln, so that 
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... is less than 





or xyzw . , . is less than ‘ , 

unless a; = 2/ = 0 = If; ... ^ajn. 

If we suppose p of the quantities equal to x, q of them 
equal to y,r of them equal to where p + q + r = n then we 
may write the last inequality 


xf'y^z^ < 


/px 4- qy + 

\ p+q + 'i' / 


except when x=^y — z, and then the inequality becomes an 
cfjuality. It is easy to see that this inequality is true even 
if p, q, r are positive fractions. 

In the same way it may be seen that when the sum of 
the quantities is given the sum of tlieir squares will be 
least when they are all equal, and when the product of the 
quantities is given their sum will be least when they are 
all equal. 

These theorems may be again extended. For suppose 
X, y.ZyW.,, connected by the linear equation, 


ax + hy + cz + dw+ ... =/:, a constant, 


the quantities being all positive. Then we may put 

^ n linri 


and xyzw,,, wiW be greatest when the numerator of the 
fraction is greatest. But if we put x' for ax, y' for hy ... 
we reduce the case to that in which .r +y -hz' + ...is 
given. Hence the product is greatest when x\ y\ z\ w' ,.. 
are all equal, that is when 

aic = 6y= ... —kjn. 

By means of the above theoreijis a large number of 
the simpler 'problems of maxima and minima of functions 
of more than one valuable may be solved. For a full dis- 
cussion of the algebraic treatment, see ChryptaTs Algebra, 
Vol. II. chap. xxiv. • 
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Ex. 1. Tlie equilateral triangle has maximum area for given 
perimeter. 

In the usual notation for triangles, 

A = “ <*)(« “ “* c)} == 

where x—s~a, y—s — h^ z—s — c^ 28 being constant. 

Now jc+y-\-z — ^8 — (a-\-b+c) — 8. 

Hence xyz, and therefoi*e sxyz, and therefore A is greatest when 
x^y^z^ that is, when a — h — c. 


Ex. 2. From the identity 


deduce 


. , V . nhy\^ (nax Jcz\^ , [Ihy max\^ 

(i) minim um, if ^jr+wiy+ W 2 = const., 

(ii) maximum, if d^a^-\‘})^y'^-\-(^z^ = con»t,^ 


when a^xll==b^ylm=<^zln. 
These results are obvious. 


We might write A, 7i, 0 instead of 
<i\ b\ c\ but J, Bj C must be positive. The student inay jprove a 

similar theorem for ^aV + 6y 

extend to any number of variables. 


§ 77. Variation near a Turning Value. When a function 
f(x) and its first two derivatives are continuous near a we 

have ^ =f(a) + hf{a) + \hj\a + Qh), 

f\a + Qh) will be nearly equal to f\a) when h is small, 
and we may write as a very approximate equation 

/(a + h) =f(a) + hf{a) + ^h^f'{a). 

Hence when /(a) is a turning value, so that f{a) = 0, we 

f(a+h)=f{a)+^hj\a). 

Thus when /(a) is a turning value the change f(ci+h)--f{a) 
as X changes from ct to a+A is, approximately, proportional 
to li ? ; if f(a) is not a turning value the change is, approxi- 
mately, proportional to h, Near a turning value therefore 
a function changes much more alowly than near a value 
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f6r which it docs not turn, since when h is small hr much 
smaller than K 

• If therefore in a physical application of the theory of 
maxima and minima it is not possible to make the arrange- 
ment that which corresponds to the exact solution, there 
will frequently be no great disadvantage in a slight 
departure from the theoretically best arrangement. Thus 
when a battery of mn cells is joined up so that m rows 
of n cells each, connected in series, are joined in parallel, 
the current y is 

_ mnE 
^ mR-\-nv 

where E is the electromotive force of each cell, r the 
internal resistance of each cell and the external resist- 
ance. Since mn is constant y will be a maximum when 
mR + nr is a minimum, that is, when niR = nr or when 
R z= nr/m, that is, when the total external resistance is equal 
to the internal resistance of the battery. It may not be 
possible to join up the battery so as exactly to satisfy this 
condition ; but if the condition be very nearly satisfied the 
current will not fall far short of the maximum. In any 
case the nearer the arrangement can be brought to satisfy 
the condition the stronger will be the current. 

Again in applying the theory of maxima and minima 
to physical problems great care is necessary in drawing 
conclusions; an arrangement that best satishes one set of 
conditions may conflict with that which best satisfies 
another set of equally important conditions. Thus the* 
above arrangement of cells gives the highest rate of 
working in the external part of the circuit but it is not 
the most economical. The student may with advantage 
read the remarks on pp. 85, 86 and chap. ix. of Gray’s 
Absolute Measurements in Electricity and Magnetism. 
(London: Macmillan.) The theory of maxima and minima 
is of great value as a guide inwall such investigations, but 
has to be applied with caution and not blindly. 



176 AN ELEMENTARY TREATISE^ ON THE CALCULUS. 

« EXERCISES XVI. a. 

The cones and cylinders referred to in the examples are right 
circular cones and cylinders. For the mensuration of various solids 
see chap. iv. 

Investigate the maxima and minima values of the functions in 
examples 1-12. 

1, 2. .r®-5.r* + 5.r^- 1. 3. .r^(.i^+l)^. 

4. x{a + xY{a — xy. 5. .r/(l + x’^). 6. ( 1 + xYI{x — x"^), 

7 . xj^ouv^ + ^hx+a). 8 . x{x^-\-\)l{x^-x'^-{'\). 9 . (a-\-x)J(a^-x'^). 

10 . .r/(l+.r‘^)^. 11 . a-k-h{x-c)^, 12 . 

13. Find the maximum value of x”"y^ if x-¥y — k, a constant, the 
quantities being all positive. Hence show that 

orb" 

\ m + n J 

except when a — h. 

14. From the inequality in example 13 deduce that (l + l/zY 
constantly increases when z is positive and increases, but decreases 
when z is negative and increases numerically. Hence show that the 
limit of (1 + 1 /-?)* for z= ±oo is a finite number greater than 2*5 but 

less than 3. rPuta = l+^, h — l; then a = l, 6=1 

L m 71 J 

15. If ajx+bly^c, find the least value of ax+by, the quantities 
being all positive. Find also the minimum value of xy. 

16. For what value of v is 

mi (X - XiY -f- m2 {X - X2y + . . . -f W2„ (.r - XnY 
a minimum, being all positive. 

In the following examples the methods of 55 76 may be used; the 
quantities are understood to be all positive. 

17. The equilateral triangle has minimum perimeter for given area. 

18. The cube is the rectangular parallelepiped of maximum volume 
for given surface and of minimum surface for given volume. 

19. Find the minimum value of hcx+cay + abz if xyz — abc. 

20. Find the maximum value of xyz when 

^T^ja^+y^jb^-hz^lc^ = 1 , 

and the minimum value of a^ja^+y^lb^+z^lc^ when xyz—d^. 

21. If xyz—a^x-k-y+z)^ then yz-\-zx+xy is a niininium when 
x=^y=^z=^a»jZ. 

22. The electric time-constant of a cylindric coil of wire is 
approximately y,=mxyzl{ax+by+cz) where x is the mean radius, y the 
difference between the internal andi external radii, z the axial 
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length, and m, a, 6, c known constants ; the volume of «the coil is 
nx^z. Show that when the volume V is given, it will be a maximum 
when ax—by—cz— y{abcVln). 

23. If u=(ax^+by^)l^/(a^a^-{-h^y^) where show that the 

minimum value of u is 2ij(ab)l(a-\-h). 

24. If P is a point within a triangle ABC such that 
is a minimum, snow that P is the centroid. 

25. In any ti‘iangle the maximum value of cos A cos B cos C is J. 

26. Find the greatest rectangle that can be inscribed in an ellipse 
whose semi-axes are a, 6. 

EXERCISES XVI. b. 

1. A BCD is a rectangle, and A PQ meets BC in P and DC produced 
in Q. Find the position of APQ when the. sum of tlie areas A BP, 
PCQ is a minimum. 

’ 2. Given one of the two parallel sides (a) and the two non parallel 
sides (6) of an isosceles trapezium, find the length of the fourth side so 
that the area of the trapezium may be a maximum. 

3. From a rectangular sheet of tin, the sides being a and h, equal 
s(|uares are cut off at each corner, and a box with open top formed 
by turning up the sides. Find the side of the square so that the box 
may have maximum content. 

4. An open tank is to be constructed with a square base and 
vertical sides to hold a given quantity of water ; show that the 
expense of lining the tank with lead will be least if the depth be half 
the width. 

If the tank be cylindrical show that the depth will be equal to the 
radius of the base. If the section of the cylinder is not circular 
but if its shape is given show that the curved surface will be twice 
the base. 

5. Show that the altitude of the cone of maximum volume that can 
be inscribed in a sphere of radius R is 4/?/3. 

Show that the curved surface of the cone is a maximum for the 
same value of R. 

6. A cone is circumscribed about a sphere of radius R ; show that 
when the volume of the cone is a minimum its altitude is 4/2 and its 
semi-vertical angle sin~\^. 

7. Show that the altitude of the cylii\der of maximum volume that 
can be inscribed in a sphere of radius R is 2/2/v/3. 

Show that when tn« curved surface is a maximum the altitude 
is RsJ% 

Show that when the whole surface is a maximunr» that surface is to 
the surface of the sphere in ^he ratio of >/54- 1 to 4. 
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8. A (Cylinder is inscribed in a cone ; show that its volume is c* * 
maximum when its altitude is one-third that of the cone. 

Show that the curved surface is a maximum when the altitude is 
half that of the cone. Show also that the total surface cannot have ‘ 
a maximum unless the semi-vertical angle of the cone is less than 
tan-i^. 

9. Given the total surface of a cone show that when the volume of 
the cone is a maximum the semi-vertical angle will be sin”^ J. 

Given the volume of the cone show that the total surface will be a 
minimum for the same value of the semi-vertical angle. 

10. PP* is a doTible ordinate of the ellipse whose equation is 

and A is one end of the major axis; find when the 
triangle A PP' has maximum area. 

Find also when the cone formed by the revolution of the triangle 
about the major axis has maximum volume. 

11. The strength of a rectangular beam varies as the product of the 
bi'eadth and the square of the depth ; find the breaclth and the depth 
of the strongest rectangular beam that can be cut from a cylindrical 
log, the diameter of the cross-section being d inches. 

12. The stiffness of a rectangular beam varies as the product of the 
breadth and the cube of the depth ; find the breadth and the depth of 
the stiffest rectangular beam tnat can be cut from a cylindrical log, 
the diameter of the cross-section being d inches. 

13. A person in a boat a miles from the nearest point A of the 
beach wishes to reach in the shortest time a place b miles from A 
along the beach ; if he can row at u miles an hour and walk at v miles 
an hour {u<v) find how far from A he must land. Consider the 
cases in which the ratio of to v is equal to or greater than that of h 
to 

14. Assuming that the brightness of a small surface A varies in- 
versely as the square of the distance r from the source of light and 
directly as the cosine of the angle between r and the normal to the 
surface at A, find at what height above the centre of a circle of radius 
a an electric light should be placed so that the brightness at the 
circumference should be greatest. 

15. If the intensities of two sources A^ B of light be 
respectively find the point on the line AB sA which the brightness 
is least. 

16. A^ B are two points on opposite sides of a plane L and P a 
point in the plane; a particle trawels from A to i? oy the path AP^ 
PB its velocity along AP being constant {u) and its velocity along 
PB also constant (v) but the two velocities being different. Show 
that when the time of travelling from A to J? is a minimum the plane 
through APB is liormal to L and the sines of the angles that A/*, PB 
m^ke^wy^h the normal to Z at P are in tSe ratio of to v. 
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* EXEECISES XVI. c. 

1. Show that .r/(l +.rtan^) will be a maximum when .a?=cos.r; 

• verify that x is very nearly *739. 

2. Show that sin j? sin 2^ is a maximum or a minimum when 
am X — ^{2/3) according as the angle x is in the first or the second 
quadrant. 

3. Show that sin j;(l +cos.r) is a maximum when x=^> 

4. Show that the minimum value of . „ H s— is (a+bY, 

sin^o? cos^o? ' ' 

5. If asec ^+6sec<^=c, show that acoa d^hcos<l> is a minimum 

when a, ft, c being positive and the angles </> acute. (Com- 

pare ex. 16a.) 

6. Given the length (a) of an arc of a circle, show that the segment 
of which a is the arc will be a maximum when^a is the diameter of the 
circle. 

7. A circular* sector has a given perimeter ; show that when the 
area is a maximum the arc is double tne ladius, and that the maximum 
area is equal to the square on the radius. 

8. From a given circular sheet of metal it is required to cut out a 
sec^tor so that the remainder can be formed into a conical vessel of 
maximum capacity ; show that the angle removed must be 2(1 — J\/6)7r 
radians (66° 4'). 

9. Draw a line through the vertex of a given triangle such that 
the sum of the projections upon it of the two sides which meet at that 
vertex may be a maximum. 

10. The lower corner of a leaf, whose width is a, is folded over so as 
just to reach the inner edge of the page ; find the minimum length 
of the crease. 

11. A ship sails from a given place A in a given direction JB at 
the same time that a boat siiils from a given place 0 ; supposing the 
speed of the ship to be u and that of the boat v (?4, v constant), find in 
what direction the boat must sail so as to meet the ship. Discuss 
the condition that it shall be possible to meet. The course of the boat 
is understood to be rectilinear. 

12. The distance between the centres of two spheres of radii a, ft 
respectively is c ; find at what point P on the line of centres AB the 
greatest amount of spherical surface is visible. Note . — The superficial 
area of a segment of height h is ^irah, a being the radius of the sphere 
(§ 85, ex. 2). 

13. A straight line is drawn through a fixed point (a, ft), meeting 
the axis OX at P and tjic axis 0 T at §, the axes being rectangular 
and a, ft positive ; if the angle OPQ is equal to 0, find 6^, 

(i) when PQj (ii) when OP+OQ, (iii) when OP.OQ 
is a minimum. * . ^ 
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14. A tiangent ia drawn to an ellipse, whose axes are 2a, such 
that the part intercepted between the axes is a minimum ; show that 
its length is a +6. 

15. If — </)' and sin<^=/xsin where /x is greater than 1, and 
<f>, if} not greater than 7r/2, show that J) increases as ^ increases. 
Show also that the second and third derivatives of J) witn respect to 
<f> are positive. 

16. A ray of light travels in a plane perpendicular to the edge of a 
prism of angle i ; if the angle of incidence is </> and the angle of 
emergence </>', show that the deviation + -t is a minimum whon 

17. Find the maximum value of and graph the function. 

18. Find the minimum value of x\ogx and graph the function. 

19. For what value of x is the ratio of log x to x greatest ? 

20. Find the maximum value of ^r^log-. 

X 

21. If a, h are positive and a <6, find the maximum value of 

§ 78. Concavity and Convexity. Points of Inflexion. A 

curve is said to be concave upwards at or near A when 
(Fig. 36, a, h) at all points near A it lies above the tangent 

at yl ; a curve is said to be 
convex upwards at or near 
A when (Fig. 36, c, d) at all 
points near A it lies below 
the tangent at A. 

Let y=f(pc) be the equa- 
tion of the curve and let h 
be a small positive number, 
a the abscissa of A, Then 
as X increases from a— A to 
a+h, the gradient f{x) in 
the cases a, h steadily increases ; as the graphic point moves 
to the right (the direction of the arrows) the tangent turns 
about its point of contact counter-clockwise, and therefore 
the angle it makes with^ihe ir-axis increases. But if f{x) is 
an increasing function its derivative f"{x) must Tbe positive; 
if f'{a) is not zero then near a /"(a?)* has the same sign as 
f\a). Hence ihe curve is concave upwards near A if f{a) 
is p gsltjve (not zero). ^ • 
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• In the same way we see that the curve will be* convex 
upwards near A if /"(^^) is negative (not zero). 

• Again, if -d be a point of inflexion (§ 23) the gradient 
either increases as x increases from a — k to a and then 
decreases as x increases from a to a+h (Fig. 37, a) or 
else it decreases as x in- 
creases from rt— A to a 
and then increases as x 
increases from a to (t + k 
(Fig. 37,&). In both cases 
therefore f\x) turns for 
the value a of x. Hence 
A will be a point of inflexion if and only if f\a) is a 
turning value of f(x); therefore, if f{x) and f\x) are 
continuous, f"{a) must be zero in order that A may be a 
point of inflexion. 

Conversely, if fX^) ^ general, be a point 

of inflexion ; but, to make certain, the test that /'(a) is a 
turning value of fXx) should be applied. 

Ex. 1. /(.r) — ; 

/(^) = 12(^3 /V) = 12(ar2„2.^); /"(.'i) = 24(3a?- 1) ; 
if .^-0 or § ; /"(0)= -24, /"(r:) = 24. 

Therefore f{0\ f(^) are maxiniuin and miniinuin values of /'(^), 
and therefore the points (0, 1), (^, ff) are points of inflexion. The 
gi’adients at these points are 0 and — ifl/J) respectively. 

Since /%^?)=36.r(a’- 5j), we see that from -co to a;=0, f'{x) is 
positive, and tlierefore the gi'aph is concave upwards for that range 
of .r ; from .-r-O to ^r=2/3, f\x) is negative and the graph convex 
upwards; from .r — 2/3 to j7=oo,/"(*r) is positive and the graph 
again concave upward.s. 

Ex. 2. f{,v) - - 8x^ - 6.^2 + 1 ; 

/'(.r) = 12(3a’2-4r.--l) = 36(a; — : 

/"(.r) = 24(3A’-2). 

There are points of inflexion wliere From .^’= — oo to 

.r=J(2-,,/7), and again from 07 = J(3 + <v/7) to + co , the graph is 
concave upwjfrds ; from ;i7=J(2->/7) to x — ^{2+»Jl) it is convex 
upwards. 

Ex. 3. 



Fig. 37 . 


‘ (y-2)3=(07-4). 
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When%=4, v=2, but y' and y” are both infinite. When 
y" is positive, out when .r=4-f-A, y'* is negative. We may conclude 
therefore that the tangent at (4, 2) is perpendicular to the or-axis, that 
to the left of (4, 2) the curve is concave upwards, and that to the right 
of (4, 2) it is convex upwards. The point (4, 2) therefore must be 
considered a point of inflexion. 


EXERCISES XVII. 


1. Determine the points of inflexion of the graphs of the following 
functions, and state for what range of values of x they are concave 
upwards or convex upwards. 

(i) (ii) (iii) (iv) (v) 

n being a positive integer. 

2. Find the points of inflexion on the curve whose equation is 
y = - 1)2. Graph the curve. 


3. Find the points of inflexion and graph the functions 

I . a; . . ... 


(i) 


(ii) 


(iii) 


4. Show that the curve whose equation is y{x^-\’a^) = a^{a-x) has 
three points of inflexion which lie on a straight line. 

5. Find the points of inflexion on the curve whose equation is 
a^y^^x'^icfi-x^), and trace the curve. 

6. Show that the curve whose equation is {a- x)y’^=ci^ has no 
point of inflexion, and trace the curve. 

7. Find the points of inflexion for values of x between 0 and 27r 
(0 included, 27r excluded) on the graphs of 

(i) sin a;; (ii) cos or; (iii) tan^r. 

8. Show that the graphs of <?* and of \ogx have no points of 
inflexion. 

9. Find the points^of inflexion on the graphs of (i) (ii) 
Trace the graph of . 

10. Find the point of inflexion on the graph of where 

a, h are podtive and a less than h. 

11. Find the points of inflexion on the graph of e““*sin(62;+c). 

12. Wlien the equation of a curve is given in the form 

^=/(4 y =^(0 

show that the points ^f inflexion will be determined ])y the equation 

Show that the curve whose equations are 

^=a(^-sm#), y=a(l~cosj;) 
is everywhere ctnvex upwards. (See § 68, ex. 2.) 

that no conic section can h^e a point of inflexion. 



CHAPTER X. 

DERIVED AND INTEGRAL CURVES. 

INTEGRAL FUNCTION. 

DERIVATIVES OF AREA AND VOLUME OF 
A SURFACE OF REVOLUTION. 

POLAR FORMULAE. INFINITESIMALS. 

§ 79. Derived Curves. It is of some service in tracing 
the variation of a function f{x) to draw the graph of the 
derived function f(x). The graph of f\x) may be called 
the derived graph or curve of f{x), while in relation to the 
graph of f(x) that of f{x) may be called the primitive curve 
or for a reason given in § 83, the integral curve of /'(x). 

It is usually most convenient to take a common axis 
of ordinates for the two curves, but to take the axis of 
abscissae of the derived curve at a convenient distance 
below that of the primitive curve. Assuming the unit seg- 
ment for abscissae to be the same for both curves, but that 
for the ordinates to be the same or different as is most con- 
venient, we may call those points and ordinates of the two 
curves which have the same abscissa “ corresponding points 
and ordinates.” Corresponding points on the two graphs 
may be denoted by unaccented and accented letters. 

The student will easily prove that in general the follow- 
ing theorems hold : — 

(i) To the turning points (T) of the primitive curve cor- 
respond points {T) at which the derived curve not only 
meets but crosses its axis of abscissae ; and conversely. 

(ii) To the points ot inflexion (/) of the primitive curve 
correspond turning points (/') of the derived^ curve ; and 
conversely. 



184 AN ELEMENTARY TREATISE THE CALCULUS. 

The following geometrical construction may be given for 
the graphing of the derived curve when the functions 
f{x\ fXx) are not analytically expressed. 

Let U (Fig. 38) be a point to the left of 0^ on the axis 
O^X' of the derived curve, and draw Up parallel to the 
tangent FT meeting the common axis of ordinates at p. 
Draw PR and RT parallel and perpendicular respectively 
to OX ; the triangles PRT, UO^p will be similar. Hence 

U0~PR ’’ 

where 0M=^0^M' MP=f{x) \ therefore 

0,p=fXx).U0,, 

' Draw pP' parallel to 
i/OjZ' to meet M'P at 
P'; then 

MT'=^0^p=^fXx)M0y 

If we take the unit 
segment for the ordin- 
ates of the derived 
curve equal to UO^ we 
shall have 

M'P'==fXx\ 

so that P' is the point 
corresponding to P. 

Take any other point 
Q; draw Uq parallel to 
the tangent QS, and 
gQ' parallel to O^X' to 
meet the ordinate through Q at Q\ Q' will correspond to Q, 
and in the same way any number of points may be found. 

If the unit segment for the ordinates be not equal to UO^ 
the ordinates will still be proportional to fXx). 

To the turning points P, 0 correspond R,(T; to the point 
of inflexion 1 corresponds /' w^hich is a turning point of 
the derived curve. 

At D the derivative f(x) is discontinuous. As a point 
Along the primitive curve 'from C to D the corre- 




DERIVED CURVES. 185 

1 » 

.spending point moves from C to D'; as the fii;jjt point, 
however, changes from CD to DE the corresponding point 
^passes abruptly from D to D'. As x increases through the 
* value OL or 0-^U,f{x) suddenly changes from UU io L'D'\ 
£/> is a maximum value of f{x), but owing to the dis- 
continuity of /'{x) the derived curve does not (as at B' or C') 
meet the ic-axis. 

In a similar way the derived curve of /'{x), that is the 
second derived curve of f(x\ may be formed, and so on. 


55 80. Derivative of an Area. Let CPD (Fig. .‘19) be the 
graph of a continuous function of x, F{x ) ; 

0A = a, A(7=F(a); 0M=^x, MP=^F{x). 

(i) Suppose the ordinates positive and AC to the left of 
MP. Let AC ho fixed, 

MP variable, and let 2 : be 
the measure of the area 
A M PC, We may consider 
the area as generated by 
a variable ordinate setting 
out from A C and moving 
to the right; 2 ; will be a 
function of x which is 
zero when x = a. Let us 
find the a’-derivative of 
z, that is the cc-rate of 
change of the area. 

Let X take the increment Sx or MN] z therefore will take 
an increment Sz, the area MNQP. Complete the rect- 
angles MNRP, MNQS\ the area MNQP will be greater 
than MNRP but less than MNQS^ therefore 

MP.Sx <Sz<NQ.8x- MP<^^^< NQ. 



In the figure MP is less than NQ ; if MP is greater than 
NQ the signs of inequality will need to be reversed. As Jo; 
converges to zero MP remains fixed and NQ converges to 
MP. Hence . * 

DxZ = ilfP =\F(x) = ordinate at M, 
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or in tho notation of differentials 

dz—MP . dx—F{x) dx, 

(ii) Suppose the ordinates negative (Fig. 30a) and let 
be the numerical value of the area. 

In this case the rectangle MNRP is equal to — MP, &, 

since MP is negative, 
and we get by the same 
reasoning as before 
D^z'=^MP=-^F{x\ 
It gives greater flexi- 
bility to the formulae 
to consider an area as a 
magnitude that, like a 
segment of a line, may 
be either positive or 
negative. If, therefore, 
the measure of the area 
be taken as negative, 
when the fixed ordinate is to the left of the variable one 
and the ordinates all negative, we may put s equal to --z, 
the measure z being now negative; hence DxZ — F{x) as in 
case (i). 

(iii) Lastly, suppose the fixed ordinate to the right of 
MPy say at BD, The area BMPD may be considered to be 
generated by a variable ordinate setting out from BD and 
moving to the left. 

Let / be the numerical value of the area BMPD ; then z' 
is a decreasing function of x. By the same reasoning as 
before we see that the numerical value of D^gz' is F(x) for 
Fig. 39 but — F(x) for Fig. 39ct. Since z is a decreasing 
function D^gz' is algebraically negative, so that in sign and 
magnitude 

DsgZ^ = — F(a3) (Fig, 39); Dxz'—F{x) (Fig. 39a). 

If we take the measure z of the area BMPD to be nega- 
tive for Fig. 39, positive for Fig. 39a, we shall get for both 
cases DaiZ = F{x), The same formula therefore holds for all 
three cases (i), (ii), (iii). * • 

Examination of the diagrams will show the truth of the 
following rule^ for determining th^ sign of the area. 
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• Let the boundary of the area be described in the order, 
.'T-axis, variable ordinate, curve, fixed ordinate ; the sign will 
}ye positive or negative according as the area lies to the left 
or to the right during the description of the boundary. 

Ex. 1. If the coordinate axes are inclined at an angle w, show that 
DjcZ^F^x) sin < 0 . 

f]x. 2. If CE^ PF (Figs. 39, 39a) are perpendicular to OF, and if w 
is the measure of the area EFFC, snow that 

I)yW — - FP— — OM ; xdy^ 

the sign of w being positive or negative according as the area is to the 
left or to the right when its boundary is described in the order EFPCE. 

Consider the cases in which the abscissa is negative, and also the 
cases in which the fixed abscissa is on the opposite side of FP from 
that in the figures. 

§ 81. Interpretation of Area. The iiiterpretation of the 
rmiiiber z considered as the measure of an area will depend 
on the unit segments chosen for the abscissa and the 
ordinate. If the value 1 of a; represents say 6 inches and 
the value 1 of y say 10 inches, then the value \ oi z will 
represent 60 square inches ; if on the graph the value 1 of x 
is half an inch and the value loiy quarter of an inch, these 
representing 6 and 10 inches respectively, an area on the 
graph of one-eighth of a square inch will represent the 
area of 60 square inches. 

The physical interpretation of the area will depend on the 
nature of the quantities represented by abscissa and ordinate. 

Suppose that the ordinate represents the speed of a 
moving point and the corresponding abscissa the time at 
which the point has that speed; the graph is then the 
speed-curve of the motion. The speed is the time-rate of 
change of the distance, and the ordinate (which represents 
the speed) is the rate of change of the area with respect to 
the abscissa (which represents the time); hence the area 
AM PC will represent the distance gone in the time repre- 
sented by AM. If tho value 1 of a; represents 2 seconds and 
the value 1 of 1 / a speed of 16 feet per second, then the value 
1 of 0 will represent a distance of 3^ feet. 

If the ordinate represents a force that acts in a constant 
direction, and if the abscissa represents the distance through 
wliich the force has acted, the area AMP(T will represent 
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the wofk done by the force acting througli the distance* 
represented by AM. If the force is not constant in direc- 
tion the result holds provided the ordinate represents the 
component of the force along the tangent to the path of its 
point of application. 

Ex. 1. If the ordinate represents acceleration and the abscissa 
time, what does the area represent ? 

Ex. 2. If the ordinate represents the intensity of pressure of a gas, 
and the abscissa the volume, what does the area rei)resent ? 

§ 82. Integral Function. The fact that 0 in § 80 is a 
function of x which has F{x), the ordinate of the curve 
GPD, as its derivative at once suggests the problem of 
finding a function which has a given continuous function 
as its derivative. 

Now, if the derivative of f{;x) is F{x) so is the derivative 
oi f(x)+G where G is any constant; further (§ 58, Th. VI.), 
every function which has F(ic) as its derivative must be of 
the form f{x) + G. The problem, therefore, as stated above, 
is indeterminate, since its solution involves a constant G 
which may have any value whatever; it becomes deter- 
minate, however, when stated in the form : — To find a 
function of x which shall have a given continuous function 
F{x) as its derivative and which shall take a given value A 
when X has a given value a. 

The solution is as follows Let GPD (§ 80) be the graph 
of F(x)y and let z be the measure of the area AMPG where 
0A=^a, z therefore is zero when x = a, and z has F{x) as 
its derivative; the function z+A gives the solution. We 
may, if we please, consider the constant A as the measure 
of an area. 

It does not follow, however, that wtj cjin find an analytical expression 
for z in terms of known functions ; thus, if i^(^) = ^(l+.‘r’^), we cannot 
find in the ordinary algebraic or transcendental functions one which 
has F{x) as its derivative. The geometrical discussion shows, however, 
•that in so far as we consider; xunctions as being adequately representc^d 
by graphs, there always exists a function which is the solution of the 
problem, and it is possible by methbds of epproximation to get an 
analytical expression, for example, in the foi*m of a series, that may be 
considered as a nolution. Or, again, it may be possible by mechanical 
^jaetljQ^ to get an approximate value of^the area A MFC. 
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• Any function f(x) which has F{x) for its derivative is 
called an Integral Function or simply an Integral of F{x\ 
If f(x) is one integral, /(a3)+ C* is called the General Integral, 
0 being called the constant of integration. 

To Snd f{x) when F(x) is given we fall back on the 
known results of differentiation. In the Integral Calculus 
the search for integral functions is systematically carried 
out, but from the nature of the case the process is largely 
tentative. The fundamental test that f(x) should be an 
integral of F(x) is that Dxf{x) should be equal to F{x). 

Just as sin "^03 means a function whose sine is x so we 
may for the present use the symbol F{x) or D~^F(x) 
as meaning a fmiction ivhose derivative is F(x), that is 
F{x) is an integral of F{x). We will suppose that 
D~^F(x) contains no constant of integration, so that the 
general integral is F(x) + C* 

We may now express the area A MFC in the new notation. 
Since I)^^ F(x) is an integral of F{x), the area 2 : or A MFC 
is a function of x of the form 

z^D-^F{x)+G, 

Now when x — a, 0 = 0; denote by F{x)]a the value 
of the integral when x = a ] therefore, 

0^[D'^F(x)]a+C; C=^^[D-^F(x)],, 

and 0 = D" 1 F{x) - [D - 1 F{x)]a. 

The area A BCD is the value of 0 when x=^b; therefore 

area ABGn^[D'^ F{x)]f,--[D-^ F(x)]a. 

This symbol is usually contracted into 

[D^^F{x)t 

and this last symbol means “ replace x by b, then replace 
by a and subtract the second result from the former.” 

In the same way the function whose derivative is F(x) 
and which is equal to A when x is equal to a is denoted by 

D-^I\x)^[D''^F{x)]a + A, 

* For the ordinary notation for an integral see § 1 10. 
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Ex. 1. • Find the area between the graph of the .r-axis,* 

and the ordinates at and .v=l. 

as may be tested by differentiation. Hence the required area is 

Suppose the ordinates to be those at and ;r=2; then the 
area is 

The reason for this apparently strange result is that from i to 
j?=l the ordinates are positive while from :r=l to .r=2 they are 
negative. From 47=1 to the measure of the area is negative; 
numerically this area is equal to that for which the ordinates are 
positive. 

Ex. 2. The area between the .r-axis and the graph of sin .r between 
the points .r=0, x==7r at which it crosses the axis is 

[/>~^sin^]J’=[ — coa47]^= — cos7r-(~cos0)== +1+1=2. 

Ex. 3. A point moves on a straight line so that its velocity at 
time ^ is F cos nt ft./sec. ; show that the space descri])ed from time 
t=0 till it first comes to rest is V/n ft. 

Let 4 ? ft. be the distance described in time t seconds ; then 

V . 

2)^07= V cos nt ; x==— sin nt + 0. 


When ^=0, 07=0 and therefore (7=0. The point first comes to rest 
when t has increased from 0 to ir/2ii because cos nt is first zero when 
?i^=7r/2. Hence we get for the distance required 


F . 

—sin 

n 


IT 

2 


F 

n 


§ 83. Integral Curv^:-. The graph of an integral function 
is called an integral curve. Since any two integral func- 
tions of F{x) differ only by a constant (7, the graph of the 
integral function f{x)+G may be obtained from that of 
f{x) by shifting the latter parallel to the ^/-axis through 
the distance G. 

A geometrical construction may be given for graphing 
an integral curve based on. that for the graphing of the 
derived curve (§ 79). ^ 

Divide O^X' (Fig. 40) into e^ual siiort segments at the 
points Ip 2i, 3j, . . , and draw the ordinates through these 
points. Let the ordinates at meet the graph of 
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•Fix) at 2', 4 V • • and let 2^^, 4", ... be the projections of these 
points on O^F, V being the point where the graph cuts O^Y, 
. Let us take the integral 
curve that passes through 0. 

Then the tangent at 0 is 
parallel to U\", Let this 
tangent be drawn and let it 
cut the ordinate drawn from 
li at 1. 

1 he tangent at the point 
on the integral curve corre- 
sponding to 2' is parallel to 
U2". Draw 13 parallel to 
UT cutting 2^2' at 2, and 
the ordinate drawn from 3j 
at 3; 2 is the point corre- 
sponding to 2'. 

In the same way draw 35 
parallel to cutting 4^4' 
at 4; 4 is the point corre- 
sponding to 4', 

The construction may be 
repeated and wo get a series 
of lines Ol, 13, 35, ... which may be considered as, approxi- 
mately, the tangents at 0, 2, 4, ...to the integral curve. 
That curve may now be drawn with a free hand through 
the points 0, 2, 4 The point 0 from which the con- 

struction begins is, of course, arbitrary, but when that is 
fixed the integral curve is determinate. The position of 
the other points 2, 4, ... is approximate ; the nature of the 
approximation and the justification of the construction may 
be seen thus. 

Let f{x) be the integral function; the equations of the 
tangents at the points on the graph of f{x) at which x is 
equal to a and h respectively, are 

2/ =(« - a)/(a)+/(a) ; y = (ai- h)f\b)-^f(h). 

The abscissa of the .point of intersection of these tangents 
is given by 



1,2, a, 4, 5, 6, 7, 8, M' 
Fig. 40. 
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Now, by the theorems of mean value, if 6 = a+/^, we have 
f{b) = f(a + h) = /(a) + hf(a ) + 
m=fXa+h)=fia)+hf"{x^), 
where x^ are each greater than a but less than a+h. 
Substituting these values in the equation for x and 
reducing we get 

x^a + h- \hf"{x^lf"{x^. 

Assuming the derivatives continuous, then if h is small 
f\x-^ and f'{x.^ will differ very little from each other and 
from f'{a). Therefore approximately x = a+yi\ that is, 
the abscissa of the point of intersection of the tangents is 
very nearly that of a point half way between a and 6. 

Hence, in the figure the tangent at the point on the 
integral curve corresponding to 2' passes through 1 ; the 
point 2, which must lie on the ordinate 2^2', is therefore got 
as the intersection of the line through 1 parallel to UT, 
Similarly for the other points. 

It may be noticed that if F{x) is of the first and, there- 
fore, f{x) of the second degree, the construction is exact 
since f\x) is constant. 

§ 84. Graphical Integration. The area between 0^X\ 0^ 1^, 
the graph of F{x) and the ordinate M'P' (Fig. 40) is equal 
to f\x) where f{x) is that integral of F{x) which is zero 
when X = 0. But the ordinate MP of the integral curve is 
f(x). Hence the area O^M'P'Y is equal to the ordinate of 
the integral curve at the point corresponding to P'. We 
thus have a graphical method of finding the measure of an 
area and also of constructing an integral function even 
when the analytical form of the function F{x) is not 
assigned. 

The integral curve can be drawn with considerably 
greater accuracy than the derived curve. It is also 
possible to trace out the integral curve corresponding to 
a given curve by means of an instrument called an Inte- 
graph For detailed description of the Integraph the 
reader is referred to the work of M. Abdank-Abakanowicz, 
Les Int^grapkes ; la courbe integrate et aes applications 
(Paris: Qauthier-Villars), or to^He German translation by 
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Bitterli, Die Integraphen (Leipzig; Tcubner). The con- 
structions given above are taken from this work ; the notes 
of^Bitterli contain several investigations on the properties 
of the integral curve and also numerous references to 
original memoirs. An article by Prof. W. F. Durand in 
the Sibley Journal of Engineering, January, 1807, will 
also be found serviceable. 

§ 85. Surfaces of Revolution. lAit V be the volume of tlie 
surface traced out by the revolution of the arc CP (Fig. 41 ) 
about OX ; OM=^x, MF=:F{x)==y, To find D^V. 

When X increases by MN or Sx, V increases by S V, the 
volume traced out by MXQP, Clearly, when Sx is small, 
SV is greater than the cylinder of height MN and base t})e 
circle of radius MP, but less than the cylinder of height MS 
and base the circle of radius SQ ; therefore 

ttMF ^ . MN<SV<7rSQ^ . ME; irMP^<SVI6x<7rNQ^, 
Hence taking the limit for 8x = 0 

Let S be the area of the surface traced out by the arc GP, 
and let GP be s. To find 

On the tangent at P take a length 
PT equal to the arc PQ, and let L 
be the foot of the ordinate to P. 

When X increases by MN or Sx, GP 
increases by the arc PQ or Ss ; we 
may assume that the area traced 
out by the arc PQ is, when Sx is 
small, greater than that traced out 
by the chord PQ but less than that 
traced out by the tangent PT. If 
the arc PQ lies below the chord PQ 
the inequalities will be reversed. 

The curved surface of the conical frustum having AlP, 
NQ as the radii of its circular ends and the chord PQ for 
slant side is Tr(fJP+NQ)PQ ; the surface traced out by PT 
is similarly Tr{MP+LT\PT. Hence 

Q 



G.C. 
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Th^; limit for Sx = 0 of PQjSx and of FTjSx is (§ 63) 
and the limit of MP+NQ and of MP+LT is 2MPi hence 

= 2irMP Dyjs — iiry D»s, 
ds 

or dS = 27ry dx = 27 ry 

The volume V is that integral of ttj/^ which is zero when 
x = OA, and the surface S that integral of tiryds/dx, which 
is zero when x==OA, 


By §62 



Ex. 1. If the curve revolves about 0 Y show that 

TTX^dy ; d8 — 27r.v dy ~ 2Tzxdi^. 


Ex. 2. Show that the volume of a spluuieal cap of height k is 
and that the area of tlie surface of the cap is 2irltlif 
R being the radius of the sphere. 

The equation of CPQ is hence 

V^ir{ir- - x ^) ; r= Tr{xl{? - la^) + C 
r=0 when x—OA—H-h^ and therefore 


The volume required is the value of V for x—R and is therefore 
r/i"(R ~ J/ 0 * 

Again 


(/a 

dx 




R 


therefort; 


= 27rV if* - x^ • ’- 771 ^ — 27r/t. 

S^27rRx+C\ 0=:2TrR{R-h) + C. 
So that >S’ —%TrR(x-\’h — R\ 
and when .r— /i, S—2irRh. 


Ex. 3. If the area of a sectipn of a surface by a plane perpendicular 
to OX is a known function of x^ and if K is the volume 

contained between a fixed plane perpendicular to OX and the plane 
which givt*s the section of area F(x\ show that 

• J)^V^F[x\ 
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* § 8P. Infinitesimal. The student will doubtless* have 
noticed that in finding derivatives a good deal of work 
Would have been saved had it been possible to reject at the 
outset those parts of an expression that had zero for limit. 
'I'hiis in § 80 Sz consists of the rectangle 3INRP and the 
curvilinear triangle PRQ, which is less than the rectangle 
PRQS. Sz/Sx is therefore the sum of 3IP and of a line 
which is less than RQ. Since RQ converges to zero with 
ox we may, so far as the limit is concerned, throw aside 
RQ from the outset ; we should thus at once obtain MP as 
the limit of SzjSx. 

Now that the student has had so much practice in finding 
derivatives and limits generally, he will be ready to grasp 
the method which enables us to rejeet, at any stage, a 
quantity which we can see will not occur in the limit ; the 
method is that of Pijinitesimala 

l)KbTNiTlON. A variable quantity whose limit is zero is 
called an infinitesimal 

A constant, however small, is not an infinitesimal in the 
sense now delined ; an infinitesimal is a variahle quantity. 

Let a, y . . . , be infinitesimals, and let y . . . , be such 
that when a converges to zero ^8, y ... also converge to zero ; 

y...are dependent on a and we can compare them 
with a and with one another. When a is taken as the 
standard of comparison a is usually called the principal 
infinitesimal. 

fi is said to be an infinitesimal of the same order as a when 

L^=k, 

a -OU 

where h is a finite number not zero. When h is zero /3 is 
said to be an intinitesinjal of a higher order than a ; when k 
is infinite *r: said to be an infinitesimal of a lower order 
than a. 

When the limit of jS/a is infinite /3 is sometimes called an 
infinite with respect to a. 

In practice one infinitesimal is cho?ien as principal infini- 
tesimal and the other infinitesimals are said to be of a 
certain order ^ first, second, etc., the principal infinitesimal 
being either explicitly stgited or sumciently •indicated b}^ 
the context. • • 
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/3 ifc> defined to be an infinitesimal of order n with respect 
to «, 01 being positive but not necessarily integral, when 


where is a finite number, not zero. 

By the definition of a limit we may write 

/8/a” = /c + ci) or /3 = A:a” + «a”, 

where co is a variable that converges to zero with a, that is 
w is an infinitesimal. The difierence — or wa" is an 
infinitesimal of a higher order than a” because the limit 
of (jda^joL^, that is of o), is zero. 

ka^ is called the pHncipal part of /3; manifestly the 
ratio of an infinitesimal to its principal part has unity as 
its limit. 

If L = kj 

a=0 

where k is finite, not zero, is sometimes said to be infinite 
of order oi with respect to a, n being positive. 

If y are infinitesimals of order m, n respectively, the 
product /3y is an infinitesimal of order m + 7i, and the 
quotient pjy is an infinitesimal of order if m>ny 

but an infinite of order n — m if m<n. For 


^ = {k + (e)a^^] y = (^' + a>')a^ 

^ “ L (^ + o)) (&' + w) = kk\ 

a=0'<^ ' a=() 

and in the same way the quotient theorem may be proved. 

Ex. 1. sin a, 1 — cos a, sin a (1 - cos a) are of the 1st, 2nd, 3rd order 
i*espectively with respect to a. For 


j sin a T 

J j = 1 ; 

CUsO 01 


L 

a=:0 


1 - cos a 


1 T sin a (1 — cos a) , 
— 2 j ^ 3 “”2> 


and their principal parts are a, respectively. 


Ex. 2. If I3=s/(9a-2a^+3a^), /3 is of order A and its principal 
part is 3>/a. For 

L 4= L v/(»-2a4-3a*>=3. 

assoOt- a=0 

Ex. 3. tan c- - sin a is of the 3rd order and its principal part is 
This follows at once from ex. 1. 
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.§ 87. Pimdamental Theorems. The value of the explicit 
discussion of infinitesimals depends on the principle that so 
faf as the limit of an expression is concerned we need only 
in general attend to the principal part ; the other terms of 
the infinitesimal being of a higher order than the principal 
part will have to that part a ratio whose limit is zero, and 
may therefore be discarded from the outset. 

If an expression contain a finite constant term A and 
infinitesimals a, y..*, then so far as the limit is con- 
cerned we may, in general, at once replace A+a + P+y+ ... 
by A. The essential thing is to find out the order of the 
expression ; in comparison with infinitesimals the principal 
part alone need be retained, while in comparison with finite 
quantities no infinitesimal need be retained. The order of 
an infinitesimal /3 + y+ ... is, of course, tliat of its principal 
part. 

Care must, however, be exercised in applying this prin- 
ciple. Thus 1— cos a + sin a contains the constant term 1 ; 
but 1 — cos a is of the second order, sin a of the first. Hence 
the whole expression is an infinitesimal of the first order, its 
principal part being a. 

The following are the two fundamental theorems. 

Theorem I. The limit of the quotient of two injini- 
tesimals is not altered by replacing each infinitesimal 
by another having the same 'principal part 

Let /3, y be two infinitesimals. In order that their 
quotient should have a finite limit, not zero, each must be 
of the same order. We may therefore write, the order 
being n, ^ ^ . y _ ^ 

Let jSp y^ be two other infinitesimals having the same 
principal parts as y respectively ; then 

jSj = kaP' + coitt” ; y 1 == k'aP + 

where coj, co/ are infinitesimals different from w, Now, 

T T ^ + _ T ^ 

Jj — U T7-\ > -T If — , 

• a=0yi a=0^ a^Oy 

The reasoning would cleaily hold if ^ were of higher 
order than y, for the limit both of /8/y and of would be 
zero. If were of lower Qrder the theorem wbuld hold in 



198 an elementary treatise on the calculus. 


the se);i8e that the limit both of jS/y and of would he 
infinite. 


Ex. 


a;=otan hx z-J>x h* 


From its great use in the diflTerential calculus this theorem 
is often called the fundamental theorem of the differential 
calculus. 

Theorem II. The limit for n infinite of the sum of n 
infinitesimals is not altered hy replacing each infinitesimal 
by another having the same principal part, provided all 
the infinitesimals are of the same sign. 

The theorem is not necessarily true if the infinitesimals 
are not all of the same sign. 

Let u,i=/3i+/32+ ... +Pn 7 '*^n=yi+y2+ +yn> 
where has the same principal part as y^ as yg — The 
principal infinitesimal, previously denoted by a, is here l/n 
and therefore the limit of each of the quotients jS^/yi, 182/72 •• 
for a = 0 or 'a = 00 is unity. Of course the principal par<i 
of jSp jSg, iSs ... are not necessarily the same. ^ 

It is a known theorem of algebra that when the quant 
“"ties iSj, yi . . . , jSg, y2 • . • , are all of the same sign the fracti'® 
Unh^n li^s in value between the greatest and the least 
the fractions iSj/yi, ^2/72 — Hence, for every value of’^* 
the fraction iinhn kes between two fraction.^ each of wh 
has the same limit, unity. Therefore, 

L^=l, 

71=00 

and therefore if Vn converges to a limit, Un will converf^d, 
the same limit, that is 

L Un= L Vn* 

TtsiOO 71=00 

Ex. Let fip=nl{n+py, yp=nl(n’{-p){n-\‘p+l) ; then the lii 
&plyp f = 00 is unity for every integral value of p. But 

jp = nl(n -{- p ) - nl{n +p + l )] x 

, _/ n ^ \ \ ( '^ ^ ^ I A-(— ^ 

+ l n + 2 /’^\ n +2 n + 3 /^**‘'^\ n+n n+n ^ 

_ n _ n . 

“^Ti 2S+1 ’ - 
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• From its use in integration this theorem is often* called 
the fundamental theorem of the integral calculus. 


1. When dx is the principal infinitesimal, then 60) the 
principal part of hf{x) is df{x)—f{x)dxy and that of o/'(.r) is df{x) — 
f'{x)ax. If /'(^) = tan</) then the principal part of 8 tan<^) is 
d tan </> == f' (x) dx. 


Ex. 2. Let PQ be the graph of /(.r); PT, TQ the tanpjents at P, Q, 


OM^a, MN^Pft=h, LRPS=<t>, lSTQ=8cI>, lTPQ 
Let h or PR be the principal infinitesimal. 

/fiS, PS^ P<i are of tlie first order. 

Let f"{x) be finite, not zero, from 
,r~a to + then by Th. III., 

§ 72 , 

sq=\hr{x,y, L^-=ir(4 

^ *=o ^ 

Hence SQ is of the second at r. 

(S</i is of the first order and its 
priiKjipal part is h co9^(f)fXa) ; for 
d tan <p is equal to sec^</> dil> and 
also (ex. 1) to hf\a\ so that 

difi = h cod^ijjf'Xa). 

Again, a and B are of the first order. 


, lTQP^IS. 



For sinP>S'A=co.s</), and 


sin a sin a sin PSR SO cos , sin a , ^ y 

-A-’ L-^-- = ico.s-# (a). 


sin a, and therefore a, is thus of the first ordcu* ; tlu* ])i incipal part 
of a is ^hcod^<f>f'{a)y that is, h(df the pdnnpal part of 8f/). Since 
= — a its principal part is equal to that of a, that is, to half 

that of 5<i). 

Again, ^sin8</> ^ ^PQ’^TQ ’’ 

SO that PT^ TQ are of first order. Also 

PT+ TQ -PQ^ PT(l - cos a) +TQ0- cos /i) ; 
so that the difference between PT+ TQ and PQ is of tlie third order, 
since PPand TQ are of the first and (1-cosa) and (l--cosj8) of the 
second. Hence the difference between PT+ TQ and the arc PQ is at 
least of the third order since the arc PQ is greater than PQ. 

The fact that the limit of PTjPQ is 1/2 is sometimes expressed in 
the words “PP is ultimately equal to ^P§” or “ /’P is in the limit 
equal to \PQ.^^ Similarly it is sajd that “the triangle PTQ is 
ultimately isosteles.” This phraseology, though occasionally con- 
venient, is apt to lead beginners astray. 

If f\a)=^0^ SQ is of a higher order than the second, and 5</>, a, p 
are also of higher order than the first, and PP+P^- PQ of highei 
than the third. 
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Ex. S. In Fig. 24, § 39, if MA be principal infinitesimal, prove ^ 

(i) AT, arc AN of first order. 

(ii) MN, NT, MT of second order. , 

Draw MC perpendicular to AT-, then prove 

(iii) MC of second order. 

(iv) CT ol third order. 

Ex. 4. Show that (Fig. 42) if arc PQ=^ 

§ 88. Polar Formulae. Let A PQ (Fig. 43) be a curve whose 
polar equation is r=/(6); let lX0P = Q, lPOQ = S6; OP-r, 
OQ=r-f<Sr, Draw QR perpendicular to OP. 



We will consider the arc PQ positive when the angle 
POQ is described by a positive rotation of the radius 
vector OP; the tangent PT is to be drawn towards the 
positive direction of PQ and by the angle, \/r say, between 
the tangent PT and the radius OP is meant the angle RPT 
between the outward drawn radius OP and the tangent PT. 
(i) To find tan \Jr, 


tan RPQ 


RQ'_ (r+Sr)smS6 
PR ~ (r+ Sr) cos S6—r 


rsin dO+drsin SO 
Sr cos SO (1 — cos SO) 
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* If S6 be principal infinitesimal, Sr is of first order since 
drIdO is in general finite ; therefore Sr sin SO and (1 — cos SO) 
afe of second order. We may, therefore, omit the (pianiities 
of the second order and put SO for sin SO and 1 for cos SO, 
Hence 

tan i/. = L tan RPQ = L = 7 -— • 


(ii) To find the derivative of the arc. 

Let AP = s, arc PQ — Ss; then retaining only infinitesi- 
mals of the lowest order and remembering that PQ and 
arc PQ are of the same order we get 



-L 


i(SrY+^^S^ 

I (sor 



or ds = ^ [dr^ + r'^dO '^ } > 

and sin ^ = rdOjdSy cos ^ = dr/d.s. 


(iii) To find the derivative of the area. 

Let sector AOP^z, sector P0Q = Sz : then Sz is inter- 
mediate to the circular sectors of angle SO and radii OP, 
OQ respectively. Hence Sz/SO lies between and ^(r 4-^/ )*^, 
and therefore 


(iv) Polar subtangent and Polar subnormal. 

If PM, PN are the tangent and the normal at P and 
through 0 a line MON is drawn perpendicular to OP, 
meeting PM at M and PN at N, OM is called the polar 
subtangent and ON the polar subnormal. PM and PN an^ 
sometimes called the polar tangent and the polar normal 
respectively. 

The len^hs of these lines can be easily expressed w^hen 
required in terms of r and \fr. 


EXEBOISES^XVlil. 

1 . The equation r—aO represents the curve called the SpiraC of 
Archvinedes, Prove tan^ = d and show that the suljnormal is coii- 
stant. Sketch the curve. • 
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2. The equation r—ajO represents the Redprocal Spiral, Shoiv 
that the subtangent is constant. 

Prove that tlie perpendicular from the point (r, d) on the initial 
line OX is equal to a sin djO^ and then show that the curve has an 
asymptote parallel to OX and at a distance a from OX, 

3. The Lituus is the curve given by r-O — a^, Show, as in ex. 2, that 
OX is an asymptote and sketch the curve. 

4. Show that i/r is constant for the curve given by From 

this property the curve is called the Equiangular Spiral, Sketch the 
curve. 


5. The curve given by r=a(l-cos0) is called the Cardioid. Show 
that ^ = ^/2 and sketch the curve. 

6. If r=2(r//(l - cos 0\ show that ^ = 7r- ^/2. What is the curve ‘i 


7. 

' ^ dr r 


If r = 


ds 

de 


— r cosec a. 


If '/•2=a‘^cos 2^, 


ds 

di) 


cd 

r * 


8. If, in the figure of 8^^, J*C is drawn perpendicular to OP and 
QO perpendicular to OQ, prove that the limit of PC as ^0 converges to 
zero is drIdO. If Sz is the area of the sector OPQ^ show that dzjdO is 
equal to ^{drldO'f. 

9. Find the area bounded by the curve and the ludii whose vectorial 
angles are 0^, for the curves of examples 1-5. 

10. The curve given by r^~a^co»20 is called a Lemniscate ; show 
that it consists of two loops of equal area and find the area of one 
loop. 

11. APQ (Fig. 43) is the path of a moving point P. If w, v and u, (3 
are the components of the velocity and of the acceleration of P along 
and perpenaicular to the radius vector OP^ show that 

n—r^ v~r0; 

a — 'r-rff^j /3—rff-{-2r0=^ 

To prove these, note that (the limits being taken for 8#~0) 

T (r+ fir) cos 1)0 -r t (^+ ^0 

— it — ^ ’ 

and if Ui^ Vi are the values of Uy v at‘§, 

?/. cos 89 - sin 89 — u 


u. sin 89 + Vi cos 86 -v 
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*12. If in example 11 the acceleration is always towards show 
that the radius vector sweeps out equal areas in equal times. 

• For 13 — 0, and therefore (§ 88) = constant. 

13. If in Fig. 24 the tangent at iV meets the tangents A T, BT at 
P, Q, show that the triangles PQT, ABT are each of the third order 
when MA is of the first, and that the limit of their ratio is 1/4. 

•14. If in Fig. 42 the ordinate at T is LT, show that the limit 
of ML\MN is 1/2. Show also that the principal j)ai*t of the triangle 
PTq is Wf\a), 

15. A circle is drawn touching PT at P, and passing through q 
(Fig. 42) ; if p is the limit of the i*a.dius when q converges to P, show 
that 

p=^L(/^(2/sin a)=t^s/# = { 1 -f (/(a)2}V/'(«). 

If Sq is produced to meet the circle at (^, show that the limit of 

Sq! is 2 sec* </>//" (a)* 

16. A circle is described about the triangle PTq (Fig. 42) ; if pj is 
the limit of the radius when q converges to P, show that pi = ip(ex. 15). 

17. IF is any point on the arc Pq (Fig. 42), and a circle is described 
about tlie triangle P \Vq ; show that when IF and q converge to P 
the radius of the circle converges to p (ex. 15). Show that the result 
is true if IF and q are on opposite sides of P. and W and both 
converge to P. 



CHAPTER XI. 

PARTIAL DIFFERENTIATION. 

§ 89. Partial Differentiation. In the following chapter we 
will discuss very briefly functions of two or more inde- 
pendent variables ; a thorough treatment of such functions 
is difficult, and we will restrict the discussion to the simpler 
properties of continuous functions. 

Definition. A function /(aj, y) of two independent vari- 
ables X, y is defined to be continuous for the values a, h of 

y if the limit for /i=0 and k=0 oi 

fia+h, b+k)--f(a, b) 

is zero, in whatever way h and k tend to zero. 

A similar definition holds for a function of more than 
two variables. 

Let u be a function of x and y, say u — dx^+^hxy + ci/. 
Since x and y are independent x may vary and y remain 
constant ; the x-derivative of u when x varies and y does 
not vary is called the partial x-derivative of u, or, the 
partial differential coefficient of u tvith respect to x. In 
the same way the partial ^-derivative of u is the deriva- 
tive of u with respect to 2 / on the supposition that x does 
not vary. 

When is a function of x alone its a?-derivative is 
denoted by Dx^ or dujdx ; the same notation is often used 
for the partial aj-derivative of u, and the reader must 
infer from the context whether the derivative is partial 
or not. It has become cufetomary, however, .to represent 
partial derivatives by the notation ^ 

du dn . fdv\ fdv\ 

§5"^ or 
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fcTie form d instead of d, or the bracket, indicating tlfat the 
derivative is partial. 

• Notations analogous to f{x\ f^ix) are also in use. Unis 

y)> fv (*. y)> /*(®. i). /»(*. y)> %. 

denote partial derivatives of the functions f(x, y) and u. 

There is no notation, however, that is in itself quite free 
from ambiguity; the reader must usually infer from the 
context whether a derivative is partial or not. 

The formal definition of 'duj'dXy dujdy where u = f(d\ y) 
is, therefore, ^ f{x+8x, y)-fix, y) . 

*^X Sx=Q 

j / («, y+S y)-f{x, y) 

^y Sy 

Ex. 1. If u—aj;^ + 2h'vy + qf. 

du/dx = 2ax + 26y ; dufdy = 2hr -f 2cy. 

Ex. 2. If ?i = sin(aj;-f 

dufdx = a cos {ax + 6^ + c) ; 'dul'dy = 6 cos {ax -{-byi c). 

§89a. Coordinate Geometry of Three Dimensions. Aknowlodpe 
cf coordinate geometry of three dimensions will greatly assist the 
reader in obtaining a clear conception of partial derivatives; wc will 
therefore give in Uiis article a few fundamental theorems regarding 
the repieseiitation of points, lines, and surfaces by means of thioe 
coordinates. In many cases the extension from two to throe co- 
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f i 

Fronitany point P draw PN perpendicular to the plane XO Y and 
NM perpendicular to the line X*OK ; complete the parallelepiped. 
The position of P will be determined by the segments OM or M'P, 
on or LP, OX or NP. 

The three planes YOZ^ ZOX^ XOY are called the coordinate 'planes^ 
the three lines X'OX^ YOYj Z'OZ the coordinate axes and the three 
segments OM^ OL\ ON* the coordinates of P \ 0 is the origin of 
coordinates. 

The positive directions of tlie axes and therefore of the segments 
or coordinates are fiom 0 to X^ from 0 to from 0 to ^ respectively. 
P may be denoted the point (j?, y, z) where 

x^0M=LN=M*P\ y^btJ^MN^LP', z^ON* ^JJM* =^NP, 

The coordinate planes divide space into eight portions {octants) and 
there will be eight arrangements of the signs +, — corresponding to 
the octant in w'hieh the point is situated. Thus when the signs arc 
( + ,+,+)/" lies in the space bounded by YOZ, ZOX, XOY; when 
they are i* lies in that bounded by Y*0Z, ZOX*, X*0Y\ 

and so on. 

(ii) Distance between two Points. The geometry of Fig. 44 shows 
that 0P^=0M^+MN^+Nf‘^-, 0P=^{x^-\-y^+z^) (1) 

If Pi is the point (.% ?/i, z^ and Pg the point (d? 2 » fg) <Jraw 
through Pi, Pg planes parallel to the coordinate planes (Fig. 45) 
forming the parallelepiped PiAgFgJ^^Pg ; then 

^ 1^2 “ '^2 ” ^ 1 > ^ I ~^2 \^2 “ ^2 *“ ^ 1 > 

and A/ 2 =n/K -^2 -•^i)^+(y 2 -yi)H( 22 - 2 :i)n {V) 



if we suppose the point P in Fig. 44 to vayy its position, but always 
to remain at the same distance, a say, from 0, it will lie upon a 
sphere ; the coordinates of P will by (1) always satisfy the equation 
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l^hich is therefore called the eqtmtion of the sphere. Similarlfr we see 
from (!') that the equation of the sphere with centre z^) and 

^U8 a is + (2) 

(iii) Direction Cosines of a Line. Let OP (Fig. 44) be any line 
through 0 ; on the line take one dii‘ec;tion, say, the direction from 
0 to ? as positive. The position of tlic line will be definitely fixed 
when the angles that the positive direction of the line makes with the 
positive directions of the coordinate axes are knowoi. These angles, 
namely XOP^ YOP^ ZOP.^ are called the direction angles of the 
line, and the cosines of these angles are called the direction cosines 
of the line. Each of these angles may be taken as lying between 
0° and 180” inclusive. 

Thus the direction angles of OX are (0°, 90”, 90”), of OX* (180®, 90®, 
90°), and the direction cosines arc (1, 0, 0), (- 1, 0, 0) respectively. 

If a, jS, y ai*e the direction angles of OP^ then 

cos a = OMjOPj cos P = OLjOP^ cos y = ON' I OP, 

A 2 2 / 3 . ■- 0M^+0JJ^+6N'^ , 

and cos^ a+cos-^ p 4- cos- y = ~~oP^ — “ ^ ‘ 

If we write Z, m, n in place of cos a, cos/J, cosy, we see that the 

direction cosines (I, m, ?i) of a line are connected by the identical 
relation ZH wH n- = 1 (3) 

“When the line does not pass through the origin, draw a line 
through 0 parallel to the aircction on the line that is taken as 
positive ; the direction cosines of the line so drawn are those of 
the given line. 

If the distance between /*| and Pg being considered positive, 

the direction cosines of the segment PjP^ are 

(x.i-Xt)/r, (y2-y,)/n fe -«,)/>•, I 

and those of the segment P^Pi arc I (3') 

(x,-x.j)lr, («i- 22 )/r I 

(iv) Cosine of the Angle between two 
Lines. Let (Zj, m^, n^, {L, w.,, n,^ be 
the direction cosines of the lines, and 
draw OP, OQ (Fig. 46) parallel to the 
positive direction of the lines. Ijet 
OQ be the projection of OP on OQ, 
and let PN be perpendicular to the 
plane XZlFand NM luu pcndicular to 
OX. Then 

0M==lf)P, MN^m^OP, 

NP^niOP, 0Q= OP cos 6, . 

/here 6 is the*angle between the lines 
OP, OQ. 

By the fundamental principles of 
projection, the projection of OP on 
OQ is equal to the sum of the projections of OM, MN, NP on (^Q 



I 
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But th^projection of OM on OQ is l^OM^ of MN is rn^MN^ and of NP 
is WgiVP, since is the cosine of the angle between OM and OQ, etc. 


Hence 0 P co^d= 1 ^ 0 M-\-m2MN-\-n^NP , 

= I2I1OP+ WgWijOPH- n^fiP^ 

and therefore cos ^ = ^1/2 + H- WjTig (4) 

Since sin^0= 1 - cos‘^^ and + 7ij2 _ | ^ 1^2 ^ ^2 ^ ^2 _ 

we have sin^^ = 4* + '^^2) ~ 

= (wiWg - + (^1^2 - ^2^iX + (^1^2 “ 

The condition that two lines should be at right angles is, from (4), 

^1^2 + mim2 4- ^1^2 = 0 (4') 


(v) E<juati(ms of a 8 trai(jht Line. Let the point P^ z^) be a 

fixed point on the line and let P^ (Fig. 45) be any other point {x^ y, z) 
on the line. Let PiP2 — r and let (/, m, n) be the direction cosines of 
P\p2\ then 

Pj A"2 —X - ,^1 — lr\ y - y 1 mr ; z-z^= 

and therefore 

( 6 ) 

Equations (6) express the relations that hold between the co- 
ordinates of any 'point on the line and those of the fixed point, and are 
therefore called the equations of the line. Had a point P3 been taken 
on the opposite side of Pj from that on which P^ lies the direction 
cosines of P1P3 would have been {-I, -w, -n) but the resulting 
equations would have been the same. If r be the absolute distance 
between the variable point {x^ y, z) and the fixed point (jt^, y^, z^) we 
may write (^-^, )/?=...= ±r (6') 

the 4- or - sign being taken according as the vai’iable point lies to 
the positive or to the negative side of the fixed point. 

(vi) Equaticm of a Plane. The equation x=^a is clearly true for 
every point on a plane parallel to the plane YOZ and distant a from 
that plane; in other words x=a is the equation of a plane parallel to 
the plane YOZ. Similarly y = 6, 2==c are the equations of planes 
parallel to the other two coordinate planes. The equations of the 
coordinate planes themselves are ;a?=0, y=0, ;2f=0 respectively. 

The equation y^ax + b when considered with refereme solely to the 
coordhuite plane XOY represents a straight line, AB say. If tnrough 
a plane is drawn parallel to Z'OZ the coordinates of every point in 
that plane will still satisfy the equation y~ax’\-h. When considered 
with reference to space therefore the equation represents a plane 
parallel to the axis of the emitted* coordinate. Similarly z^ax\\ 
z^ay-Vh represent planes parallel to OF, OX respectively. 

Let a plane meet the coordinate axes at A^B^C (Fig. 47) ; let OZi 
be the perpendicular from 0 on the plane, (^, m, w) the direction cosines 
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•of OL. Take P (^, y, z) any point on the plane and draw the 
coordinates OM^MN^ NP. 

The projection of OP on OL is OL itself which may be denoted by 
; also the projection of OP is equal 
to the sum of the projections of OM^ 

MN, NP on OL which ai c lOM^ mUN 
vNP respectively. Hence 

(7) 

so that the equation of a plane is of 
the first degree in the coordinates. 

If = + c^) the equation 

ax-\-hy-\-cz~d (7') 

may be written in the form 
lx-\''my-\-nz ~p 

by putting ® for ajB, bj/L /A 

fPl) respectively, trie sign of the root being chosen the same as that 
<if d so that p or djl) may be positive. The quantities a//), 6//>, c/D 
are direction cosines since the sum of their squares is unity which is 
the condition required by (3) for direction cosines. These quantities 
are the direction cosines of the normal to the plane. 

Tlie direction cosines of the normal to the plane x—O are (1, 0, 0); 
of the normal to the plane y=^ax-i-b, that is, -ax-h//—b are 
( - aly/(d‘^ + 1), 1 l»J((P + 1 )) 0), and so on. 

(vii) Equation of a Surface. Equatlom of a Curve. In gciieial an 
o<piation of the form z — f{Xy y) or F(.i\ y, r) = 0 represents a surface. 
Thus by (ii) the equation + represents a sphere of 

radius a. 

Again, when the coordinates of a point satisfy tuK) ecjuations 
F(.Vj y, z)=0, <p(xj y, z) — 0y the point must lie 07i each of the surfaces 
represented by those equations, that is, the two equations, considered 
iia simultaneous, are the equations of the curve of intersectiou of the 
i^nr faces. Thus the two equations 

1, 2A.’+3y-s — 2 

represent planes ; the two, taken as simultaneous equations, represent 
theii- curve of intersection, that is, are the equations of a certain 
straiglit line. Or, again, ecpiacicns (6) may be written 

m, V m, 

jO' - ?/ -yv== 

which aie the equations of two plaivcs ; the intersection of the pianos 
is tlie straight line given by (6). 

The two eejuations 'a* = 1 , .r- -f y- + z- = 9 

represent a circle which is the curve in which a plane intersects a 
sphere. ' 
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(viii) Polar Coordinates. In Fig. 44, let 0/’= r, lZOP^ 0, lXOJV = c/> f 
then r, 0, <!> are called the pdar coordinates of P, The relations 
between the rectangular coordinates (.r, z) and the polar coordinatejj^ 
(r, </>) of the same point P are easily seen to be 

.r = r sin 0 cos </!>, y — r sin 6 sin </>, z~r cos ft 

(ix) Cylindrical coordinates. In Fig. 44, let ON—p^ lXON =<()., 
NP^z ; then p, <^, z are called the cylindrical coordinates of P. 

Evidently p = r sin Q \ .r = p cos ^ p sin </>. 

p, are the plane polar coordinates of ;V, the projection of P on the 
plane XOY \ r, 0, ^ are sometimes ctilled spherical polar coordinates. 

Ex. 1. Find the equation of the plane through the three points 
(1, 0, 0), (0, 2, 0), (0, 0, 3). 

Let the equation be ajG-{-hy-\-cz=d; the coordinates of each point 
must satisfy the equation. Hence, to find a. by c, ri, we have 
<f=d; 2h — d; Hc—d, 
that is, ajd = 1 , hjd — rjd = J ; 

and ilie required equation is 

.r + ?//24--2:/3 = l. 

It will be noticed that only the ratios of a, &, c. d are required ; the 
equation of the ])lane thus contains only three independent constants 
just as that of the straight line in Plane Geometry contains only ttoo. 

Ex. 2. The equation of the plane through (a, 0, 0), (0, 6, 0), 
(0, 0, c), is xla-\-ylh^-zlc—\ \ 

a, by c are the intercepts made by the plane on the coordinate axes. 

Ex. 3. The equation of the plane through the three points (2, 0, 3), 
(-1,5, 2), (3, -4, -2) is 

29J7+16y-7z=37. 

# 

Ex. 4. '^riie equations of the line through (.Tj, yj, Sj), y^ z^) are 

x — x^ _y-yi _^--i 

^1 ^2 2/l ~ V'l ~~ *2 

By § 89a (v), the equations of the line through (x^, z^) in the 

direction (ly m, n) are 

{x - Xi)ll = (.y-y^lm.={z - 2i)ln. 

Since (x^ y^ z.^ lies on the line, the ratios l\m\n are determined by 

(^2 - ^i)/^ = ky-i -yi)hn = - ^,)ln, 
from which the required equations follow. 

Ex. 5. The direction cosines of* the line through the points 

( 4 9 4 \ 

“703’ 7Tl3’ the positive direc- 

tio^of the line being from^the first to tlie second of the points. 
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• • 

t Ex. 6. The cosine of the (acute) angle l)etween the planes ^ 

3.27 4-'?/- 2^=1, 2.r~3y 4-^=1 

JB 1/14. 

Ex. 7. If 80 is the small angle between the lines whose direction 
cosines are I, m, n «and ^4-^^ 11 + 811 , show that, approximately, 

( 80 y=^( 8 lf+( 8 my+{ 8 ny. 

B(ith sets of cosines satisfy (iii) (3), and therefore 

(1 4 - 8 iy 4- 4- 8m)‘^ + (w 4- S w = 1 = 4- 4- n% 

and 2 ( 181 4 - ni 8 in 4 - n 8 n) = - {( 8 iy^ 4 - ( 8 my 4 - ( 87 ^)“}. 

Again 2 ain2(^86^) = 1 - cos 8^ = - (181 4- m8m 4- 7?87?), 

and tlie result follows at once. 


§ 90. Total Derivatives. Complete Differentials. Let 

u=z f(x,y) and let x and y be functions of a third variable t 
To prove 

du_da fix du dy /^\ 

~dt'^ dx dt 'by dt 


When t takes the increment 8t let x, y, u take the incre- 
ments Sx, Sy, ou respectively ; then 

Su=/(x + Sx, y+Sy)-fix, y), 
and this equation may be written 

<5tt = [f{x + y+Sy)- fix, y+Sy)] 

+ [/(«^ 2 /+^.!/)- /(•'«.?/)] ( 1 ) 

^By the niean value theorem § 72 
fix->r8x, y-\-8y)-fix, y + 8y)^Mx-^0iSx, y + Sy) 

fix, y+Sy)-fi:x, y)=fyix, y + O-iSy) Sy (3) 

where (Jj, 6^ are proper fi'actions. The coefficient of Sx in 
i'l) is the a:-(lerivative oi f{x, y + Sy) taken on the supposi- 
tion that y+Sy docs not vary and with x replaced by 
x + 6^Sx\ the coefficient of Sy in (3) is the j/-derivative of 
fix, y) taken on the supposition that x docs not vary and 
with y replaced by y+O-iSy,. Hence 

^^Moi+OiSx, y+Sy)-^^+ffx, y+BJy)^^^- 
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f • 

du 


Now, 


jt=o dt 


y ^_dx 


jt-o di 


L /a:(a:+0i<Ja5, y)'> 


L //*. 2/+02^2/)=/»(a3, 2/); 

6^=0 


since &, (Jy converge to zero with and the functions are 
all supposed to be continuous. Writing 'dnj'dy in 

place oi fx{x, y)yfy(x, y) we get equation (a). 

In the same way if it = f{x, y, z) and x, y, z are all func- 
tions of a variable t we get 


du__du dx /du dy du dz 
dt dx dt dy dt dz dt 




and so on for any number of variables. 

In (a) we may suppose t to be the variable x ; y is then 
a function of x, and u is really a function of the one vari- 
able X. Equation (a) becomes in that case 


^ dy 
dx^dx'^dy dx 
and in the same way, from (b) 

dz 

dx dx^dy dx'^dz dx 


(A') 


(B') 


In these equations du\dx and dujdx have quite different 
meanings. The derivative dujdx is formed on the supposi- 
tion that an explicitly named variable x alone varies ; oh 
the other hand dujdx is the limit of SujSx where Su is the 
change in u, due (i) to the change Sx in the explicitly named 
variable x, and (ii) to the changes Sy, &, which are them- 
selves due to the change Sx, 

dujdx, dujdt are called total derivatives with respect to 
X and t respectively. 


Ex. If then 

dujdx = 2a? ; di^dy = 2y, 

But if y is a function of a?, sr.y then^ 

«¥»a;2+(aa;+ft)^; ^=2a?+2a(aa?+&) ; 
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• < 


«r we may use {A") ; then 

• dx 'dx^'dydx 

since dyfclx—a, and we get the same result as before. 


If X, y are independent, and if Su be the change in u, due 
to the independent changes Sx, Sy, equation (1) may be 
written 


S^i=fdx+OiSx, y+Sy)Sx+fy{x, y+BzSy)&y 

=[/*(*. 2/)+wi] Sx+lf^x, 2/)+ft>2] Sy 
where 0 ) 1 , converge to zero with 8x and Sy. Hence if we 
take Sx, Sy as independent principal infinitesimals and write 
dx, dy in place of Sx, Sy the products w^dx, oi^^dy will be 
of order higher than the first and the principal part dvu of 
S'ii will be given by 

dn^^^dx+^dy (c) 

Similarly for three (or more) independent variables 

du=^<h:+^dy+:^dz (D) 

du is called a total differential or a complete differential 


and 


dw , du ^ du , 
— rfx, T^dy, —dz 
dx dy dz 


are called partial differentials. These partial differentials 
are sometimes written dyU, dzU. 

If X, y, z are not independent but functions of t then, 
since dx — {dxjdt)dt , we should get equations of the 
same form as (c), (d) by multiplying (a), (b) by dt. 

These equations (a) . . . (d) have important applications 
in geometry and mechanics. For plane geometry the 
equation (a') is very useful ; the reader should study the 
following examples carefully. [See Note, p. 506.] 


Ex. 1. Let ; they, x a^id y being mdependent, 

dujdx - dt^dy — 2hy. 

Consider now the equatim u==0. The variables x, y are no longer 
independent; the point (^, y) must lie on the coni^ u—0 andy may 
be considered a function of namely an ordinate of the conic. Since 
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u is now^always zero for the admissible variations of x and y, the totcH 
4?-derivative of u (not the partial) must be always zero. Hence by (A') 

du /I 'dufdu_ ax • 

dx 'dy dx dx 'dxl 'by by 

Tliis equation gives the gradient at the point {x, y) on the conic. 

Ex. 2. Let u be any function f{x^ y) of x and y ; the equation «=0, 
that is /(.r, y)==0 defines y as a function of x^ namely y is the ordinate 
of the curve /(.r, y)=0. As in ex. 1, the total ar-derivative of is 
zero and the gradient at the point {x^ y) is given by 

bu jbu bf jbf 

dx~^ bxl by~~ bx! 'dy 
where / is written for brevity instead of /(.r, y). 

Ex. 3. If f{x^ y)=a^-\‘y^-Zaxy^ the gradient of the curve whose 
equation is /(.r, y)'-0 is 

dy _ Zx^ - 3a// ay — x^ 
dx Zy^ — Zax ij^ - ax 

Ex. 4, It* pv — kO Qc constant) find dp in terms of dv^ dO. 

bp_ JcO _ _p . .P 

V * bo V y 

dp:^'^do+^^d6^ -^Ido+P^de. 

Ex. 5. If w = tan“^(y/;r) prove that 

du — {xdy — ydx)j{x^ + ,y^)* 

Ex. 6. If x=rcosd, y=rsin6y r and 6 independent, show that 
dx = cos 6 dr - r sin OdO, dy = sin ddr + r cos BdO 
xdy — ydx = n^dQ. 

Ex. 7. Let u=^f{x^y)-z^ then 

^ ^ 1 

bx^bx^ by^by^ bz 

The equation u—0 defines a surface, and now z may be considered 
a function of two independent variables x^ y, namely z=/(x, y), 

bz _bf _bu 
bx bx’~bx b}f~by~~by 

• 4 

§ 91. Geometrical Illustrations., Let P be the point (a:, y, z) 
on the surface given by z=f{x, y), ahd let APB, DPF be 
section.s made by planes through P parallel to the planes 
YOZ, ZOX respectively (Fig. 48). • 
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* I 

• For points on the curve DPF, y is constant. Henc^ 'dzl'dx 
or 3//^ is the gradient at P of the curve PPP. Similarly* 
'^I'dy is the gradient at P of the curve A l*B. 


It the equation of the 
surface is u = 0, where u is 
the function F{x, ?/, s), the 
equation u = 0 defines 2; as 
a function of two inde- 
pendent variables x and y. 
Along the curve DPP, y is 
constant. Hence along that 
curve the total jr-derivative, 
of u or F{x, y, z) ninst be 
zero, u being for that curve 
a Function of x and 0 which 
is always zero. Therefore, 
as in § 90, ex. 1 , 2, 



d^r ^ dz dx ~ dx 7>x/ ~dz 


0) 


and dz/dx is the gradient at P of the curve DPF. 
Similarly, the gradient at P of the curve APB is 

dy oy! 'dz 


These expression^ reduce to those first given if we put 
u= f{x, y) — Zr (Compare § 90, ex. 7.) 

Tavgemt Plane. In Fig. 49 let BPP^ be sections 

of the surface by planes parallel to YOZ, ZOX respectively. 
Let P be the point (x, y, z), Mi\l^~Sx, il/3 the 

point (x + Sx,y + SyyO) and P^ the point on the surface 
{x+Sx, y + hjy z + hz). Let P7\, PT^ be the tangents at 
P to PPP^, APP^y lying on d/iPi produced and 1\ on 
produced ; Pm^ni^m.^ is a rectangle parallel and con- 
gruent to ; P1P3, the curves in which 

the planes M^rn^y cufthe surface, and the 

straight lines in which the same planes cut the plane 
through PT^i\. 



516 AN ELEMENTARY TREATISE ON THE CALCULUS. 

r r 

Since the gradient at P of the curve BPP-^ is 'dzfdx and 
of the curve APP.^, we have 

Also the geometry of tlie figine shows that 

so that ^ % = TO3T3 (.2) 

But '^-Sx+^^Sy, 

7>x dy 

is tlie principal part of Sz (§ 90, c); therefore, when Pm^, 

Pm.^ represent Sj\ Sy tlie line 
'W.//3 represents the principal 
part of Sz. 

Again, if the plane PMM^P.^ 
cut the surface in the curve PP.^ 
the gradient at P of PP^ is the 
limit of Js/iV/JI/g or SzjP’riK^. But 
by the principles of infinitesimals 
the limit of SzjPm^ is the same 
as the limit of m/rjPni^y since 
m/I\ is the principal part of Sz. 
Hence the gradient at P of PP^ 
is m./iyPrti^ and therefore P2\ 
is the tangent at P to the arc 

The plane PT.^T^ is completely 
determined by the two lines P2\, Pl\,, that is, by the point 
(x', //, z) and the derivatives dz/d.c, ?>zl'dy. By proper 
(jhoice of th(i independent increments Sx, Sy we could get 
any point Q on the surface near P and the tangent to the 
arc PQ would lie in the plane PiyP^. This plane is therefore 
called the tangent 'plane to* the surface at P, and the line 
through P perpendicular to thif tangent plane is called the 
normal to the surface at P. 

To find the*equation of the tangent plane suppose to 



TANGENT PLANE AND NORMAL. 

» I 


•2Vi 


he any point on it and let its coordinates be (X, F, Z) those 
of P being (.x, y, z ) ; then 




and therefore by (2) 




Z-s=|(Z-.)+|(F-y) 

which is the equation of the tangent plane at the point 
{x, y, z) on the surface, X, F, Z being the current coordinates 
of any point on the plane. 

When the equation of the surface is F{x, y, z)~0 we get 
by substituting the values of dzjdx, ^^zjdy from (1) and (!') 

(X--)l’+(F-y)|V(^-.)^=0 (:V) 

The direction cosines of the normal are (80a (vi)) pro- 
portional to the coefficients of the current coordinates 
X, F, Z and therefore the equations of the normal are 


Id: 




). 


or 


..(4) 

.(40 


Ex. 1. The equation z)^:v--hj/^+z'^-a^=0 repre.sents a 

.sphere of radius a, 

5^-2. 


dr 


Hence the tangent plane at (.r, y, z) is 

(X - x)2.r + ( r- y)2y + (Z- z)2z = 0, 
or .rX+ 7 / r+zZ^{x^-^^'^ + z^) = a\ 

since ?/, z) is on the sphere. If we Uike J7, y, z as current coordi- 
nates and {xi, ?/i, Zj) as the point of contact, the equation i.s 


The equations of the normal are 

(X-x)j2x={r--i/)!2i/^(Z-z)l2z, or Xlx^Yh/^^Zjz, 

\Vith (xy y, z) as current coordinqjbes the equations are 

The normal clearly passes through the origin whiclj is the centre of 
the sphere. • ^ 
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Ex. 2^ The equation - 1 = 0 represents a surface called 

a central conicoid (a plane section is in general a central conic). Find 
the equations of the tangent plane and the normal at y,, z^). 

Ex. 3. The equation hf/^ + cz^-2a;=0 represents a non-central 
conicoid. Find the equations of the tangent plane and the normal 

at Cn. Vv h)- 

Ex. 4. The equation + + where a, 6, c are not all of 

the same sign, represents a cone with its vertex at the origin. Find 
the equations of the tangent plane and the normal at (.^ j, ?/j, z^). 

If j^r.^ y, z) — ax^'{-hy^-\-cz^^ the derivatives 'dFi'dx, 'dFfhy^ 'dFfdz arc 
all zero when x^y—z=^. Every tangent plane to the cone goes 
through the origin, and there is no definite normal at the origin ; the 
equations of the tangent plane and normal are illusory if formed for 
the origin. At special points on a surface it may happen that the 
three partial derivatives are all zero ; in that case there is no definite 
tangent plane or normal at the point. Such points are usually called 
comcal points^ the vertex of a cone being the simplest case. 

§ 92. Rate of Variation in a given Direction, it is often 
necessary to find the rate at which a function of the 
coordinates of a point varies in a given direction. Thus 
at a point in a cooling solid the rate of diminution of tem- 
perature will usually be different along different lines 
issuing from the point. 

(i) Let u be a function y) of 
two variables, and let denote 

the values of u at P{x, y) and at 
Q{x+8x, y -f Sy) respectively, where 
PR=8x, RQ = PS = 8u (Fig. 50). 
Then 

y\ 

+ y + Syl 

The average rate of increase of u in the direction PQ is 
{Wf^ — Up)/PQ which may be written 

— PR — RQ 

PQ “■ PR PQ^ RQ~ TQ 

As in § 89a (iii) let the^ direction PQ be (iistinguished 
from that of PQ\ and let PQ .make with OX the angle <f> 
(see note at end of this article) ; then 

^PRjPQ = cos 0, RQ/PQ = sin 0. 
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VARIATION IN A GlVfiN DIRECTION. 

• Exactly as in § 90 it may be seen that the linjits for 
PQ = 0 of (Uji--Up)IPR and {Ug‘-Uji)IRQ are du/dx and 
"^u/dy respectively. If the element PQ be denoted by Ss 
(where s may represent the length of a line, straight or 
curved, measured from some point up to P) then the 
average rate of increase of u is — or Sup/Ss and 
the rate of increase of u in the direction pQ is then 


dU 

ds 


'du 


du 


•( 1 ) 


If the rate of increase of u in the direction PT perpen- 
dicular to PQ is denoted by dujds', PT making the angle 
<p + 7 r /2 with OX 

du du . . . du 




dx 


% 


( 2 ) 


(ii) If u be a function f(Xy y, z) of three variables the 
rate of increase dujds in the direction PQ may be proved 
in exactly the same way to be 


du ,du . du ^ du 

= I p 974 , - .p 

ds dx dy dz 

where (/, m, n) are the direction cosines of PQ. 

If (1) and (2) be solved for dujdx, dujdy we get 


.(3) 


du 

dx> 

du 

dy 


du ^ du , ^ 

— cos 6 — — ,sin d> 
ds ^ ds ^ 

du . . .'du 

g^sin^+^cos,^.. 


( 1 ') 

,(2') 


Equations (1), (2), (3) may be obtained at once from the equations 
of 55 90 by taking t equal to s or s'. We have used tlie notation dujds 
instead of dulds since we wish to find the rate of variation of u in two 
(or three) independent directions. In this and similar cases the 
meaning of the symbols must be constantly attended to. 

For examples on the use of these formulae, see the set at the end of 
the chapter (examples 9-13). 

Note on Angles . — In earlier chapters it has been sufficient to consider 
the positive or.negative acute angle that a line lying in the plane XOY 
makes with OX. In discussions. like that of case (i), however, where 
only half4ines issuing frbm a point are dealt with, that restriction 
must be given up, and the angle may, like the angle d of the polar 
coordinates, vary from 0 to ^ or from — tt to tt. ^ihus PQ' makes 
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c f 

the angjle (<^+7r) or (<^-‘7r) with OX. With this new convention 
cos 0 may have a negative value. For lines in space the determination 
specified in § 89a (iii) is always sufficient. 

\ 

§ 93. Derivatives of Higher Orders. The derivatives of 
u=^f{Xy y) will usually be functions of x and y, and will 
therefore have derivatives, lienee we have 2nd, 3rd,... 
partial derivatives. The notation for these is similar to 
that for functions of one variable : 


3-116 3 ^?// 
3,^‘^’ 3;y^’ 


•••5 y\ fyyyi^y V) ••• • 


The brackets and the letters within them are usually 
omitted and the last pair are writtem fyyy^ 

Again, the y-derivative of 3u/3x is 


3 3i6 • 

?nf dx dydx 

while the iZJ-derivative of dujdy is 

3 3u 3^^^ 

'dx dy dxdy 

When all the functions in question are continuous these 
two derivatives are equal (see below). For example, let 
u = ax*^^y^; then 


3i6 ^ 1 « 

-- = maaj^“^V ; 7r-^- — nmax 
^ dydx 


dx 

3u 

dy 


.wi-l«in- 1 • 

y ) 


-nax^y'^'"^ 


d^u 


’ dxdy 
3% d^v. 


=^mnax^-^y^'‘^ \ 


so that ^ 

dydx dxdy 

when u = ojx^y^. In other words the m^der of differentiating 
is indifferent ; the operations of differentiating as to a; and 
as to y are commutative, % 

Ex. Verify that these two derivatives ard equal when 

(i) a sin y 4*^ sin 07 ; (ii) t4=07logy; (iii) w=tan~^'-. 
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HIGHER PARTIAL DERIVATIVES. 

' i 


The symbol 




0 


nleans that u is to be differentiated first three times as to 
then twice as to a; ; while the symbol 


y 


dy'^dx^ 

means that u is to be differentiated first twice as to x then 
thrice as to y. 

Similar meanings and notations hold for the higher 
derivatives of a function of any number of variables. 


A sound proof of the comirmtative property is somewhat difficult. 
Consider the expression 

fix -f A, y + k) - fix, // + k) - fix + h, y) ^fix, y) ^ 

■ hk ^ ~ 

By the definition of a derivative 

A=0 ^ 

-y 

A=0 « 

Hence the limit of (1) for 4=0 is 

{/.(•*■, 3 ^ + *) y)\l^ ( 2 ) 

Again the limit of (2) for 4— -0 is the y-derivative of fj^x, y\ that 
is /yx. 

By interchanging the second and third terms in the niimeratoi’ (►£ 
(1) and finding first the limit for k=0 and then the limit for 4=0 we 
should get ftp. Thus /y* and aie both derived as limits from the 
Siime expression. But the assumption that the limits will be the 
same in whatever order we make 4 and k tend to zero is equivalent to 
assuming the theorem to be proved. A simple example will show 
that the order of taking the limits is not necessarily indifferent. 

Take the function (4 + 24)/(4+I) 

, 4-f2/r_2^. T ^ T + ^ 2^ o 

A=^o4 + i ~~^ ' *=otft=o4 + ^ J "'*=0^ 

, 44-2^__A’ t / i T - — 1 

t,ii-^k-v .=oU=oT+T 

Of course neither in this expressioil nor*in (1) must 4 or k become 
zero ; zero is the limit not a value pf 4 and k. 

Assuming all the functions in question to be continuous we may 
proceed as follows. Let, for brevity, 

F{x)=/(i, jf+i) -f{x,^), 
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then tWo numerator of (1) is F'(x+h)— By the Mean Value 

Theorem O<0 i<1, 

or, returning to the function f(x, y), 

F\x + A) - F^x) = h{fj,x + y + 1) -fj^x + 0 ,A, y) }, 

«o that (1) becomes 

( 2 ') 

Now apply the Mean Value Theorem to the function of y in (2') ; 

fx(^ + y + h) -fj^x 4 - y) = lcfy^{x + y + Ojc), 0< ^ 2 < 1 , 

and (1) becomes /y*(^ + y + ^ 2 ^) (3) 

Again, taking </>(.y)=/(-v+A, y) instead of F(x\ the 

numerator of (1) is ^{y k) — (l}(y). Apply the Mean Value Theorem 
and proceed as before. We thus find that (1) is equal to 

fxy(^+BJiyy+6^k) (4) 

The two expressions (3), (4) are therefore equal. Since the functions 
are continuous the limits are therefore equal in whatever way h and k 
tend to zero, that is fyx= fxy 

The commutative property may be easily extended by 
induction to higher aerivatives, the functions being sup- 
posed all continuous. Thus, since 

_ 3^ a 
3ic3y 'dy'dx 

32 02 / 9 a\ 

'dx^y 'do^'dx'dy) ~~ 'dx'dy'dx 'dx'dy \3x / ”” 'dy'dx dydx^' 

In general, 

dx^dy^dz^ dx^z'^y^ dz^dx^dy^ 

as may be readily shown by induction. 

Ex. 1. In Fig. 48, § 1)1, let Fbe the volume bounded by the surface 
APDC^ the coordinate planes and the planes MP^ Ll\ 

Prove (i) |^'^=area MNP A ; = NP. 

(ii)|j:=ar3aiVr/>; g-|=VP. ' 

If V be take^i as the function f{x, y), we get a geometrical pioof 
of the commutative property. 
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,Ex. 2. If w = log r where = (.r - a)^ + {y - hf and {x ~ a\ {y - h) are 
not simultaneously zero, show that ‘ 

-a-- 


'du _d log r 'd'!' _1 x~a _x — a ^ 
Sar dr “ -y » 


*‘3.r 


X-<A> 

T 


Similarly, 


r r 

02?y 1 . 1 

~r- f 

l_2(,y-6)2 


2(.r- a)2 
;:4 * 


and therefore by addition, since r^=^{x - «)- + (;/ - h)\ the result follows. 

Ex. 3. If — 1/r where r^^'^{.v-<i^^-{-{y -hf+{z--cy and {x-a\ 
{y-h\ {z-c) arc not simultaneously zero, prove' that 
'd^u 'dhi 'd^u 

A charge m of electricity concentrated at (a, 6, c) has at (.r, ?/, z) tli<‘ 
potential m/r. The potential V therefore satisfies tlie equation last 
NM’itten, usually called Laplacds Equation. 

If charges ... are concentrated at (aj, Cj), ((Tq, ... the 

potential Fat (.r, ;y, z) of tliesc cliarges is '^{mjr) where 
= (,r - (I ])“ + 0/ - 6,)2 + (z - c, )2 

SO that the potential at any point (.r, ;/, not coincident with any of 
the masses also satisfies the same equation. 

V.x. 4. If u—f(Xy y) and r, y are functions of t find dhijdt^ 
du _'dti dx bu 
dt dr dt by dt! 


We have 


(i) 


d-u. 

dt 


u_ d fdu\_'d\ 
dlxdTt) b.i 


du d'^x d.v d /du 

c dt'^^ dt dt\bx')^by dt^ dt diKby 


“)• 

/// 


Since dufdx is a function of x and y, its ^derivative is found in the 
same way as dufdt in (i) ; that is, write dujdx for u in (i), 

bhi d.v bihi dy 
dt dydx dt 


Similarly, 


d 

dt\dx/ 
d/dn\ _ da- bhi ^ 
dt\dy)~d.vdy diby* dt 


Substituting these values and noting that 


'dhf, bhi 


' bydx bxdy 
d’^y .bHf dx\^ 
dt^^ba^Kdt) 


, we find 


bhi dx dy 'C^u ( dy 
^dy dt di^by\ cd) 
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Ex. 5. show that is given by the equation 



This may be obtained directly ; or in Ex. 4 put t — x and note that 
tc—f{x\ y)=0 for every value of x and v, ana therefore dujdt and 
d'^ujdt'^ are both zero, while dxjdt — \, d‘^x/dt:^~0. 

Deduce in this way the results of examples 26, 27, 28 of ExercisesXIV. 


Ex. 6. 


Ex. 7. 


If u=f{t/^(ix\ prove 
du dn 




/.\ UU UU, /..V U-tL 


'ay 


If u /(.r + d- pi'ove 


Verify for cos(a+aO + ^sin(.'r-a^). 


§ 94. Complete Diflferentials. If u is a function of the two 
independent variables x and y the complete differential of 

u is (5j 90) 2)U J du . , . 

dn = -dx+-dy 0) 


Now the question arises ; given two functions ^(o?, y\, 
y) of two independent variables x, y^ is there always 
another function u which has 


y)dx+\[A{x, y)dy ( 2 ) 

as its differential ? 

If X and y are not independent, say if y is a function f{x) 
of X, we may replace y by f{x) and dy by f{x) dx. The 
expression (2) will thus become of the form F{x) dx and in 
this case (§ 82) there is a function which has F{x) as its 
£C-derivative or F{x) dx as its differential. 

But if x and y are independent the case is altered. For 
suppose the expression (2) to be the complete differential of 
a function u; then the expressions (1) and (2) must be 
equal for all values of dx and dy. Since dx and dy are 
independent we may put dy==0, dcc4 0 and we get 

y)^dii/dak, 

and in the same way 
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» I 

all values of x and y. Therefore ^ 

/g\ 

• 'dy 'dy'dx dxdy 'dx 


Hence the expression (2) cannot be a complete differential 
unless 'd(f>ldy = d^/'jdx. 

Condition (3) is therefore a necessary condition ; it is also 
a sufficient condition, but for the proof of sufficiency we 
refer to treatises on Differential Equations. 

If P, Qy R are functions of thre(^ independent variables 
x^y^z the necessary and sufficient conditions that 

Pdx + Qdy -f- Rdz 

should be a complete differential, that is, that there should 
be a function u of Xy y, z such that 


du = Pdx +Qdy + Rdz 

dx^dy' dy'^ dz* dz dx 
The student may show that these conditions are necessary.. 


are that 


Ex. 1 . (3a:® - Axy)dx + (3y® — 2a^)dy is a complete differential for 
- 4^y ) = - 4.r = 

and 

Ex. 2. If P=yz{±v+y+z\ R=xy(x’^y+^\ 

show that du — Pdx + Qdy 4- Rdz 

where u — x^yz ■\-yHx + z^xy. 


§ 95. Application to Mechanics. Let 
the plane curve APQ be the path of a 
pai-ticle which is acted on by a force 
Fy making an angle e with the tangent 
PTy F and e being functions of the 
coordinates Xy y of P, Let W be the 
work done from the position A (a, b) 
up to the position P, and let the. arc , 

4P be denoted by s. To the first order of infinitesimals 
the work done over th6 distance ds is 

dW=Fco8ed8. ^ 



Fk;. 51. 
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Let PT, PF make the angles 0, \[r with the oj-axis ; then 
cos</> = dx/ds, sin (p^dyfds, and since cose = cos(0— 

where A' = F cos ^/r, F= jPsin \[r, the components of F 
parallel to the axes. We thus get 

<«r.(jrg+F|)*. (1) 


Suppose now that Xdx+ Ydy is the complete differential 
of a single-valued function /(aj, y). Therefore X = dfjdx 
and Y^'dfj'dy, so that 

dx 
Kdx da 


dy da 




Hence, as the particle moves along the curve, the rate 
dWJda at which W changes is equal to the rate df/ds at 
which the function f(x, y) changes, and any change d in 
W is equal to the corresponding change df in the function 
f{x, y\ As the particle moves from A to P the work done 
is therefore equal to the change in /(a?, y\ so that 


^=/(a:, y)-fin, ?>)• (2) 


If W' is the work from A to P when the particle moves 
along a different path of length a\ we have as before 

dW' = ^,dH' = df, 


SO that W' = f(x, y) -f(a, h) = W. 

In this case, therefore, the work done by the force is 
independent of the path between A and P, and, when A is 
fixeu and P variable, is a function simply of the coordinates 
of P. When P coincides with A, that is, when the path 
is a closed curve, the work done is ^ero (see Ex. for an 
illustration in which /(ir, j/)^ is multiple-valued). 

Suppose on the other hand that Xdx+Ydy is not a 
complete differential. In this case the coefficient of da in 
(I) is not the total derivative of a function /(a:, y). To find 
the work from A to P we must express y in terms of x by 
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• # 

Rising the equation of the path. Equation (1) wjll then 
become 




.(!') 


and the coefficient of dx in (!') is a function of x alone. 
For different paths the function X+Y {dyjdx) will have 
different values, and therefore W will depend not merely on 
the coordinates of P but also on the path from A to P. 
(See Ex. 3). 

If APQ is not a plane curve it is easy to prove by the 
same method as that of finding dxjds, dy/ds for a plane 
curve (§ 62) that the direction cosines of the tangent P'T 
are (§ 89a, iii. (3')) 

dxjds, dyjds, dz/dk 


If Z, Vi, n are the direction cosines of PF 

.dx . dy ^ dz 

cose = i-7 — 

ds da ds 


and dtr.(x|+rj+z*)*. (8) 

where X = IF, Y=mF, Z=nF are the components of F 
parallel to the axes. 

Exactly as before we see that if Xdx+ Ydy + Zdz is the 
complete differential of a single- valued function y, z) 

cZ IT = df and W =f{x, y, z) —f{a, h, c) 

where A is the point (a, b, c). In this case W is independ- 
ent of the particular path from A to P. 

If however Xdx-^^ Ydy + Zdz is not a complete differential 
it will be necessary to use the equations of the path and W 
will depend not merely on the coordinates of A and P but 
also on the particular path from A to P. 

When Xdx+ Ydy + Zdz is a complete differential the 
force F is said to be covaervative tlje components are 
the derivatives of a force function u or a potential — F, 
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Ex. 1., If F=^ml7^ where and the directioi( . 

of F is from 0 to P, then P is a conservative force. 



and dW=^ Xdx + Ydy + Zdz == ^ ^dx + ydy + zd^ 

or dW—-p^dr—d[--y since xdx -Vydy + zdz — rdr. 


Hence M^= - mjr + const, and if F = w./r, 

- 0 Vjdx, r= - 0 Vj'dy, Z- - 0 Vfdz. 
The work from position P to position Q is 
m/OP-mlOQy 

and is independent of the path between P and Q, 


Ex. 2. Let X- -ylr\ V—x/r^y where r^—a^+y^. 

In this case, putting y/x—tsin Oy 

d W = (xdy - ydx)lr^ = d . ta>n~\ylx) =dOj 
and therefore W—0+ constant. 

If the point P sets out from A and, after describing a closed curve 
within which the origin lies, returns to Ay the angle 0 and therefore 
W will increase by 27r. The work done is not zero, although o? If is 
a complete differential dO ; the function 6 is niultiple-valued. 

If, however, the path is a closed curve within wnich the origin does 
not lie, the work done over that path will be zero. 

Ex. 3. Let X — -y, r=x. In this case xdy-ydx is not a complete 
differential. Let A coincide with the origin Oy and let the path be 
the parabola y= <^2. Then, by (T), 

. ^cx)dx—cx^dx ; W—^ca^=^^xy. 

If the path is y=cx^y we find W—\ca^=^^xyy the work being 
different for different paths. 


§ 96. Applications to Thermodynamics. The condition of 
a given mass of thermodynamic substance, say unit mass, is 
completely defined by three variables p, v, Q the intensity of 
pressure, the volume and the absolute temperature, p, Vy 6 
are connected by an equation, the characteristic equation 
of the substance, /{p, -i;, d) = 0; for a perfect gas the equa- 
tion is pv = k6y k being a constant. Of the three variables, 
therefore, only two are. independent. 

Since /(p, Vy 6) — 0 its total differential is zero ; therefore 
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If p be constant, and v, 6 vary, then dp:=0 and w? have 

‘ dv 


Forming in the same way Wj'dp, 'dpf'dv and multiplying 


we get 
Clearly 


'dv dO dp_ 
dO dp dv 

dOdv^' 


( 2 ) 

(3) 


It must be remembered that in all these expressions the 
derivative of one of the variables p, v, 6 with respect to a 
second is formed on the supposition that the third variable 
is constant. 

If a small quantity SQ of heat be communicated to the 
substance and change p, v, 6 by Sp^ Sv, SO respectively, 
then SQ can be expressed in terms of any two of these 
increments. To the first order of infinitesimals we may 
write, with 6, v as the variables, 

dQ = MdO + Ndv (4) 

It is to be most carefully noticed that dd, dr are any arbitrary 
small changes of temperature and volume. The three differentials 
dr^ dp are subject mei'ely to the restriction expressed in equation 
(1), and any two of them may have values chosen at will. 

The specific heat at constant volume (A",) is the limit for 
(50 = 0 01 SQjSQ on the supposition that the volume does not 
change when 0 increases by d0, that is, on the supposition 
that dv^O. But if d/v^^ equation (4) gives dQldQ = M so 
thatir, = if. 

The specific heat at constant pressure {Kp) is the limit 
for (50=0 of SQjSQ on the supposition that p is constant, 
that is, that dp = 0. To find Kp equation (4) must be trans- 
formed so that 0 and p shall be the independent variables. 
Since t; is a function of 0 and p we have 



and (4) becomes dQ= dp. 
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Therefore Kf=M+N'^=K,+N^ (6) 

< 

The elasticity of the substance is —vdpjdv (§ 70). Let 
Eb denote the elasticity when the substance expands at 
constant temperature; 

therefore, Ee = --v ^ 

dv 

where 'dpfZv is taken subject to the condition that Q is 
constant. 

Let denote the elasticity when the substance expands 
adiabatically, that is, so that heat neither enters nor escapes. 
We must distinguish the ^-derivative of p in the two cases. 
For the present denote the t;-derivative of p for adiabatic 
expansion by {dpfdv)^ and let dp/dv retain its previous 
meaning. Therefore, 



To find (dpldv\ we must transform (4) so that p and v 
shall be independent variables. Now 

dd. 

and therefore dQ = dp-^-im^+N^dv (8) 

is the value deduced from (8) on the supposition 
that dQ = 0. Therefore 
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» For a perfect gas KpjK^ is a constant, y; al^o for a 
perfect gas pv = k6, and therefore 

• 'dpj'dv^ —piv. 

Hence for adiabatic expansion, by (7) and (9), 

that is, pv^ = constant. 

The results (5)... (9), are merely formal con- 

sequences of the definitions and the two equations 

/(p, t?, d) = 0 and dQ — MdQ-\-Ndv, 

§ 97. Four Thermodynamic Relations. dQ in the prev ious 
article is not a complete differential ; we cannot express Q 
in the form F{Q, v) — F{6q, without assuming some further 
relation between 0 and v. Physically, Q is not a function 
of 0 and v\ heat may be given to the substance and 0, 
V go through a range of values and return to their initial 
values, while the heat absorbed in the process is not equal 
to that given out. Compare § 95 when d W is a complete 
differential ; when x, y return to their initial values a, 5, 
If = 0, that is, the work done by the force F is equal to 
that done against it. 

It is shown in treatises on thermodynamics tliat if we 
put dQ = 6dip where (p is the entropy we can rt'place (4) by 

dE=6dip—pdv, (10) 

E is the intrinsic energy and pdv the work done in the 
infinitesimal expansion dv. dE is a complete differential ; 
that is, E a function of the variables that define the state 
of the substance. 

There are now four variables p, v, 0, but of these only 
two are independent. If v, 0 are chosen as independent 
the symbol 'dpjW is now not sufficiently clear; it means the 
0-derivative of p when v is constant. But if 0, 0 were the 
independent variables, 0p/00 v^^ould mean the 0- derivative 
when if> is constant*. To 'avoid confusion we will, when 
there is doubt, enclose the derivative in a bracket and affix 
the independent variable which is supposed*to be constant 
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Thus {tpld6\ means that v, 6 are the independent variables, 
and that v is constant in forming dpJdO, 

Since dE is a complete differential we have (§94 (3)*; 
from equation (10) 



Let now v, d be the independent variables, then since 

d<p=^dv+f^de. 


(10) becomes 

dE=e^dd+{0^-p)dv, 


and therefore 



or 

dl±.-e 


that is, 

II 

II 

....(3') 

since the two derivatives of second order are equal. 

In the same way, by taking p, <j) as independent variables, 

we get 

(»?') 

\9^/p V9p/* 

•■•(2') 

and by taking p, d as independent variables 



/9t;\ _ 

\3d/p \dp)0 



Equations (1'), (2'), (3'), (4') are those numbered (1), (2), 
(3), (4) in Maxwell's Heat, p. 169. 

In effecting the differentiations it must be borne in mind 
that for example wheq v, Q are the independent variables 
W/dv is zero. The careful working out of these four rela- 
tions will give much information as to the meaning of 
partial derivatives; it is necessary at each step to attend 
to the meaning of thej^perations rAther than to the notation. 
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CHANGE OF INDEPENDENT VARIABLE. 

• # 

, Ex. 1 . d<f>=^dQie=^{Mde+Mv)ie, ^ 

For a perfect gas A"„ are constant, and by | 96, Ky—M and 
Kp- A\=N(dvfd^p. Bat for a perfect gas (dv/dd)„ — vl6. Hence 
\\ie^{K^-‘Ky)lv and 

. log 

as may be tested by differentiation. Therefore 
= log + const. 

For adiabatic expansion dQ=0 and cf<^=0 ; we therefore have 
^AVj;A'^-A'„_(jonat. or y>i?Y = const., 

as in § 9C. 

Ex. 2. The gain in energy dB due to a supply dQ of heat is given 
by dE— dQ - pdv = {N-p)dv -I- jifdd. 

Show tliat if dE is a complete differential, dQ is not. 

Since dE is a complete differential, we have 

diN-’p) dM 'ON dM dp ' 

that is, dNfdd, dMIdv are not equal and the result follows. 

Ex. 3. Prove tliat 

d6'd(\> dcfidO ’ dp^Sv ^dp^ ' 

Ex. 4. Show that equation (10) may be written in the forms 
dE~ d($<f>) - €f)d6 -pdv ; dE— - d{pv) + Odfj} + vdp ; 
dE^ d(0<t>) - d(pv) - i>dO-^vdp, 
and tlien prove (T), (2'), (S’). 

Ex. 5. It is shown in works on Thermodynamics that d<f> is a 
complete differential. Prove that 

d(M\_d(N\ 

diVSI^doKW 

§ 98. Change of Variable. Differentials of Higher Orders. 

When the independent variable a:; of a function y is changed 
hy a substitution, x = (/>(t) say, to a new independent 
Variable t the oj-derivatives of D'xy..., must be 

expressed in terms pf the . i-derivatives of y, y, y.... We 
have found (§ 68, ex. 2) that 

Dgy^ylic, D^y = (iby-yx)Jd^ (1) 

h2 • .*• 


U.U. 
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and it is ’easy to find when these are required. 

Since 0(0 is supposed to be given, the values of x, x.,., can 
be calculated, and the substitution of 0(0 for x and the 
above values for Dy, D-y changes any expression containing 
Xy y, Dy, into one containing y, y, y... . 

If we wish to make y the independent variable and x the 
dependent, then 






d;x 

(DyXf 


•(^) 

and so on. 

Again if we change from rectangular to polar coordinates, 
an equation f{x, y ) = 0 becomes an equation between r and 


0 and we may express D^sy, Dly,,,^ in terms of Dqv, Dgv, 
..,6 being the independent variable. For aj = rcos0, 
y = rsind and we can differentiate the products rcosd, 
rsin0 with respect to 0, r being a function of 0, 


dO 


= cos0^ — 7’sin0 
dd 




d^X 

J0, = COS 


e^-isme^-rcose, 


( 3 ) 


with similar expressions for dyjdQ, dhj/dd'^- In equations 
(1) we may suppose t replaced by 0, since of course t may 
represent any variable; x would be replaced by dxjdO, 
X by d^xjdO'^ and so on. We should thus express Dy, D^y 
in terms of r, 0, drjdQ, d^rjdO'^. 

In geometry and mechanics differentials of order higher 
than the first are often required. When x is -the indc^- 
pendent variable, dy = ydx (§ 60). The second differential 
of y is denoted by d^y and is defined by the equation 


dhj = y W = (D^y)dx\ 


and in general the nth differential of y is denoted by d^y 
and is defined by the equation 

d^y = y<^*>d!aj^= {Dxy)dx^ 
where dx^ means {dxY. 

If dx is an infinitesimal of the first order d^y is, in 
general, of the nth order. * 
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• • 

» In the second of equations (1) multiply the nymerat/or 
and denominator of the fraction on the right by dt\ Since 
is the independent variable we have 

dx = d)dt, d^x = xdt^y dy — ydty d^y — ydt', 
and therefore D^y = (dx d^y — dy d^x)ldx^ (4) 

D^y is thus expressed as a quotient of differentials; the 
independent variable for the differentials is not x but t 
(or any other variable of which x and y are functions). If 
X is the independent variable, then hy definition 

d^x = (l)^x)dx^ = 0 X dx^ = 0, 

and similarly we see that d?x, d^x, . . . are zero. In other 
words, the differential of the independent variable ii< 
constant. 

From (4) we may easily derive (2). Take y as the 
independent variable ; then d^y = 0, dx = {D^jx)dy, dh) 
^{DyX)dy^ and (4) becomes 

Dly= -dy(DyX)d'fl(D^fdy^= -D^xKDyXf. 

For more than one independent variable the trans- 
formations are complicated. We will consider only one 
case that is of great importance in mathematical physics. 


§ 99. Transformation of Vht,. Let be a function of two 
independent variables x, y, and let Xy y be changed to polar 
coordinates r, 0; we wish to express Ux, Uxx--- in terms of 

Ury Urr Of course a derivative implies that x^ y have 

been replaced in the function u by r cos 0, r sin 0. 

dujdr is the rate of valuation of u in the direction in 
which r increases, 0 being constant. In §92 put 0 = 0, 
8 = r and we find ^ 

^ = COS0^- +.sinfi— (1) 

or ax dy 

dulds in § 92 is the rate of variation of u in the direction 
0 + 7r/2. Let 0 = 0 so that PT is perpendicular to OP and 
&' = Py=rtan SO 

du ^ Svb -r * Svb _1 du 

~’rW 


(A/ # 

^ tan ^0 


Hence 


1 du . ^du , .016 .9. 

^ - —sin 0^ +COS 0— • 

r 36' • dx dy ^ 
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The •3leinent 'da' is replaced by rdQ ; rdQ is the demerit 
in the direction perpendicular to r just as 3r is that in the 
direction of r. * 

Equations (1), (2) are so important that we give another 
proof of them. By § 90 (a), taking x and y as functions 
of Vy 0 being kept constant, we get hy putting r for t 

'dvj'dy 

dr "”005 dr dy dr 

Here 'dwjdx means (duldx)y and 'dx/dr means {dxjdr)^ in 
the notation of § 97. Also 



B(rcosO) 

dr 


= cos0; 



= sin 0, 


-and the substitution of these values in (!') gives (1). 
In the same way 

du, _du/'dx\ 'diifdy\ 

dd ~ dx\w)r^^e)r 


(20 




from which equation (2) follows. 

Solving (1) and (2) for 'daldx, 'dwldy we got 

sin 0 diL 
r 00 

r^'dii . COS 0 du 

0 0 


016 ^dw 

— = COS0- - 

dx dr 


dll . 

— =sin0^ 
dy dr 


The function 


dx^ dy^ dz^ 


( 3 ) 

(4) 


is of very frequent occurrence in Physics and is usually 
denoted by V^ii. It is often necessary to transform 
so that other variables shall be the independent variables. 

First, let 66 be a function of the two variables x, y so that 
the third term is absent, an^ transform it so that r, 0, polar 
•coordinates, shall be independent variables. 

Denote dujdx, diijdy by Uy ; then we can find d^ujdx^ 
in terms of jr, 0 by writing in place of u in (3). 
“We must calculate 'dii^Jdr, 066a./00.* Now, 
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3 f 


COS0 


du sin 0 0161 




^0J 


— , sin0 3^i6 

'^2 ^ ‘QQ ^ 07’30 ’ 

'dUx n ^du sin 0 cos 0 dW/ 


_^~ = COS0^:^ 

d0 drdO 


— sin0 


dr 


002 


00 


Hence from (3) 
02 016, 


^dux sin0 0ita. 

0.x- 003 0r r 00 

and when the above values of dUxIdr^dUxIdO 8i,YQ substituted 
w e get, after an easy reduction, 

02 a _ ,,2^0% 2 sin 0 cos 0 d^u sin^ 0 0^16 

sin^ 6 du 2 sin 0 cos 6 9u 
r "dr dO ' ^ 

In a similar way we find 


ay*' 


.•20 2 sin $ cos 0 a*tt cos* 0 3% 

r d7'de'^~r^~ 30* 

, cos* 0 "du 2 sin 0 cos 6 dv 

dd"" 


' T 3r 

Adding (5) and (6) we get 


'r* 


.((i) 


'^u , 1 ^ , 1 

'"^1.2 • 07^2 '^/«2 • ' .. 


•( 7 > 


dx ^ ^ 02/2”’0r2 * r 0 ?’ ' 7 ’^ 00 ‘^ 

Next transform V‘^w from x,y,z U> cylindrical coordinates 
03 = ^3 cos 0, y = pfm\<l>, z^z. 

Here 5 . is not changed ; we have mt^rely to write p, <f> for 
r, 0 in (7), so tliat 


— „ 0 % Idu I d^u d^u 


’32* 


.( 8 ) 


Lastly, transform to spherical polar coordinates 
« = r .sin 0 cos ^ = r sin 0 sin s = rcos0. 
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The transformation may be effected in two steps First 
transform to cylindrical coordinates p, 0, z where p=^ 
r sin 6 1 this change gives (8). Next transform from z, p 
to r.e where ^ = rco80, p = r8in0. 

This cliange gives by writing z for x and p for y in ( 7 ), 
d^u da dhi 



Also by ( 4 ) replacing y by p, 

da . , cos 6 da 

dp dr r dd 

Substitute from ( 9 ) and (10) in (8) and put p = rsin0 
and we get 

T72 2 da 1 9 % , cotO 066 , 1 d^a . 

07^2 7.3^ 'i^dQ^ dQ six)?Q d(fi^ ^ 

It is sometimes useful to write the first two terms of (11) 
in the equivalent forms 

7 ^ 0r \ drJ r dr^ * 
and we may transform (11) to 

d\ru) d^a . 
unce “ 0Q2 — 


EXERCISES XIX. 

1. If .t— /’cos5, y=rsin^, show that 

The equation (i) is not in conflict wit)i the tKeorem that when ;r is a 
function of the single variable r, the product of dv/dr and drfdx is 
unity. The studeit should prove the equations by using a diagram, 
an^j^ewill see their meanii^g much more clearly. 
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2. If a?=rcos0, y=rsin^, prove 

(i) B^y — {r ^ + 2 (B^r)^ - rZ>^r}/(cos 0 B^r - r sin ^)" ; 

(ii) {l+(D^y)i/D^y={,^+(D^f]y{r^+^D^y - 

Deduce from (i) the condition for a point of inflexion on the curve 
given by the polar equation r^f{d). 

3. If .r— a(l — cos^), y~a{nt+mnt\ express B^y in terms of t. 

4. If x — rcos y =rsin ft and jr, y, r, 0 functions of prove 

(i) iccos y sin ; (ii) — xsin y cos ; 

(iii) x cos 0 +y sin O—r- r &^ ; (iv) — x sin 0 4-y cos 0 = rb + 2rb. 

If P is the point (x, y\ equations (i) and (ii) give the velocity of P 
along and perpendicular to the radius vector while equations (iii) 
and (iv) give the acceleration of P in the si^iiie directions. It is easy 
to see that 


5. If s is the arc of a curve measured from a fixed jjoint on it u}) 
to the point l\x, y, z\ prove, using accents to denote .s-derivatives 
and dots to denote ^derivatives, 

(i) .^•V'-fyy'-}-sV'=0 ; (ii) x=a;'i; (iii) .r ; 

(iv) x'x-\’y'\f-\- 2 fz — 8\ (v) ir 2 +y 2 4 - 22 =J{’ 24 ..«f^/p 2 ; 

where 1 /p^ = x'^ + y"^ + 2 

Equation (i) is obtained by ditterentiating as to s the identity 
y2^y2^,2;'2_|^ 

this relation holding since x\ y\ z' are direction cosines. I’hese results 
are important in Mechani(;s. ' Thus (iv) gives the tangential velocity, 

(v) the total acceleration. 


6. If the axes are turned through an angle a, the oltl coordinates 
(.r, y) of any point are connected with the new coordinates (^, ty) 
of that point by the equations (§27) 

cos a ~ 7/ sin a, y = ^ sin a -f ?/ cos «. 


prove that 


For, 


0-M 3-w 'd^u 'dhi ... 


'du_'du 'dx du'dy _'d^ 

'd^ ~ 'dx dy dK* dx 
dll 'du dx . du dy du . , c 


• du . 

cos a H- sin a ; 

c>.y 

du 
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Solving for 'duj'dx^ 'butby^ we find 


3u bv, 


bu . 


g^=^cosa-^sina; 


bu bu , , bu 


b^u bux bux 


bux . 


ete =‘sr “ - 9^ ““ “> 

A similar equation to (i) holds for three variables x, ?/, c. 
7. Prove ^ ' 


|(v%)-v(|). 


8. If in § 99 (12) 0 be changed to fi where /jt==cos6>, show that 
V^w becomes 



1 ^“1 
-y?b<f>U‘ 


9. Py P' are the points v, z)y z*) and PP'^r^ a poi^itivfi 

number \ PQ—dSyP'Q—ds'\ the direction cosines of pi^^ P'Q are 
{ly My n)y (l\ wi', w'), aud the angles QPP'y QfP'P are Oy &y while c is 
the angle between the directions of PQ and P'Q[, Prove 

(i) brjba = - cos d ; (ii) brfbs' = - cos ^ ; 


3V . brbr 

<“‘>'■51^+9597=“='^*’ 


(iv) 


3(r~*) cos 6 


(v) 


4 bXJr) __ 2 cos € + 3 cos 0 cos 6^ 

^fr bibs' 7^ 


In § 92 (3) put w=r ; then since 

brjbx = - (jf' - .r)/r, brfdyf —{of — x)lr, etc. 


and the .«:-direction cosine of PP' is {of -x)lr ; of P'P, (.r-.?/)/r. 


^ br jbr br br , 1 a 

9,=^9l+ ”^97+”^= “ (^ +••• + •••/= 

In finding b^rfdsbs' by differentiating br/bg as to 8\ it is to be noted 
that ly m, n and Xy y, z are independent of s ' ; so are r/?', ?/ and 
x'y y\ tI of «. 

<3 Z(j/ — x) _l bx' l {af ^x) br IV , 1 

7* r 3i' 05'"' r r r bs ’ 

since V^bx'fdif, Finding the derivatives of m{y' -y)lry 7i{z ~z)It 
and adding 

oV (ir +mm' +nn'\ , f^x'-x . y'-v . 37* 

'* Vi 

COB g br \br 
~ f ^ * r 3/’ 


which gives (iii). Also 

'b(r’'^)/b8= — r“®3r/3«=cos0/r^, which is (nt’X 
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EXERCISES XIX. 

• • 

10. Let QP in ex. 9 be produced backward to making 

Let n = \jPP* — \lr^ and let Uq, denote \IQP\ Show 

(syg in § 92) that 

^•V QiQ * ds~ 

11. With the notation of ex. 9, let P be the centre of an elementary 
magnet of moment J/, whose axis is in the direction PQ ; show that 
the potential V at P' of the magnet is 

v= 

'ds 'T 

At Q, (see ex. 10) let quantities w, -m of magnetism be placed ; 
the potential at P' of these quantities is 

m uq - muq^ = mQ^Q{uq - Uq)jQ^Q, 

Let QiQ tend to zero while the product vnQ^Q remains constant and 
equal to M ; tluui V is the limit of the fraction just written, which 
by ex. 10 is 

, .cos 0 

M ^ —M- 
os ?- 

12. The components of the magnetic force at P* (ex. 11) are 
- 'd Vfd:v\ - 'd Vj'dj/, - d V/dz' ; show that 

_ 3J' 3i/(y ~ :v) cos e_Ml 
r* ’ 

with similar expressions for the other two components. 

13. If an elementary magnet of moment 3f' is placed with its 
centre at P' and its axis along show that the mutual potential 
energy W of the magnets is 

m 1/31^ irur^^Kr-^) i^i/^'(coae + 3coa^cos(9') 

ly ~JI r^-==JlJl 

08 08 08 r' 

Apply the method of ex. 11, taking V in place of u or 1/r. 
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APPLICATIONS TO THE THEORY OF EQUATIONS. 

§ 100 . Rational Integral Functions. If f{x) is a rational 
integral function of x of degree -n, it is proved in treatises 
on the theory of equations that in general there are n 
values of x which make f{x) zero ; these values are called the 
roots of the equation f{x) = 0, or the zeroes of function 
f{x). These values are not, however, necessarily real 
numbers, nor are they necessarily all different. Thus, if 
/(a:) = (ir — — 2)(a?2 + l), f{x) is of the 5th degree; two 
of the roots of /(^) = 0 are equal to 1, one root is 2, and 
there are two imaginary roots ±J( — 1). 

a is called an r-ple root of /(.r ) = 0, or an r-ple zero of /(ir) 
if f{x) contain (cc — a)^ but no higher power of (x — a). In 
this case f{x) is of the form {x — ay(p{x),und 0(a) is not 
zero; if 0(a) were zero, then by the Remainder Theorem 
proved in Algebra 0(a?) would contain ic — a, and therefore 
f{x) would contain a higher power than (cc — a)’*. 

When f{x)^{x — aY^(x) it is obvious that the 1st, 2nd 
... (r--l)th derivatives of f{x) will contain cc — a as a factor, 
and will therefore vanish when x = a. We leave it as an 
exercise to the student to show that the necessary and 
sufficient conditions that a should be an 7’-ple zero of f(x) 
are that f{x) and its first (r— 1) derivatives should vanish 
when aj = a, but that the* 7’^^* derivative should not vanish 
when 05 = a. Also that the multiple roots of f(x) = 0 are 
roots of f'(x)^0y and nlay therefore be obtained as the 
zeroes of the g.c.m. oif{x) arid fix)* 

Manifestly the graph of (x — afipix) will or will not cross 
the aj-axis Uccording as r is an odd or an even integer ; if 
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• . . . . 

r>l the aj-axis will be a tangent at the point (a, 0), since in 

tljat case /'(«) will be zero. 

Ex. 1. Show that 2 is a triple root of the equation 
3.i*^-16a;^ + 24.r^-16 = 0. 

/(2), /'(2), /''(2) are zero, but /'"(2) is not zero ; /(2) is (^- 2)3(ar-f 2) 
so that 2 is a triple root, and — 2/3 is the remaining root. 

Ex. 2. Find what relation must hold between q and r that the 
equation + /*=0 should have a double root. 

If the root be a, then /(a)=0,/'(a)=0,/"(a)=4=0 ; therefore 
r=0 (i) ; — 0 (ii) ; 6a=|=0 (iii). 

From (ii) or— -ql'^j and therefore by (i) 2qa,3-{‘r=0. Hence 
^ 2 _ — ^/3, and a^=9ry4q“y 
.so that 27y"-f- h/'^=0 is the required relation. 

§ 101. Any Continuous Function. We will now suppose 
f{x) to be any continuous function ; it has always to be 
remembered that theorems proved on the assumption of the 
continuity of the function may cease to be true if the 
function be discontinuous. 

If f((i),f(h) are of opposite signs, then (§ 45, Th. II.) there 
is at least one root of /(cc) = () in the interval (a, b) ; when it 
is said that a root lies in the interval (a, b), what is meant 
is that the root is greater than one of the numbers a, b aiid 
less than the other. 

If f'(x) is continuous and does not vanish for any value 
of X in the interval (a, 6), then f(x) is either an increasing 
or else a decreasing function in the interval (a, 6), and 
therefore when /(a) and f{b) are of opposite signs, f{x) 
vanishes once only ; that is, there is only one root in the 
interval. 

If f(x) and fix) are continuous, then between every two 
consecutive roots of fix) = 0 there is at least one root of 
/(«)=0; and conversely, between two consecutive roots of 
/'(a;) = () there cannot be more than one root of f{x) — 0 and 
there may be none. 

The first part of this proposition' is Rblle’s Theorem (§ 72). 
To prove the converse, ‘let a Und ^ be the two roots of 
f'(x) — 0, and suppose if possible that there are two roots of 
/(ir) = (), say a and 5, in the interval (a, /3 ) ; we iftay assume 
a<a<h<]8. Since /(a) = 0, /(fc) = 0, /'(&) must vanish in . 
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the iiAerval (rx, 6), contrary to the hypothesis that a, ^ if re 
consecutive roots of f{x) = 0. It has already been pointed 
out that /'(aj) may vanish more than once between t\fo 
consecutive roots of f{x) = 0, and therefore it may happen 
that there is no root of /(aj) = () between two consecutive 
roots of Aaj) = 0 (§ 72). 

§ 102. Newton's Method of Approximating to the Roots of 
an Equation. Throughout the chapter we consider leal 
roots alone, and we suppose that f{x) and its first two 
derivatives are continuous within the range considered. 
When f{x) is a rational integral function we will suppose 
that the multiple roots, if any, of f\x) = 0 have been 
determined by the method of the g.c.m., and that the cor- 
responding factors have been removed ; hence f(x) and f'{x) 
will not vanish for the same value of x. (Of course it may 
quite well happen that the zeroes of the G.C.M. have to be 
determined by one of the methods about to be givim for 
approximating to the roots of an equation.) 

The following method of approximating to the roots is 
known as Newton's Method. 

Suppose it has been found that /(a) is numerically small ; 
we can generally get a closer approximation than (f as 
follows : Let a be the root to which a is an approximation, 
so that /(a) = 0. By the Mean Value Theorem, 

f{a) =f{a) + (a - a) f\a) + J (o - «)y"(®i) (1) 

where lies in the interval (a, a). If we neglect (a — a)- in 
comparison with (a — a), equation (1) becomes, since /(a) = 0, 

fia)+(ai~a)fXa) = 0, j^iving a, = a -/(»)//(<»-) 

where is the approximate value of a. 

We may now use as we have just used (/, and get 
another approximation ag where 

and so on. This process, liowever, does not show that Oj is 
really closer to a than a is, and gives no criterion of the 
closeness of^the approximation. We therefore investigate 
^the conditions for tjie closeness. * 
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NEWTON’S METHOD OF APPROXIMATION. 

• I 

^ 103. Tests for Degree of Approximation. Let us suppose 
(i) that f{a), f(b) are of opposite signs, (ii) that f\x) does 
net vanish in the interval (a, 6), (iii) that fXx) does not 
vanish in the interval. 

Conditions (i), (ii) show that there is one and only one 
root, a say, in the interval (a, h)\ condition (iii) shows that 
the graph of f\x) is either convex upwards or else concave 
upwards in the interval, that is, it has no point of inflexion. 

Let a be that end of the interval at which f{x) has the 
same sign as f\x ) ; this choice of the end of the interval is 
essential, a may be either greater or less than h. 

The figures (a), (b) show the graph when f\x) is nega- 
tive, (c), (d) when f\x) is positive. The abscissae of A, B 
are a, fe. 



The graphs show that the tangent at A will cross the 
fl?-axis at a point between a and a ; will therefore be 
a better approximation than a. Now the equation of the 
tangent at A is 

j/ =/(«)+ (*-«)/'(“). 

and when 2 / = 0, a; = a^. Hence 

ai = a-/(a)//(a) (1) 

Let the line through B parallel to ‘the tangent at A cut 
the rr-axis at the point ; th^ equation of the line is 

w=b-f(b)ina) 


Hence 


( 1 '), 
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and 6^ lies between h and a, so that 6, is a better appivxi- 
mation than 6, though not necessarily better than a. 

Now - ai = - {f{b) -f(a) - (6 - a)f(a)} /f(a\ 
which by the Mean Value Theorem may be written 
6 i - ai = - 1(6 - a)Y'(x^)lf{a) 
where lies in the interval (a, 6). 

Let d be the numerical value of (6 — a), that of 

and let G denote the greatest value of f"(x)y g the smallest 
value of f\x) in the interval (a, 6) ; then 

d^^d^Oj^gy or d^^d% k=^Gjtg, 

Since a — is numerically less than 6^ — we have a — 
numerically less than d^ or d^ky so that the error in taking 

instead of the root a is less than d%. Similarly the erroi' 
in 6^ is less than d^k. 

We may repeat the process with 6^ inst(‘ad of a, 6; 
we should find, using a similar notation, 

«2 = «i -/(«i)//(«i) ; ^2 = ^ -A\)lf\^ ) 
d^^d^ky that is, df^d^l<?y 

and the error in taking ctg or is less than d.^, 

The process may be repeated. As soon as a, 6 are such 
that dk is less than 1 , the approximation to u becomes very 
rapid. There is, as a rule, no need to calculate, 6j, 63... 

The student will see by examining figures that if a is not 
chosen as stated, the value of or \ may be further fron? 
a than a or 6. 

§ 104 Examples. 

Ex. 1. If find the roots oi 

/'(A') = 9(^+§)(:r-§); 

/(- J)=6il is a maximum value of f{x) ; /(§)=3^ is a minimum. The 
point (0, 5) is a point of inflexion. 

It is easy to see that the graph of /(./?) crosses the .^ -axis once only, 
so that there is only one 'real mot. 

/(~2)=-ll, /(-I)— +6, so that the^root lies between -2 and 
- 1 ; as /( - 2) and /( - 1) are large, we seek a closer approximation 
before choosing a, b. Now f{ - 1*6) = - *888, /( - 1 *5) - + *875. Since 
f\x) is negative when x is negative, we take a= - 1*6, 6 = -1*5. 
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(?=^umerically greatest value oifXx) in interval (-1*6, - 1*5) =>28*8. 
^ = numerically smallest value of f{x) in interval = 16*25. 

/fr A (7/2^ =14*4/1 6*26 < 1 ; f7=*l ; d‘^k< '0\, 

aj = a -/(a) / f{a) = - 1 6 + *04 = - 1 *56, 
and differs from a by less than *01. 

a.^=:ai-/(6r,)//(«i)= -1-56 4- *0083= -1*5517, 
and differs from a by less than d*k^ or *0001. 

The values *04 and *0083 are of course approximations. Care must 
be taken that we do not go beyond the root. Thus 

-/(«)//'(«)= 

but if we take *05 as the value, thus making a, = -1*55, we find 
/■(-1*55) to be positive. The reasoning, however, depends on having 
f{ai) of the same sign a8/"(-^), that is in this case negative. 

A closer approximation is 

a 2= — 1*551 608 12, 

and the error is less than a unit of the last decimal place. 

Ex. 2. Solve the equation .r-f sinx-- =0. 

o 

If A is a point on the circumference of a circle, and if d/J, AC are 
two chords which trisect the area of the circle, then the angle between 
AB and the diameter through A is ix radians. 

/(.c) = .r + sin a* - ^ ; J\v) — i + cos x ; f"(x) = - sin .r. 

It is easily found that x lies between 30^ and 31®, or in radians 
•5236, and *541 1. 

/(•6236)= - *0236 ; ./ '(*•'^236) = 1*8660 ; 

/(*5411)= -f *0089 ; /'(•5411) = 1*8572 ; 
f7= *0175 < *02 ; /*= Gfy < *2, d^^k < *00008. 

Since f'{x) is negative, we take a = 5236, 

aj = (/ -f{a)lf{a) = *5236 + *01 26 = *5362, 

and the error is less than a unit of the fourth place. 

The next approximation gives 

a., = -/(ai)/ /(«i) -= '^362 + *0000674 = *5362674, 

and the error is les.s than a unit of the last figure. In degrees the 
angle is 30" 43' 33"*0. 

§ 106. Successive Approximations. Suppose the equation 
to be of the form x = 0(a;) ; let <a be* a root and a an 
approximation to a, a = a^h say. Now 

a = ^(a) = ^ (tt + /i,) = <f>{^ ) "b 4“ Oh) 

and therefore h<j>(a + 0A)., 
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Usjjig the terms “ greater ” anti “ less ” to mean numeri- 
cally “ greater ” and “ less/' we see that if, for every value 
of X that is nearer to a than a is, ^'(x) is less than a proper 
fraction m, the difference between a and (p(a) is less than 
mh ; that is, the difference between a and 0(a) is less than 
that between a and a. Hence 0(a) is a closer approxima- 
tion than a. 

Denote 0(a) by and let a — a^+h^ where is equal to 
h(l>(a + 6h) and therefore less than mh. We find in the 
same way 

a — </)(a^) = + 6ih^ ) < h^m < hm\ 

So that 0(ai) = a 2 is a closer approximation than a^. The 
upper limits of the errors hm, hm^ usually decrease pretty 
rapidly as m is, in the cases to which the method applies, 
often a small fraction. We may proceed, of course, with 
and so on. 

It is essential for the success of the method that be, 
near the root, a proper fraction. It may be proved that 
Newton ^s method is a particular case of that of Successive 
Approximations, and unless m be pretty small the latter 
method has no advrmtage over Newton's. 

Ex. Solve the equation 10*=3456 ^/A•. 

Take logarithms to the base 10, and we get 
log 3 *538 5737 = 

If we draw the graph of ^ logo? and of J7-3 538 5737 we see that 
they intersect for a value of x near 4 and also for a very small value 
of X. Take first a = 4, now 

. M -4343 ^ . 

= ^=logio«- 

so that when x is nearly 4, jl{x) is a piopei* fiaction. 

Take 4-figui‘e logarithms tor the first approximations, 
aj=:0(4) =3*5386 + -3010 = 3-8396; 
a2 = 0(ai)=3-5386+ *2921 =3-8307 ; 
ag = 0(a2) =3-5386 + -2916 = 3*8302. 

When ^=a. 2 , .r — 0 (j7)=*OOO5, so that a, is a fairly close approxinia* 
tion. Take now 7-figure logarithms, ana we find 

«4='K«3)=3’638'5737 + -291 6107 = 3-830 1844; 

«6=^«4)=3'830 1835 ; 

»6=^«6)=3‘830 1836 ; 
to 7 decimals Vg is correct • 
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Bor the other root the methhd is inapplicable, since near 0 ^\x) is 
greater than 1. But since a: is very small we get a good appioxima- 
tion by taking the value of x, whicfi satisfies </>(j?)=0. Therefore 

log 07= - 7*077 1474=8*922 8626 ; 
and .r = *000 0000 8372 45. 

§ 106. Expansion of a Boot in a Series. Reversion of Series. 

Let the equation a; = ^(a5) he 

X — Ay + Bx^ 4“ Cxy + Dy^ + Ex^ + Fx^y + Oxy"^ + Hy^ + . . . , 
or = + •••> 

where U2, U3... are of the 2nd, .‘h*d... degree in x and y. 

If y is a small quantity one root will be approximately 
for this value of x makes tu of the second order in 
;y, ttg of the third — Call this approximation a. Clearly 
for small values of x we may suppose <j>{x) a proper fraction. 

The next approximation is a^=-<j>{a) = d>{Ay), To the 
2nd order in y we may neglect u^... and tak§ 

= <l>{Ay) ==Ay + B{Ayf+C{Ay)y + Dy^ 

= Ay+B^y^ say. 

The next approximation is a2 = 0(ai), and in forming 
(f>(ai) we need only retain terms of the third order in y. 
Hence in we need only substitute the first approximation 
a or Ay, since if we put Ay+B^y- all terms except those 
which come from Ay alone would be of a higher order 
than the third In 163 substitute or Ay + B^y'^ but 
reject the term BiB^y'^Y whicli is of the fourth order. We 
thus get a^ = Ay+ B^ + C,y^ 

and we proceed in a similar way to find ^(ag). 

The practical rule then may be stated as follows : 

For the first approximation neglect : we get 

Ay = iL 

For the second approximation neglect and sub- 

stitute amu^\ we get Ay+B^y^ = ay 

For the third approximation neglect sulxstitute 

a in U3, in Ug, and reject tenns a^ove the third order ; 
we get il2/+£ji/^+(7i?/ = a.3. ^ * 

For the fourth approximation neglect substitute 

a in U4, in in and reject terms above the fourth 

order; we get AyA-B^y^+C^y^+B^y^=^a^ and so on. 
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Ex^l. i> 

1st App. x—%y\ 

2nd App. .r = 2y + {^yf - (%/ )^ = + 2/ ; 

3rd App. X = 2y + (2;y + 2y'*)2 - (2^ + 2^ ),y + (2j/)‘^ = 2^ + 2y- 4- 1 4^* ; 

4th App. X — 2// -f (2y + 2y2 + 1 4y3)2 _ + 2?/ + 1 4^^)y + (2y + 2y2)3 - (2y 

= 2y 4- 2^2 ^ 1 4^3 + 54y^. 

Ex. 2. f\){x) may be an infinite series, the usual conditions as to 

j convergency being supposed satisfied. Thus if we put ^—\ +y^ then 
.r4-i^H J.^“‘*4-2V^4-...=jj/ ; 
or X —y - l.r- - • • 5 

and the student will readily find that to the fourth <n*der 

that is log (1 +y) =;/ - +if- }«/• 

This is an example of Reversion of Series ; the full discussion, how- 
ever, of the subject of this article lies beyond our limits. The student 
is referred to Chrystal’s AlgeJrra^ vol. ii., chap. 30, for an adefjuate 
treatment. 


Ex. 3. Expand y in powers of x for large values of x when 
y'^ ,7^ ^^axy. 

When X and y are both large the product xy may be neglected in 
comparison with and y, hence a first approximation gives ?/54-.r-" -(), 
that is 2/ = “ To get a second approximation write 
y= -x+Zaxyl{x^-xy+y^, 
and on the light aide put ~.r for y. We thus get 

2nd App. y~ -x+'^ax{ -x)l{x'^+x^+aP)— -x-a. 

To get a third approximation put ~(^4-«) for y and expand in 
powers of l/.r, which uy hypothesis is small since x is large. Theii 


The line y^ -x-a is an asymptote of the curve ; the term a^/3^* 
shows that at both ends of the asymptote the curve is above the 
asymptote. (See Ex. 13, p. 62.J 


The method of this article is of great service in finding 
the shape of a curve ne^r any point on it. If the point is 
not the origin, we may shift the ‘origin to the point, and 
then the equation will be of the form given at the beginning 
of the article. We may, of course, when we wish to expand 
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THE EQUATION a? tan a:. 

y ih powers of x, write the equation in the form y—'ifr{y). 
For the application of the method to the finding of asymp- 
totes and generally to the investigation of the shape of the 
curve at a great distance from the origin, example 3 may 
serve as an illustration. The student is referred to the 
admirable treatise on Curve Tracing by Frost (London: 
Macmillan) for a systematic exposition of the method in its 
applications to geometry; that book is, in the words of 
Professor Chrystal, “ a work which should be in the hands 
of every one who aims at becoming a mathematician, either 
practical or scientific.” 

§ 107. The Equation x = tanx. Equations of the form 
mx = tan x occur in the Theory of the Conduction of Heat 
and in the Theory of Vibrating Plates. For simplicity we 
take m=l, but the discussion goes on similar lines when 
m is different from 1 

Obviously zero is a root, and the negative roots are equal 
in numerical value to the positive roots, so that we consider 
only the positive roots. 

By drawing the gi'aphs of tan x and of x we see that they 
intersect once and once only in the intervals (tt, 7r/2), 
(27r, 57r/2) and in general (t/tt, 7i7r + 7r/2) where n is any 
positive integer. There is therefore one, and only one, root 
of the equation in each interval ; there is no root between 
0 and 7 r/ 2 . 

Let x — i^nx=f{x) and calculate by Newton’s method 
the root in the interval (tt, 37r/2). 

= — tan‘^ X ; f\x) = — 2 tan x sec^ x. 

An inspection of the tables shows that the angle lies 
between 180° -f 77° and 180° + 78°. Expressing these angles 
in radians, we have fo three decimals 

.r = 4-4S5; /(a)=154; 

;r = 4-5():3; /(aj)-- 202; /(aj)=-221. 

Since f\x) is negative we take a ^4 503, 5 = 4*485, so 
that d = *018 < 02 and it is easily found that k is less than 5. 

^a-f{a)lf{a) = 4 o03 - 009 = 4*494, 
and the error is less than or less thaj^ *002. 
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In peeking a closer approximSttion care must be taken 
not to go beyond the root ; if we do so /(ctg) will be positive. 
Owing to the rapidity with which the tangent changas 
there is danger of doing so when using 4-figure tables; 
besides the next approximation will have an error less than 
or 2 X lO"®, so that we may use the ordinary 7-figure 
tables. 

is not beyond the root, for /(a^)= —*011 9542. 

Again, 

-/(a,)/ f(a^) = ch - *000 5888 = 4-49341 12, 

so that if we take the root as 4*49341 the error is less than 
2 units in the last place. A closer approximation is 

4-493 4095. 

To get the other roots let ir = n 7 r + 7 r /2 — 0, then 6 is an 
acute angle and 

tan X = tan — 0^ = 1 /tan 0 ; 

and since x = tan x we have tan 0 = 0 = tan ‘ ^ (-\ Hence 

X \x/ 

putting G for n 7 r + 7 r /2 we have 

05 = 0 — taii"^ 

It is shown in a later chapter that 



so that 


1 I 1 ^ 1 

^ ^ x 3.x^ 5af 


The equation may be solved by the method of last article, 
since x is, even for 7^ = 2, greater than 7 5, and therefore 
\jx fairly small. 

Ist. App. 05 = 0 ; 

2nd. App. 05 = 0 — ^ 

3nl App. 
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1 2 13 




c 3c® Lie®’ 


TAT A 12 13 146 

6tK App. — 

For 71 = 2, 3, 4,..., this last approximation is amply 
sufficient for all practical purposes. The student may 
show that xfir has the values 1*4303, 2*4590, 3*4709, 4*4747, 
5*4818, 6*4844, for n = l, 2, 3, 4, 5, 6. [Rayleighs Sound, 
I., p. 334 (2nd Ed.).] 

Many equations involving trigonometric and exponential 
functions were di^scussed by Euler, and the general solution 
of the equation a? = tan a; is due to him. 


EXERCISES XX. 

In the following examples it will lusiially be sufficient to calculate 
the root to 3 or 4 decimal places ; in some cases the results are given 
to more figures. 

1. Find the real root of 3,r’-f 5.t:- 40=0. 

2. A sphere of radius 1 is divided by a plane into two parts whose 
volumes are in the ratio of 1 to 2 ; the distance x of the plane from 
the centre of the sphere is a root of the equation 3:r-'*~9a7+2 = 0. 
Find x. 

3. Find the root of a;^-4.^'2-7J’^-24=0 that lies between 2 and 3. 

4. If (1 4-.r)'‘=27*34, find 07. 

5. If 10*=20o’, find .r. 

6. The chord AR of a circle, centre C, bisects the sector AGB\ if the 
angle ACB is x radians, show that o’ = 2 sin .r and find x. 

7. Solve the equation O7 = coso7. 

8. The eciuiiLion 2.2: = tan .r has one root between 0 and 7r/2 and 
another between tt and 37r/2 ; find both roots. 

9. Show how to solve the equation , * 



for a when I and c are given, I being not much greater than c ; for 
example, c=h00, Z=105. The value of a determines ^'the catenary 
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assumed by a string of length I hanging from two points in a l^pri> 
zontaf line distant c from each other. 

10. Find the lejist roots of ,, 

(i) (e* + e“*)cosA-- 2=0 ; (ii) (c*+e“*)cos.r+2=0. 

Obviously zero is a root of (i) ; find the next smallest root. 

11. Solve x — a sin x — h 

where a = *245316, h = 5*755067. 

12. Show that the approximations to the root a of x — <^(x) given 
by the method of § 105 are alternately greater and less than a if </>'(a) 
is negative. 

13. If /(^, y)=0 and F{x^y)=0 have as an approximate pair of 

solutions y~h show that in general the values a-^hy h^rk will 

be closer approximations if A, k satisfy the equations 

/(a, A)+Ag+^|^=0, h\a, 

where in the derivatives .r, y are replaced by t/, h. 

If f{xy ij)—x^ -f - 12, F{xy y) - ^xhf - 8, 

find closer approximations to the I’oots near a^ = 2, y = 1. 

14. If (y - 0/ - 2.r) = -f 2j^y -f 

show that when x is small there are two values of y given, as far as 
terms of the third order in Xy by the equations 

y=x-x;^ — a^ and y = + 3^\ 

Show that the curve given by the equation has two branches that 
pass through the origin and that the tangents at the origin are y = x 
and y = 2x. Sketch the curve for small values of x. 

[Write .y=x+-—-+^|'^+^- and proceed as in § 106 ; tl.en 

write y — ^x+ x^f(^ - ^) + , etc.] 

16. If a‘'^(y^ — .^’2)=^^- v/, show that for small values of x there are 
two values of y given by 

y—x + and y~~x~ 

Show also that near (o, a) the shape of the cui ve is given by 
x^^2a(^/-a) = 0. 

Graph the curve. 

• I 

16. If (y - xy^=x^+x^ +x^ show* that for small values of x 

• ,• 

y=.r±;^/2 .x^. 

Graph the cufve near the origin. , 
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§ 108. Proportional Parts. » In the use of Logaritlimic.and 
similar 1'ables it is often necessary to find the value of the 
fui^ction for a value of the argument not given exactly in 
the Tables. It becomes necessary, therefore, to interpolate, 
and the ordinary rule is based on the assumption that the 
difference in the function is proportional to the difference 
in the argument. We will now examine the assumption. 

Let /i and s l)e small quantities having the same sign, 
but z being numerically less than k; then by the Mean 
Value Theorem, /'(x), f'X^) being assumed continuous, 
the following e<juatioiis are approximately correct. 


t\a + h) ^f(a) ^ hf{a)+ ( 1) 

4. ) 4. X ^ 2 f^a) CD 


Let l)=^f((( +h)—f((() and eliminate /'((()] therefore 


f(a + z)-f((i.)=jD+ U{z-h)f"{a) (3) 

Equation (•*!) is approximate, but by following the lines of 
the proof of the Mean Value llieorem we can show it to be 
exact if in place of f\(t) we write /"(</ + 0A) where Q is a 
proper fraction. 

Foi let ^ -/(a) + h)P (a) 

and let 

Now J^(a) = 0 identically; F{a + z) = Q by (a); /M(f6 + /<) = 0 
identically, remembering the value of LK Hence F\x) must 
vanish for a value of x between (i and <t + and again for 
a value of x between a + 0 and a + If ' ; therefore F'\x) must 
vanish for a value of x betweem these two values, and 
therefore between a and a + /#. But 


F'xx)=r(x)-^p. 

and therefore P =f'\a + 6h). 

Hence, instead of (3) we get the exact equation, 

f{n + z) -/{a) =|i) + - h )f\a + 0/0 (4 » 


D-f{a+h)-f{a). 


where 



266 AN ELEMENTARY TREATISE ON THE CALCULUS. 


In the figure (Fig. 53)/ 

Y| 


OA=a, 


AG=z, AB=:k. 



RQ=f{a+h)-f(a)=D. 

US=f(a-hz)-f{a). 

UT^zDjh. 

8T=hz(h-z)f"{a+dh). 


® ^ C B X error committed in replacing 

^ the arc PSQ by the chord PTQ i.s 

measured by ST, z is by hypothesis less than h, and the 
numerically greatest value of z(}t — z) is Hence, if G 

be the numerically greatest value of f\x) in the interval 
(a, a + h), the numerically greatest value of ST or of 


^z{h-z)f\a + eh) 

will be ^h?G, 

Suppose now that f{x) is tabulated for a vseries of equi- 
distant values of rc, the difference between successive values 
being A. Let a+z be a value of x between a and a + h, 
and therefore not given in the Table. The ordinary rule is 
to calculate /(a+ 0 ) from (4), neglecting the second term 
on the right ; that is, 

/(a+v)=/(</)+|2). 

For a given value of a, the amount by which f{a) is in- 
creased to find f{a+z), namely zD/h, is therefore proportional 
to z ; the error in following the rule is therefore not greater 
than h^G/S. 

Exceptions to the application of the rule occur in the 
following cases : 

I. 0 may he mich that h^GIS can not be neglected in 
com'parison with zD/h ; in this case the dAfference D is said 
to be irregular. 

II. D may be so small that it vanishes to the number of 
figures in the Table * in this case the difference is said to be . 
insensible. The difference will be insensible when f(a) is 
very small, since 

£=/(a+/O--/(a)=VX«)+iW«+0A)- 


EXCEPTIONS TO RULE. 


26T 


Example, f (x) = log^osln x. 

Let M = logjo e = *434 2945 ; 

then f'(x)=M cot x; /"(x)= --M cosecAr. 

If X is small, f"(x) is large, and the differences are 
irregular; since cotcc is not small the differences arc not 
insensible. 

If X is nearly 90°, cot x is small, and the differences are 
insensible; though /"(x) is not large the ratio f''(x)lf'{xy 
= — 2/sin 2a; is numerically large and therefore h^G/S can 
not be neglected in comparison with zDjh. Near 90° 
therefore the differences are both insensible and irregular. 

For tables that proceed at differences of 1', & is 1' or in 
radians /i,= 000 2909, 

and im* = 000 0000046. 

To find when Jif/t^cosec^a; would affect the seventh figure 
we may put cosec^a; = 5 x 10"^, 

and we find from this equation that x is about 18°. Hence, 
apart altogether from errors due to neglected figures in 
carrjdng out the numerical work which may easily amount 
to more than a unit in the seventh place, the error due to 
neglecting the term li^GjS will amount to half a unit in the 
seventh place for angles less than 1 8°. 

If h is equal to 10" the student may show that the 
seventh figure will not be affected by the neglect of /i*6/8 
till the angle is about 3°. 

The student may with advantage consult Hobson’s. 
Trigonometry, Chap. 9. The advanced student will find 
a thorough discussion of all the principles involved in 
numerical approximations and the use of tables in Liiroth’s. 
Vorlesungen vher numerisches Rechnen (Leipzig: Teubner, 
1900). 

Ex. 1. Show that for log cos a? the diffeisences are insensible and 
irregular when x is small, and irregulaf when sr is near 90®. 

.. » 

Ex. 2. Show that for log tan .r the differences are irregular when 
X is small and wW a: is near 90®. Show also that^the maximum 
error is Iea8t*wh6ii x is near 46®; ^ 

O.C. 


I 
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Ex. 3. In a 7-figure table of the logarithms of numbers, show that 
the term K^OjS is most important when the number is 10000, and that 
the greatest error arising from the neglect of that term is about 
5*5 X 10“^®, and is therefore negligible for these tables. 


§ 109. Small Corrections. In practice all measurements 
are subject to errors, and it is therefore of importance to 
determine the influence on the result of a calculation when 
the argument or arguments of the calculated function are 
given by measurements whose errors are approximately 
known. 

Let a quantity x be determined by measurement and let 
3 / be a function f{x) of x. Suppose that the value x given 
lay the measurement differs from the true value by 8x, then 
the true value of y is f{x + Sx) and the error 8y is 

Sy =/(a; + &x) -f{x) =/'(a; + 68x) 8x 
or 8y=^f\x)8x approximately. 

The relative error 8yjy is, approximately, 


Sy _/{«') 

y /(«:) 


8x, 


As a rule it is the relative error that is important ; of 
the two factors 8x and f(x)lf{x) the first depends solely 
on the accuracy of the measurements while the second is 
conditioned by the general arrangements of the inves- 
tigation. 

If there are two or more variables, x, y, z say, then the 
error 8u in the function u=f(x, y^ z) is 

as far as quantities of the first order in 8Xy 8y, 8z. Since 
the value of 8u is of the first degree in 8Xy dy, 8z the joint 
effect of the individual erroi*s Sx, etc., is obtained by 
addition of the effects due to each separately. This 
principle of “ the superposition of small errors ” is of great 
importance in practice. ’ 


Ex. 1. The side a and the angles 5, U of a triangle ABC are 
measured ; if these be liable to the errors 6a, 8B, 6(7, to find the error 
in the calculated value of the area S. 
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Denote by the error ill S due to the error 8a taken itself, 
and use a similar notation for the other errors. In finding the 
dgrivative of /S’ it is most convenient to differentiate logarithmically. 

/S'=-J<z2sin5sin (7/ sin (5+ (7), 

{8S)alS=^28ala, 

{8S)BlS^{cot B - cot{B+ CyfBB, 

(8S)o/S^{cot G -- cot (B+C)\ 8a 

The total error 8S is got by adding these separate errors. 

As an example, let a = 250 (feet), ^-27° 12', 6’- 46“ 18', 8</ = *25, 
85—10', 80=20'. The percentage errors in a, 5, 0 are 

100— =-l; 100-^=-6; 100^=-7. 
a * B 0 

It is sufficient therefore to use 6-figure logaritlims. We find 

^ 4 = •002 + -00474 + -00392 = -0I066. 

/J 

5=10646 ; 85=113-49; ^^^'- = ri. 

The calculation of S from the values a-l-8u, 5-1-85, C-f 8(7 gives, if 
JS' be the new value of 5, 

5' = 10760; 5' -5= 114. 

Since 6=a8in5/sin(5-f(7), we have for the error in h 

8b/b = 8a/a + (cot 5 - cot {B-\-C))8B- cot (5 -f C) 8C, 
so that 86/6 = 00390, 10086/6= *4, 86 = -5 nearly, 

and in the same way 

8c/c= 0040, 1008c/c=*4, 8c =-75. 

Ex. 2. The sides a, 6, c of a triangle ABC are measured ; to find 
the error 8^1 in A due to errors 8(t, 86, 8r in a, 6, c. 

We may take the value of cos A given by 

cos =(6‘^ + — a‘^)/26c 

and differentiate ; but the result may be obtained more quickly, thus: 
a= 6 cos (7-f c cos 5 ; 

therefore 8a = cos (786-1- cos B8c-{h sin (7 8(7-f c sin 5 85) 

= cos (7 86 -i- cos 5 Sc - 6 sin (7(8(7+ 85) 

=cos (7 86 + cos 5 Sc+ 6 sin (7 Si4, 

since 6 sin (7= c sin 5 and A + 5+(7=k80“, so that 8.4+85+8(’' is »oro. 
Hence 8^4 = (8a * cos (7 86* - cos 5 8c)/6 sin ( 

and the trigonometrical functions may easily be expressed in terms of 
the sides if fequired. • * 
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r EXERCISES 'XXL 

1. The ar ea S of a triangle A BO is determined by by 0; shqw 
that the relative error in the area is given by 

8S Sa 8b 4 . rtsirt 
= " * 4" T* "I* ^ 

o a 0 

Show that the error in the side c is given by 

^=cos J5S«4-cosi4 Sb+asin B8C, 

2. At a distance of 120 feet from the foot of a tower the elevation 
of its top is 40° 16' ; if the distance and the elevation are measnrcMl to 
within 1 inch and 1 minute, find the greatest error in the calculated 
height. 

3. If the density (p) of a body be inferred from jta weights ip in 
air and in water respectively, show that the relative error in p due 
to erroi*8 8 W, 8w in Ir , w is 

8p -w8W 8w 

J-' W~^ W 

4. The side a and the opposite angle of a triangle d BO remain 

consUint ; show that when the other aides and anglevs are slightly 
varied, 8/, ^ 8c ^ 

COS B cos 0 

6. If a triangle A BO be slightly varied but so as to remain inscribed 
in the same circle, show that 

^ I ^ -0. 

COS cos /? cos (7 

6. In a tangent galvanometer the tangent of the deflection of the 
needle is proportional to the current ; 3iow that the relative error 
in the value of the current due to an error in the reading of the 
deflection is least when the deflection is 45°. 

7. If ordinates which differ by less than one-hundredth of the unit 
line are considered to be equal, show that the parabola y=.r4- 207'* will 
coincide with the graph of 

X + 2.^2 -f 3 o7^4- 4o7* 4- 507® 
for values of x between - *14 and -I- *14. 

8. Show that the curve o7-'^4-y®=3a.o'y has two branches which pass 
through the origin and that th^ equations of these branches near the 
origin are 

Show that closer approximations are given by 
y=3!®/3a+o:®/8la^ 
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2b Sliiow that, near the points stated, the curve — is 

given by tlie respective equations, a being positive. 

Near (o, o) ; near (2^f, 0) y*— - Aa^{x - 2a); 

?A.t infinity ~:r + 2a/3-f4a‘79j?. 

Show that ?/ is a maximum when x — 4aj'd and graph the curve. 

10. Show that for the curve -x^ — (Sx^-^xy -f _ q following 

approximations hold : — 

Near (o, o) y = 2^ - ^ix^ and y = - 3.r + 5^'“. 
t infinity .r 4 - 1 = 1 /:y. y=-x-\-% — 5/.?.*, y - t* - 3 + i^jx. 

Show that the asymptote .r-fl—O crosses the curve at (-1, --5)^ 
the asymptote y = x + 2 crosses at ( ?) ai.d the tisymptote y— - .r~ 3 

crosses at ( - - J). Graph the curve. 

11. Sliow" that the curves 

(i) (y-.r2)2=.r3, (ii) 

have each a cusp at the origin but that both branches of (ii) lie above 
the .r-axis near the origin. Graph the curves. 

In case (ii) the cusp is called a cusp of the second kind or a ramphoid 
cusp while the ordinary cusp is called for distinction a cusp of the first 
kind or a ceratoid cusp. 



CHAPTER XIIL 


INTEGRATION. 


§ 110. Integration. In § 82 the general problem of the 
Integral Calculus has been stated, namely : — Given a con- 
tinuous function F{x)t to find another function which 
(i) has F{x) as its derivative and (ii) takes a given value A 
when X takes a given value a. 

When condition (i) alone is given there is an indefinite 
number of solutions. These solutions, however, differ only 
by a constant; any one of them is called an indefinite 
integral of F{x) and the constant is called the constant of 
integration. This constant is sometimes called an arbitrary 
constant since it may have any value whatever. If f{x) 
is an indefinite integral, f{x) + C is called the general in- 
tegral, C being an arbitrary constant. 

Instead of the notation of inverse functions Dx'‘^F{x) it 
is customary to denote the indefinite integral of Fix) by 
the symbol r 

\F{x)dx- (1) 


read, “ the integral of F{x) with respect to ic,” or “ integral 
of F(x)dxJ' The differential dx indicates the variable of 

integration^ namely and the joint symbol J. . . dic means 

“integral of ...with respect to a?.” F{x) is called the 
integrand. 


by 


What was in § 82 denoted by is now denoted 

F'{x)dx\\.,,; (2) 


a 


read, “ the kitegral from a to 6iof F{x) dx.” The function 
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dieted by the symbol is called a definite integral, and a, h 
are called the limits of the integral, a being the lov)er limit 
ajpd b the u'pper. (The word “ limit ” in this use of it means 
merely “ value of the variable of integration at one end of 
its range,” “ end- value ” ; this use of the word must not be 
confused with the technical sense employed in other con- 
nections.) The interval (6 — a) is called the range of 
integration. 

Geometrically, the symbol (2) denotes the area, in sign 
and in magnitude, swept out by an ordinate of the graph 
of F(x) as X varies from the lower limit a to the upper- 
limit 6. If f{x) is an indefinite integral of F{x) then as 
in § 82 




[D-^F(x)r=fib)- 


We may, if we please, use the general integi-al f(x) + C 
instead of f(x ) ; the result will be the same since 0, being a 
constant, will disappear in the subtraction. 

It follows at once from the geometrical meaning or from 

(3) that ^^ == "■ I F(x) dx—f (a) — /(b) (4) 

that is, the limits a, b may be interchanged if at the same 
time the sign of the integral is changed. 

Again, the form /(6)— /(a), or the geometrical meaning, 
shows that the definite integral is a function of its limits, 

not of the variable of integration. Thus I F(u)du has 

Ja 

F(x)dx, 

From the point of view of a rate, F(x) when it is the 
derivative of /(x) measures the rate at which /(x) increases 
with respect to x; the amount, positive or negative, by 
which /(x) increases as x varies from a to b is f{b)--f(a). 
Hence the definite integral (3) measures the amount by 
which a function f(x) increases for a given change (b — a) of 
its argument when the rate of change, F(x), of the function 
is known. * 

The function which has F(x^ as its derivative, and which 
is equal to A when x is equal to a, is (§ 82) 

D-^F(x)-.[D-^F(x)]a+A, • 
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«ind is^ in the present notation, represented by $ 

J F(x)dx + A or by J F(u)du+A (i) 

Here the upper limit x denotes the particular value of the 
argument for which the function is calculated. In the 
geometrical representation of § 82 the upper limit x is 
the abscissa OM of the point P, From the point of view 
of rates the symbol (5) denotes the function which is 
equal to A when its argument is equal to a and which 
increases at the rate F{x). 

The subject of definite integrals will be more fully con- 
sidered in Chapter XIV. ; enough, however, has been given 
in this article and in Chapter X. to enable the student to 
solve the simple examples on areas, etc., which are given 
in the exercises of this chapter. 

111. Standard Forms. Integration from the point of 
view from which it is now being considered is simply the 
inverse of differentiation and tlie first requisite for the 
calculation of an integral, definite or indefinite, is a table 
of known integrals; the table will be formed from an 
examination of the known results of differentiation. 
Various methods will then be given for reducing, if 
possible, an integrand not found in the table to a form 
that may be integrated by means of the standard forms. 
In all cases of indefinite integrals the test to be applied 
is that the derivative of the integral must be equal to tlve 
integrand. 

In symbols 

if = 

SO that the equation that defines an integral is 
^F{x)dx\=F(x). 

Considered as symbols of operation djdx and [...dx are 
inverse to each other. J 

In the language of differentials F{x)dx is the differential 
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of f(x) when f{x) is the integral of F{x)\ f(x) iu often 
called the integral of the differential F(x)dx. Since 

F{x)dx = df(x) = 

the operators d and J are inverse to each other. 

The following table contains what may be called the 
fundamental standard forms; other important forms will 
l)e given later. Most of the forms are given twice ; the 
argument occui's so often in the combination ax+b that 
the student should from the outset make himself familiar 
with the corresponding integral. The results should of 
course be tested by differentiation. 

1. If nH= — 1. 



^n+l 
71 + 1 ’ 


\{ax+by^dx=^ 


{ax + by-^^ 

(7i + l)a 


2. If 71= -1. 




e<^dx=-e^. 
a 


a ^e^dx^t^\ 

4. Jsin X dx = — cos x ; |sin {ax + h) dx = ^ cos {ax + b), 

5. Jcos xdx = Hmx\ Jccs {ax + 6) (te = ~ sin {ax + 6). 

6. Isec-^a? dx = tan x ; |sec^(<JW5 + 6) dx = i tan (ox + h). 


7. 1 cosec^x dx = — cot x : 


Jcosec*(ax + 6) dx = — ~ cot {ax + 6). 
8. =sm~^x; ^ = 


or = — cos'^x; 


or =— coij-M- 


0 . 0 . 


i2 
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10 , 


I 


V(a 

dx 


= tan~^»; 


{^7(^^-l<>8:(*+Vi?±aV 

L*L,=.lten-(?); 

ia^+x^ a \a/ 


or = — cot"M- 


1+0?^ 

or = — cot”^a;; 


Since sin"U’ — ( — cos"^??) is equal to 7r/2, both sin~*:i? and — cos'^j? 
are integrals of \/»J(l ; a similar observation holds for the integral 

of 1/(1 An indefinite integral may often be expressed in 
different forms, any two of which must however differ only by a 
constant. Particular care is required in dealing with the inverse 
trigonometric functions since these are many- valued ; the restriction 
on the range of the angle (§§ 28, 64) must always be attended to. 

If X is negative, the integral of l/.5f is not log.r but log(-.5r) ; if is 
less than a, the integral of ll(x-a) is log(a-x). Fonn 11 is inserted 
for the sake of comparison with 10 ; for a similar reason forms 8 and 9 
are brought together. 

Again, if x is negative, it may be verified that the integral of 
lly/{a^^k) is -\og{-x-\-^{x'^-hk)\. 


Instead of the logarithms in form 9 inverse hyperbolic 
functions may be used (§ 66). 



dx 




dx 




and it should be remembered that cosh'^aj is two- valued. 
The forms tanh“^a;, coth"^ir, are of less importance. 


Ex. 1. Integrate with respect to x 

Ex. 2. Evaluate * 

j^^sin xdx\ jjcoa xdx\ 


1 1 

x/(3a?~4)* x/(3-^y 

« 

dx , 

Jo coa^x * Jb ' j-3 0? * 
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§ 112. Algebraic and Trigonometric Transformationf^ By 

applying the definition of an integral and Theorems II., III. 
or § 58 the following theorems are easily proved : 


(i) F{x) dx — c dx if c is a constant. 

(ii) ... +z)dx—^udx — ^vdx+ ... +|^c6j, 


where Uy v, ,,.z are functions of x or constants. 

Thus the derivative of the integral on the left of (ii) is 
by definition 

^ U — V+...+Z; 

by Theorem III., § 58, the derivative of the sum on the 
right of (ii) is the sum of the derivatives of the terms, and 
that sum is by the definition of an integral u — v+,..-\-z. 
Hence, apart from constants of integration, wliich are not 
considered, equation (ii) is seen to be true. 

Ex . j (3:r* - + 1 )d,v = j - j -f j Mr by (ii) 

= 3 jx*dx - 5 j x-dx + J dx by (i) 


Integration is essentially a tentative process, and it often 
happens that among the known functions there is none of 
which a given function is the derivative (see § 82). Two 
general methods of integration will be given (§§ 113, 118) 
which are of great use in the search for integrals: but 
usually some simple algebraic or trigonometric transforma- 
tion of the integrand will be of great assistance in reducing 
it to a sum of terms each of which is a standard form. 
Some of the results are so important as to be included 
among the standard forms, but the student should rather 
try to seize the spirit of the transformations than burdi'ii 
his memory with a mass of isolated results. (See the 
remarks in § 1 23.) 

We now take one or two examples of such transforma- 
tions. • • 
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Ex. k Integrate l)/(2i7-l). 

By division, 

(2.^3 - W + 1)/(2./’ - 1) f - 1). 

Hence the integral ia 

- J.v'* ~ Ja’ — i log (2a? - 1). 

Any fmction in which the nuinemtor is a rational integral function 
of ./? and the denominator a linear function may be integrated in the 
same way. 

Ex. 2. Integrate 1 /( 072 — a^). 

Resolve the fraction into partial fractions : 

a?2 - a* 2a \a? - a 0 ?+ a/ 


1 

2a 


log 


a7-a 

a7+a* 


This ia the proper form if .r* > a^, because then, and only then, is 
(a. - a)/(a7+a) positive ; if a?^ < a^ the integral ia 

1 , a-o? 

2 a 

because in that case the integral of 1 /( 0 ? -a) is log (a - a*). 

The transformation is a particular case of the method of partial 
fractions, and the student should refer to some text-book of algebra 
for an account of the methcKl ; see also § 120. 

ar-5 2 1 

' (a;-lX-^-2)"~a7-l^a?-2’ 


we find 


/(J-Tx/- log(^- l)+log(a;-2). 


Ex. 3. The forma — 

If a, h are both positive, we have 



If a is negative, h positive, we reduce the integrand to the form of 
ex. 2 ; thus 

J.V*-5 3.'.,.’*-f 2V15 ^U+V5/V3/ 

In a similar way l/^(a-)-fw2) may be treated ; thus 

( . dx \ i dx 1 . JxJ2\ 
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\Vith a little practice the student should be able to do many of the 
steps mentally ; the full process for the iirst cfise is 

^ I « ^ ..2 V« I I V« 

\/b yjzl 

Ex. 4. sin".r, cos".r, sin ?w.r cos 

When n is a small positive integer, sin".>f, cos".r may, without any 
difficulty, be expressed in terms of sines or cosint^s of multiples of x ; 
for other values of n it is best to take the method of successive reduc- 
tion (§119) or the method of ex. 4, § 114, 

sin-.r = i(l — cos 2.r) ; ain^;r = J sin x - 1 sin 3 .f ; 

j ain^xdv = J x - ^ sin 2:r ; jain^rdx — - cos x -f cos ; 

I ; ( sin3a:rf.».-==0-['-jf+,L] = J. 

In the same way powers of cos.^; may be tre^ated. 

Again, a product of a sine and a cosine, or of two sines or of two 
cosintis, may be expressed as a sum or a ditference of sines or cosines 
and then integrated. Thus 

sin 7nx cos nx = ^ { sin (m + n)x 4- sin(/« — 7i)x}; 
hence, if wt-'p/i, 

J 2(w+«) 2(m-n) 

but if m=/i, then the integral is 

v.o»2vix, 

4771 


EXEBGISES XXn. 

Integrate, with respect to .r, examples 1-15. 


— Ax^ -I- 2x^ — 3 


.r-3 

3. r-7 

fr-l)(.r-2)(a7-3)’ 

1 . 

11. (^os“(ria?-l-6) ; 

14. sin (3.r -f 2) cos (4.r -f 3) ; 


2.r-t-l . 
2x - 1 ’ 

1 

7-3j;^ 

1 

V(3-f.4A'2) 
12. sin^ X ; 


o 2.27 — 3 

i2-3^+2’ 


6 . 


1 


7 + 3.Z -' ’ 

9. cos^a; ; 10. 


\',o^x ; 


13. sin 3.r sin 4 j^7 ; 

15. cos X cos 2x cos 3.r. 


Find the value of the integrals in examples 16-21. 


16. 


I. fcosi^xdx; 17 , fsm^2x(ix; 18. I 

Jo Jo Jo 


in 






OA 


[* 


dx 


oi 


-V • 


dx 

4-f-:2'2 ’ 

dx 
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22. ff m, n are unequal positive integers, prove that 

cos Tiix cos cL 7=0 = sin inx sin nx r/.r, ♦ 

and find the value of each integral when m, n are eciual positive 
integers. 

23, Show by considering the graphs of the integrands that the 
following equations are true ; 

(i) f coa^xdv= I ain”xdv where n is positive, 

.'o Jo 

w 

(ii) J sin^jF (lx = 2^ sin"^ dx where n is positive, 

(iii) J coa”xdx=2 J cos^xdx if n is an even integer, 


but 


=0 


if n is an odd integer. 


24. The area bounded bv the parabola y^—^ax^ and the double 
ordinate through the point (6, c) on it is ^bc. 

26. If «, h are positive and a <6, the area between the hyperbola 
xy—c\ the j7-axis and the ordinates at a, h is c^\og{blci). 

If instead of a hyperbola the curve is that given by y—x^ld^~\ 
then the area is ^ ^ 


26. The area between the ^-axih and one arch of the harmonic curve 
y = 6 sin {x/a) is 2a6. 

27. An ellipse revolves about its major axis ; show that the volume 
of the spheroid generated by a complete revolution is ^irabK 

If the axis of revolution oe the minor axis, the volume is ^Tra^b, 


• 28. The ai’ea of the section of certain surfaces made by a plane 
through the point whose abscissa is x perpendicular to the a'-axis 
is A+Bx+C:!^ where A^B^C are constants. Show that the volume 
intercepted between two planes perpendicular to the ^-axis is 


A (6 - a) + - a2) + \C{b^ - oF) 


where a, b are the abscissae of the points where the planes cut the 
.r-axis, (a<b). 

Apply the result to find (i) the volume of a cone ; (ii) the volume of 
a segment of a sphere ; (\ii) the volume of the ellipsoid whose equation 


29. If in ex. 28 Si, S^ M arc the areas of the sections through a, b 
and the point, midway between a and 6, and if 6-a=24, show that 
the volume is . ^ jtA(-S',+«'8+4Jf> 
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CHANGE OF VARIABLE. 

* • 

•§ 113. Change of VariaUle. The rule for differentiating a 
function of a function (§ 59) leads to one of the two general 
iwethods of integration referred to in the preceding article, 
namely, that of changing the variable of integration. 

Take first the simple example 

__ f dx 1 

+ x^+tx + 2 


Let y be made a function of u by the substitution a; = u — 1 ; 

I I 


dy _ dif dx _ 
du^dx dn'^ x^+2x+2 




Hence, considered as a function of u, the integral is 
f dvb 

y= l-j— Y = tan**tt, that is, 2 /=tan'^(j^'+l). 

jU L 

The change of variable has enabled \is to reduce the 
integrand to a known form, and thus to integrate it. 

Take now the general case in wliich the integrand is F(x). 
Let y be made a function of n by the substitution x = <l>{%i ) ; 


then 


(lx du ^ du 


•( 1 ) 


In (1) let dxjdu be found from the e(juation x^(j){n) and 
then express the new integrand F{x) dxldii in terms of u 
by means of the same equation. Equation (1) will now be 
free from x and we shall have 

^2) 

It may happen that the new integrand is, as in the above 
example, a standard form ; if not, it may perhaps be more 
easily reduced to one than the old integrand F(x). 

Expressing y as an integral witli respect to Xy and equating 
it to the value given by (2), we have 

2/ = J F{x) dx = J 25 (a;) ^du ( 3 ) 

The simple rule then for changing the variable is; 
Bxplace dot by {dxjdu) du and by means of Ihe equation 
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between x and u express the new ^integrand F(x) dxfdw in 
terms of u ; the integral will then be a function of the new 
variable u. * 

When the integration has been effected the integral 
should be expressed in terms of the old variable. 

If when x = a, u = a, and when x = b, ^ =/5, the relation 
being such that as x varies continuously from a to b,u aim 
varies continuously from a to /6J, then 

^F(x)dx^\y{x)^dv,. (4) 

In this case, of course, there is no need for returning to the 
old variable. 

In applying the transformations (3) and (4) it is essential 
that to each value of x there should correspond one and 
only one value of u, and to each value of u one and only 
one value of Xy within the ranges 6 — n, /3— a of integration. 
When the equation between x and u gives n as a multiple- 
valued function of a?, or a? as a multiple valued function of 
u, care must be taken to choose the proper value. (See 
§117, Ex. 3, §123.) 


§ 114. Examples of Change of Variable. 

Ex. 1. Fi^x) of the form 

Let du—adxy dx=^u 


j yj/ (ax + h)d.v = ■\lr(u)du. 


This type constantly occurs. Thus if a; - 1/4, 

/ dx j f dx ( du 

2x^^x+ 1 (x-iy+ ’ 

so that the integral is 


1 _4 
2 ’ y/7 


tan”‘ 


/^\_ 2 


tan**^ 



dx 






A constant factor, like 2, can be taken outside the integral sign 
when necessary,; similarly a constant factor may be introduced, as in 
ex, a 
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•Ex. ± P'ipo) of the form 

Let n — .r” ; (kb = 7iaf^~^ dx\ .r“"* dx = ^du 

• n 

Jy/((x”)x"*~ ^ — " [ ir{u)du. 

Tlius, if n —;v\ 

j y/(ax^ + b).V(lr~^j ^/(an+b)du=~(au + b)^\ 

and the given integral is (ax^-hby'^l^a. 

'Fhe integral may also be found by putting n~aj^ + b, or by putting 
u- ~ 4- b. The last substitution gives 

:c dx = dn ; j J{ax^ + h) x dx — u^du = 

leading to the same value as before. 


Ex. .‘1. F(x) of the form [V^(.t‘)]"V''(-^)- 
1 jet It -- "^{x) ; du^yj/' (x)dx ; F{x) dx = u” du^ 

arid the integral is a power or a logarithm according as /? is diiferent 
from oj* e(|ual to - 1. We have 

(.“VO I [\/r(x)]’'f(ar)d.r «+ - 1- 

Krom (3b) we see that wlit*n the integmnd is a fi’action whose 
mimei-ator is the derivative of tin* dejioininator, the integml is the 
logai ithm of the denominator. 

The introduction of a factor is sometimes needled to make the 
iiitegrand tif the form 3. Thus 


= KW-- 4 .*-+l). 

(iii) ftanxdx—-f — ei^r= - log cosjr. 

J coax ^ ' 

(iv) J tan^.rdx— j tan a? (secV -- 1 )f/.r - ^ tan a? sec® .r cir - ^ tan.rrf.r, 

and therefftre =^tan®jr4-log cos.r. * 
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Ex. 4. i^(47)=8iii”*^cos**a7. • , 

(i) When either m or w is an odd positive integer the integration 
can be effected by substituting u for cos.r when m is odd, but u for^ 

sino? when n is odd. For example, take /^(.r)=sin^^cW‘.r. 

Let u = sin .r ; du— cos ^ dx ; cos* .a? = (1 - 

j sin^ X cos^x dx^j + u^) du 

— + ^1'“^ 

= sin^.r(§ - ^ sin2a?4- -i\ 8in*.jp). 

^ sin^.r cos®.*? dx=^ j {u^ - + u^)dn = 5* - ^ -f ^2- = 

Again, if w = cos x, du = - sin ^ dx 

j ain^x dx—- J(1 “ v^)^du^ -{u- -f ju^ 

and j sin® 07 dx^ - cos 074- § co8®07 - J cos®o7. 

(ii) When m-¥ n is an even negative inte^r, let u-tun x (or cot o?) ; 
the new integrand can be expanded by the JBinomial Theorem. Tims, 

f ( -5+ -3 + - + -V«, 

J Sin®07 COS®07 J ?/® \+u^ J \u^ u } 

and the integral is readily found in tenns of x. 


Ex. 5. If Fix') is a rational function of x and of v^(a.<7+6), the sub- 
stitution 007+6=^2 will make the new integrand a rational function 
of u. Thus, if 07 -h 1 = 

jx^^/ix + l')dx= 2j{u^- \)HHu = 2(}u'^ - f w® -f 

and after a little reduction we get for the integral 
2V(^+ 1)(15o 73+ ao72 _ 4^ 4. s)/m. 


The forms just given include many of the most important 
cases in elementary work, and the student should at once 
try the earlier examples in Exercises XXIII. Only through 
practice will he gain facility in making the transformations. 


§ 116. Quadratic Functions. If i? = ax^ + bx c and if f{x) ' 
is rational and inte^al 'the fraction f{x)IR can be expressed 
as the sum of an integral function and a proper fraction 
(Ax+B)/R We will now consider the forms (Ax+B)IR 
and (Ax+ B)I^R. 
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* For beginners the simplest method is to write B in the 


form 




4a ’ 


when a is positive we may take it as equal to +1, and 
when negative as equal to — 1 : there is no loss of generality 
in so doing since a constant factor may always be taken 
outside the integral sign. 

If 4ac — 6* is positive the factors of R are imaginary; 
R is then of the form 

R=.(x+af+l^^ (i) 


If 4 cw 5— is negative the factors of R are real, and 


for a= +1, jR = (a;+a)^ — (ii) 

for a = — 1, JR = — (aj + a)2 (iii) 

I {Ax+B)!R. 


(i) If the fiietors of R are real resolve the fraction into 
partial fractions as in § 112, Ex. 2. 

(ii) If the factors of R are imaginary then R=:(x+ay+^ 
and we can transform the fraction so that the substitutions 
f)f Ex. 3 and Ex, 1 of § 114 can be used. Choose \ and fi 

80 that jig.,^ji^x(2x+2a)+^; \ = ^A,^ = B-aA. 


Hence 


Ax+B 

K 


= \ 


2a; + 2a 


{x+ay‘+^^'^^{x + af+^’ 


and j— — = X log {(a! + a)^ + |Q^} + ^ tan - ^ 

the first integral being a case of § 114, Ex. 3, the secpnd 
of §114, Ex. 1. 

II. (Ax+B)/^R. 

(i) Let R be either (x+af+jS^ or + Make 

the same transformation of Ax+B ; then 


({Ax+B)dx ^ f {2x-^2^dx , f 


dx 


)s/{(x+af±^} 
= 2X y/R+/i log {(a; +^+ + of ± jS*}. 
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# * 

(ii) Jf-et (oj+a)^ ; then * 


{(Ax + B)dx ^ 

r •-~(2x+2a)dx 

(lx 

• 

) JR ~ 

\jC0^-ix+ayr^\ 

J{^^-(x + an 


= -2XV^+|.4sin-i(^). 

when .4=0, \ = () and the integrand is of the type § 114, 
Ex. 1. 

In working numerical examples it is best to find first the 
derivative or R\ it is then easy to write Ax+B in tlie 
required form. 


Ex . 1 . (3.r + l)/(2.r^ + .r + 3). 

Z)*(2.r2+^-f-3)=4r+l ; 3.r+l =|(4r+l)+i ; 

2.r2 + .r-f-3 = 2{(.i;+I)Hf|}. 

do! 


Integral=|/g+^)^3+i/- 


Ex. 2. 


=1 log (2,»,^+.r+3) + 2^23 )' 

(&r + 1)/V( - + .V + 3). 

3a:+l=-|(-4.i'+l)+| ; 

V( -2.r-‘+^ + 3) = 


T i , 3f (-4:r+l)rfx , 7 f dm 
Integral= --j 


i)n 


The types 




x^{aa? + hx + c) (mx + n) ^{ax^ + bx + c) 

can be reduced to the cases just discussed by the subsiitu- 
tiofis x = l/u, 7nx + n = l/a respectively. These give by 
logarithmic differentiation 

dx du dx _ 1 dii 

X u ' mx+n " m n 
The substitution of J/u for x is effective in other cases; 

tK,,. f. 

J(aH®T 

which, express in terms of x, is a:/a*(o^+®*)^. 
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• t 

•The more general form \l{ax^-^hx-{’cf can be treated in 
a similar way after expressing the quadratic in the form 
Jivtm at the beginning of this article. 


^ 116. Trigonometric and Hyperbolic Substitution^. Another 
inothcKl of treating the quadratic function is to transform 
it l)y a trigonometric or hyperlx^lic substitution. The 
j)articular transformation is suggested by the forie of the 
quadratic. 

— — .T = asin 0 or a: = acos0; 

.'r-+a^ ^(x^+a^)] ir = atan0 or a; = asinh0; 

— ^{x^^d^) \ x = (isecd or a; = acosh0; , 

— (ir+a)^} ; aj+a = j8sin0; etc. 

Kx. 1 . If .r = a sin 6; dx— a coa 0 dO. 

f - 3?)dx^di I cos20rf6l=‘|( 6^+ sin 0 cos 0^, 

JUKI tlK iefore 

v/ (<* “ - x-)dx = ^Xisf (a^ ~ ,r*-) -h ^ ain”^ 

Ex. 2. If cV— asinb 0 ; d':P=acosh 

Jy/{x^'^a^)dx=^a^j cosK^OdO = ~^0+sinli 0coali 0^, 

;iii(l therefore 

sinh"' 

Bv putting .r=acosh 0 we find 

J (i?)dx=^Xyl {p^ — d^) - Y 


Ex. 3. If .r + 2 = tan 0 ; ax = v 3 8ec^0 d0. 


r dx 


sec“0 d0 


(3sec20)‘^ 9 


cos^0d0, 


and the integral is 


1 x-h2 


^3 

18. 


tair 



For definite integrals trigonometric substitutions are of 
great importance. * 
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§ 117. Some Trigonometric Integlands. The integration 
of powers and products of sines and cosines can often be 
effected by the methods of § 112, Ex. 4, § 114, Ex. 4, and 
§ 119, Ex. 2, 3. There is another method, however, that is 
frequently useful. When the integrand is a rational 
function of since and of coscc the substitution u = tanii;; 
will reduce the integral to that of a rational algebraic 
function of u, for 

1 — j 2(lu 

sin X = — oJ cos X = dx = — ;r 

1+u^ l+u^ l-i-u- 

Examples 1-3 may almost be reckoned among the 
standard forms; the substitution is for each i(, = tanicc. 


Ex. 1. 


Ex. 2. 


/— =log?^=log tan^o?. 

J sin ss J u ® ® ^ 

{ dx f 2du . 1 + // 1 

J cosx J l — — 


The integral can be put in several forms as 
logtan(|+|) 

The substitution v=~-x or will reduce the integral of 

1/cos.r to that of 1/sin a?. 

Ex. 3. 

J (t + b COSX Ji 


■{■hcosx Ja(l+#)4'6(1 


, , 1 + sm 

or log _ . . 

- ® 1 - sin ^ 


2du [ dll 

Ji 


(a+b)+(a-b)v' 


Let a+6 be positive; then there are three cases according as b 
is numerically less than or greater than or equal to a. 

(i) 6^ < a2 and therefore 6 < a, numerically 

I «=tani.r. 

(ii) l^>a^ and therefore h-a positive, 


/, 


dx sIh+a’\-nJh- a 

a’\-h cosx s^h+a — wn/ 6 — a 


(iii) 62-a2, 

f- 


dx 


tan 


J a+acoso; a 


J a-a 


dx_ 


- icot^jF. 


Case (ii).is of less importance than (i). A more easily remembered 
foi*m of the integral (i) is obtained by writing • 
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% 


•whence 


0=2 tan“^|tan“ 



coft 0 = (a cos jp + h)/(a + b cos 


i 


or 


{a — b cos 0)(a + 6 cos x) — a} - b\ 


X is the triui and 0 the eccentric anomaly in an ellipse of eccentricity 
6/a (Godfray'i^ A^tronom]!^ § 186 ; Gray’s Physics^ § 520.) 

a + 6cos^ goes through its complete range of values if x varies from 
0 to TT or again if x varies from -tt through negative values to 0. If 
X lies between 0 and tt, 0 is positive and lies between 0 and tt ; but if 
X lies between - tt and 0, 0 is negative and lies between - ir and 0. 
Hence bearing in mind the restriction on the inverse cosine (§§ 28, 64). 


but 


l . .=__.L_c 

J a 4- 6 r* ks a; 

-1 


cos~ 




/a co8 .r + 6\ 
\a4-6^cos:^^*/ 

/ acos.r-f 6\ 
\a + 6cos j?/ 


if 0£^.r^7r. 
if -TT—X'SO. 


There is no ainfuguity when the integral is expressed in terms of the 
inverse tangent. See also Examples 11, 12, p. 135. 


Ex. 4. 




dx 


Tlie integral - f 

^ J a-\-2bi> 




If b‘‘^<a\ tho substitution x= 7 r/ 2 -v or j?=7r/2-fv will reduce it to 
Ex. 3 (i) ; the student .should make both of the latter substitutions. 
He will thus see that it is not sufficient to consider only the one value 
of 0 as determined by cos 0. The substitution furnishes a good 
instance of the tnire needed in dealing with invert functions. There 
is no ambiguity if the integral of Ex. 3 (i) in terms of the inverse 
tangent is usod. 

/ dx 

: ; — a positive. - 

a4-6cosvr+c8in.i7 
If we may write 

a 4- 6 cos .r 4- c sin 07 = a 4- /• cos (.r - a) 


and the integral reduces to Ex. 3. For the integral is 

±} „ cos-i ( 

y/{(^‘-b- •-C?) •\a4-6cos(o7-a)/ 


the sign being 4- or - according as or — a lies between 0 and tt or 
between -•tt and 0. • 
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- EXERCISES txm. 

‘Integrate with respect to .v examples 1-22. 


1. 

1 

2 . 

1 

3. 

1 


J{ax-x^) ’ 

^{a^-ax) ’ 

4. 

_1 

5 . 

X 

6. 

X 

>J{,v-a){b-x) ’ 

a2+.r2 ' 


7. 


8. 

X 

9. 

.27+1 




V'(.rH2j7-: 

10. 

(^ot X ; 

11. 

cos X 

12. 

1+cos.r . 

1 +sin:i’ ’ 

.27+.sin.r ’ 

13. 

tan% ; 

14. 

cot^x ; 

15. 

1 

008^07 + //- 

16. 

sin^.i7 ; 

17. 

sin^.r cos% ; 

18. 

1 

sin'-^.r cos*-^ r ’ 

19. 

sin 4 ; . 
oos^r * 

20. 

.v^(a-x); 

21. 

xlJ{a-r); 

22. 

1 






x+^(x-iy 






23. Find the value of the integrals 

'•J 

(i) j sin^*.r <Ix ; 

(n) 1 .,n*xco.-xdv ; (n.) [ 


i.)l^Unxda-, 




Integrate with respect to x examples 24-41. 


24. 

^+1 

25. 

X^-l . 

28. 

+;f+1 ’ 

+ \ ’ 


>27. 

afl+x . 

28. 


29. 

X^ '-~4 ’ 



30. 

my- 

31. 

V(^)‘ 

32. 

33. 

1 

34. 

1 

36. 


x^(Sa^+2x- l) * 


36. 

1 

37 

* . . 

38. 



30 

1 . 

40. 

1 . 

41. 

VCr* 


i+tan;i? * 


.r2 + 2;p-f3 ' 



1 . 

1 

4<«“4-i5’ 

008 A* -fain X 
sin .r 4- 2 coax 
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42. Find the value of the integrals 
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, 


dx 

1 4- cos a (^os X 
dx 


(0 < (/. <7r) ; 


> cos X 


/ sinar/.r 

J- il — 2.rco8 a4-.^‘^’ 

(i) when 0 < rx < tt ; (ii) wlieii tt < a < 27r. 


43. Find the value of 


44. If « in positive, and h numerically less than a, piove, by the 
substitution cos 6 — (a cos .v + h)/(a 4- c(»s x)^ that 

( ( I f ^ \n— /-'> — y ^ ^ - L / 

jo (a 4- /> cos .r)" 

45. Trace the curve given by ay^—xri^a - .r), a> 0, and find the area 
of the loop. 

46. Trace the curve given by (ri/- — .r{<r - jr)^ and find the ami of 
both loops. 

47. Trace the cuiwe whose polar equation is r=a 4- cos 0, ti >h>0, 
and find the area enclosed by it. 

48. Hy transferring to polar coordinates, find the area of the ellipse 
w 1 u mv e( ] nation is ax^ 4- ^h:c^ 4- hi/^ — 1 . 

The area is 

- TT 


2 ir^dO:==l' - 

j_ 5 a cos- ^4- 2// sir 


W TT 

sin d cos & 4- sin‘‘^6^ - h^) 


^ 118. Integratioii by Parts. Tlie second of the jgenoral 
methods of Integration is tliat called “Integration by" 
Parts ” ; it corresponds to the theorem for the differentia- 
tion of a product. 

For the moment denote integration by a suffix and 
differentiation by an accent : tlnis 

..'-g 

By the rule tor differentiating a product we have 
d(n^v) _du.^ dv > 
dx . dx , 


that is, 


d(u^v) _ 


dx 




du. 

since 
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Henfce 




{uv+u^v')dx Ci) 

= ^uvdx + juj^v'dx ; 

and therefore | uvdx = u^v — ^u^vdx (2) 

Equation (2) gives the theorem in question. It may happen 
that the integral of u^v' can be more easily determined 
than that of uv. 

For a definite integral, lower limit a upper limit h, we 
get instead of (1) 

h P 

=J {uv+u^v')dx (3) 

and instead of (2) 

f 

where the symbol means as usual that x is to be fii’st 

replaced by 6, then by a, and the second result subtracted 
from the first. 

The examples will show the great power of the theorem. 
Ex. 1 . Find J x cos x dx. 

Here both x and cos x can be immediately integrated ; but we take 
v=^x since then v' — 

j X cos X dx = ^ . sin - jl ,Binxdx=x sin x + cos x. 


uvdx^ 


— I u{v'dx (4) 


Ex. 2. Find x^coBxdx. 
c 


Again we put v=x^ since v'~2xy and the new integrand will 
therefore be simpler than the old. 

J x^ cos xdx—a^.Buix- sin xdx. 

The theorem may be again applied 

j 2x,Binxdx^2x(-coBx)- j2(-coa^)dx=‘ - 20 ? cos r +2 sin 

Hence jx^(iOB^dx^a^miX+2xcosx-^2Binx. 
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^x. 3. Find ^c®*co8(6^4'c)G?[r and Je^8in(bjp+c)da:. ^ 

« In finding one of these integrals we also find the other. 

Let J*= Je^coB(ba:+c)da:, Q= j^e^8in(ba;+c)da:. 

In this case it does not matter which factor is taken for v. 

. cos(6^’+c)- . [ - 6 sin {bx + c)] dxz J^ £ } ^ 

a J a a a 

Hence aP -bQ — d^C 08 {bx + c) (i) 

In the same way by operating on Q we find 

hP-^aQ—e*^8m{bx-\‘c) (ii) 

Solving (i) and (ii) for P and Q we find 

J a^ + b^ 

9=p“sin(6^+o) ^^!!![« f coB{bx+c)] 

These two integrals are of great importance in mathematical 
physics. 

Ex. 4. Find j^(d^-x^)dx and j tj{x^±a^)dx. 

Heie the integrand has but one factor ; but we may take unity as a 
factor and put a = l. Hence 

.< 1 ) 

We now write 


The first term on the right is the given integrand while the integral 
of the second term is - 8in~^{xla). 

Substitute in (1), transfer the integral to the left side, and divide 
by 2 ; we thus get ^ 

I y/{d^ - x^)dx = ixyj{a^ - x^) + \a^ sin~^ ^ , 

the same result as in § 116, ex. 1. 

In the same w«ay it may be shown that 

\ ± a^)dx - ixj(x^ ± a?) ± lo^ (x + y/x^±d^). 

Compare § 116, ex. 2. 4 

Tlie algebraic transfonfiation usfed above is often useful ; a similar 
transformation occurs in integrating circular functions (§ 1 19, 2, 3). 

The quadratic J{ax^-{-bx+c) can be integrated byj^xpressing it as 
in § 1 1 5, anS putting x+a=u. 
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Ex. 6! Find f log dx. 

j log xdx—x log X - J '’i^~;jdx = x log x—x, * 

§ 119. Successive Beduction. 

Ex. 1 . Let = jx”^dx ; then, integrating by parts, 

Un — jx”^dx = x”&^~ j 7i.v”~^e^dx—x**e‘-n jx''~^€^dx, 

that is, ?«n nu„-i. 

Writing w- 1 in place of w, we find 
u„ _i = x'*~^e^ — {n — \ ) 

that is, u„ — a7"e* - V + n{n - 1 )m„_ 2 . 

Proceeding in this way, we see that if w is a positive integer, u„ nmy 
be made to depend on that is, ^ e/dx or e* If n is not a positive 

integer but is still positive, may be made to depend on an integral 
in which the integrand contains .v with a positive proper fraction as 
index. The integral cannot in that case be expressed in finite teims 
by means of known functions, but it is reduced to the most convenient 
form for studying. 

The above metnod of making an integral depend on another of the 
same form is called that of Sucresahe Iteductmi. 

The integmls of af^ sin a’, .r” cos x may be treated in the same way. 


Ex. 2. 


Now 

Hence 


J sin V dr. 

Un = jQm**x dx=^ j .nin"~*.r . sin x dx 

=sin"”^ j?( - CO.S x)- I (n~l) siir^'-^.r ( - con^x) dx 
- - sin**"*:!; COS x+(7i — l)f sin"" cos‘^.r . dx. 
cos^.r = ] - sin^.r ; sin"~".?; cos^x = 8in"~“.r — sin".r. 

Mn = - Sin"“^r cos + (t? ~ 1 ) Un~2 “ (w - 1 ) 


(i) 


j - sin"~^j? cos X — 1 

and therefore Un= H w „_2 

n n 

The index n has thus bec^ reduced by 2. Writing w - 2 in place of n. 
K®!' sin"~3.r cos x n — ^ 

and thei-ofore 

_ sin"“*^ cos X 71 - 1 sin"“®^ cqp x (?? - 1 )(w - 3) 

w * 71 ~7V^ 

If 71 is a positive integer, we can repeat the reduction until the 
index is 1 if be oj^or 0 if w be even ; ?«i= -co8.r and Wo=.r, since 



SUCCESSIVE REDUCTION. 

I 


285 


sin%’==l. If n is positive bui not integral, may be reditced to 
depend on an integral in which the index is either a positive or a 
n^ative proper fraction. For negative values of n see ex. 4. 

The most useful case of the formula (i) is that in w’hich is a 
positive integer and the integral is taken between the limits 0 and 7r/2. 
In this case (i) becomes 

/ ^ r T r ain”-*.rco8.rT . /i-ir y 

n-1 n . , 

= — / 8in’'“v-a.r, 

n Jo 

since the integrated term vanishes at both limits. 

When n is odd, the last term of is 


but when n is even, 


(7i-l)(M-3) ... 4. 2/ . 

71 ( 71 - 2)... '5 ."3 V - cos . rj , 


Hence 


n(n — 2) 

(7l-l)(7l-3)...3. 1 
»(»- S!)r.. 4. 2 ^ 

(7i- 1)(71-3) ...4.2 


ain".r^^= 7 ^ 

0 7i(7i-2) ... 6 . 3 

f 

sin’ 

0 


. 1 (ti odd integer) ; 


I even integer). 


If v„ = j cQs,**x djCy then 


cos”“\r sin x 7i — 1 


and it is easy to prove from the formula or, better, directly from the 
meaning of the definite integral that 

I cos”.rc?.r= / sinVrfx. 

Jo Jo 

A simple inspection of the graphs of sin”.r and cosV will show that 

f sin”j7 dx—2\ sin”.r dx. 

Jo Jo 

J cofi"xdx=2j co8”,v d.r (n even integer), 

but =0 (n odd integer). 

In a similar way such results as ^ * 

f sin^xdx—O ; / cos®.rc/r==4 f cos^xdr 

Jo Jo Jo If 

are leadily proved. See also the rule given in 
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. » 


£x. 8. 


/(m, m)= Jm: 




In /(m, n) the first letter is the index of sin^, the second that 
cos j?. For orevity denote sin x by cos x by c. Then 


/(m, = j s”^c^dx= j 8”*c . dx. 


Since c is the derivative of the integral of is ^”‘+70^^+^)* 
Thus, r 




But 


w + 1 m + IJ 

+2 c «~2 = 8*^(1 - 


.(i) 


The first term is the integrand of /(m, n - 2), and the second that of 
/(>», n). Substitute in (i), transfer /‘(m, n) to the left side, and then 
multiply by (m + 1 )/(m + n). Therefore 


.f . n-\ 


.(A) 


The integral thus depends on another of the same form with 
unchanged but the other index reduced by 2. 


Had we begun by writing 
should have got 

«T»— 1^1 

/(»l, «) = 


. and integrating the cosine, we 


m - 1 

-I ; — f{m - 


2 , «), . 


..(B) 


and now m is reduced by 2, n unchanged. 

We will continue the reduction for the case in which wi, n are 
positive integers^ so as to obtain the definite integral from 0 to ir/k 

If n is odd, (i4) makes /(wi, n) depend on /(w, 1) ; {B) then makes 
/(w?, 1) depend on /(I, 1) or on /(O, 1) according as m is odd or even. 

If n is even, (il) makes /(m, n) depend on/(w, 0) ; but /(w, 0) is the 
integral of ex. 2, with m in place of n. Thus, by ex. 2 (i), /(m, 0) 
de^nds on /(I, 0) or on /(O, 0) according as m is odd or even. 

^Thus, /(?/?, n) may be reduced to depend on one of the four 

/(I, 1)= j8cdx=iBin^x ; /(O, 1) = Jcdx^sinx ; 

/(I, 0)= J sdx= -C08X ; /(O, 0) = J Idx-.r. 

When the integral is taken between 0 and 7r/2 the values of these 
are 1/2, 1, 1, 7r/2 respectively. 

The student may now show ihat the following rule is correct : 


^4[C0B”xdx=^ — 


V - 
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THE INTEGRAL ( *8in”*a?co8’*a?rfa:. 

;• .0. 

where a=l except when m anil n are both even integers, in which case 
a=7r/2 ; each of the three series of factors is to be continued so long 
lis the factors are positive. 

It will be noticed that the factors of each series decrease by 2. 
The ru!e includes the integral of ex. 2, putting m (or v) zero and 
omitting negative factors. 




- . 8 4 , 6 . 3 . 1 X 3 . 1 TT Stt . 


- . . . , 6. 4. 2x4. 2 , 1 

^‘^•^=12^0 :87674:2 x 1 = ; 


“.o , 7.5.3. 1 TT 357ri- 


The gieat importance of the results of ex. 2 and 3 arises from 
the fact that many integrals are, by a proper substitution, easily 
reduced to these forms. For example, if we put ./. ^asin^, so that 
when ar=0, ^—0, and when x—a^ ^=7r/2, we get 

f dx=a^ I sin^ dcos* 00?^=^* 

Jo Jo 32 

If we put .?’=« sin^ then 

I .r^ (a - x)^ dx = 2a^ f sin^ 0 cos*^ dd = • 

.'0 .'0 315 


Ex. 4. If n is negative the index of is numerically greater 
than that of n. In ex. 2 (i) let n= -m, where m is positive ; then 

dx 

f ^m+2 * 

therefore V-7+— (-• 

Now put 9n + 2 = w, where n is positive, and we get » 


/ dx ^ c m-\-\ [ i 

5”* m J s' 


f dx cos ;r n-2 f 

/ sin’*.r ~ (n - 1) sin’*“U' - 1 J s 


dx 


In many cases the integration will be simplified by writing 


1 sin2.r4-cos2a: 1 . cos.r 

j— -I — ; . cosa\ 

sm”.-*? sin**^ 8in"''^a; sin".r 

But these integrals are of small imj^rtance for elementarv work. 
The key to the transformations is that after one integration by parts 
the'new and the old indices differ by 2 ; when an index is negative it 
is simpler to begin by integrating the integrand witji the reduced 
index. • ^ , 
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Tdx, 


Ex. 5. Mn = j tan** x c 

iin — I tan**"** X (sec^ - 1 ) dr — j tan**"** x . sec^ xdx- 


so that 


h— 1 


tan"“^ X - Un- u 


•Other examples of reduction formulae will be found in the Exercises, 
but in many cases a trigonometric substitution will reduce the in- 
tegral to one of the forms just discussed. 


EXERCISES XXIV. 

Integrate with respect to x examples 1-24. 


1. 


2. 

3. 

X sin X ; 

4. 

jjco&x ; 

5. .vsm.L*cos.r ; 

6. 

X“ sin X ; 

7. 

j^logj-’(w=+=~ 1) ; 

8. log X ; 

9. 

sin‘^.z; ; 

10. 

xe*^ 

11. xe~^; 

12. 

sirr^r ; 


13. 

tau"‘.r ; 

14. ^sin"^^; 

15. 

.rtan"*.r ; 

16. V(3+2x-jr*); 

17. x/(3+2a?+.^^) ; 

18. 

sl{2ax--aP ) ; 

19. 

J{2ax+a^ ; 


21. 

07 -b sin;?. 


1 -f cos.r * 

22. 

e"**cos4a; ; 

23. coahi«: vos«'‘ ; 

24. 

sinh jTsino;. 


25. Find the value of the integrals 

(i) f aos^xdx-y (ii) f sin®a7c6?; 

Jn Jo 

(iii) j 8in®a?cos*^;c4r ; (iv) ^ 8in^a7C08^a;c2;a? ; 

(V) j ain^x coa*x dx ; (vi) j tfm^xdx, 

26. Find by a trigonometiic substitution the value of 

(i) jf ’^x‘)dx \ (ii) j^x^(2ax •-x^)dx; 

(iii) j x^/J(2ax~-,i^)dx. 

27. Integrate by the substitution cos20. 



EXERCISES XXIV. 


28 ^ 


28. If /(wi, n) — (l-xy* dx show that 

• /(//? , n) = T^-r\ ; — ;“r n-\). 

Hence, or by the substitution ^=sin-ft find the value of 

I x*^(l ~x)'"d.i% 

, . ... “0 

iji, n being positive integers. 

29. If ff„— I dx/(d‘^ + j/-y\ prove that 


_ X 271 — 3' 

(2n — 2) - + ./;-)"** ^ ( 2/1 — 2) 

10. If l'x\/(d^ - x^) dxy prove that 

x”~Ha^ — x^y 71 -1 ^ . 

.+2 

31. If = J x\/(2c(x — x^) fir, show that 

. / ^ ( 2ax — x^y 2 > 1 H- 1 

"^+2 ■*■ 

Write «,,= j x” '{a-(a — x)\I^dj:=au„ i-l j R^dx 

where /l—2ax-x\ and then integrate by parts. 

32. If J X** d>x/^(2ax — x^X show that 

x”~^J(2ax — X“) , 271 

„ ^ aw„_,. 

71 n 

33. If 771, 11 are positive integers find the value of 

I (l—x”)”*dx. 

.0 

34. Find the value of 

(i) / x^yj{d^ -x^)dx \ (ii) / x^J{2ax-J(!^)dx. 

Jo Jo 

36. 0M i» the abscissa and MP the ordinate at the point P (^, 7]) or/ 
the hyperbola x^ld^—y^jb^^^, I, ^7 being both positive. If A is the 
vertex nearest P show tliat the area A MP is equal to 

.H^-aa61og(|+|), 

and that the ai ea of the sector OA P is 

(!+?)■ 

36. Trace the curve given by y*=(^“ 1)(^ — 3)* and find the area of 
the loop. • 

G.C. 
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37. Trace the curve given by a being positive; 

find the whole area enclosed by it. 

X X 

38. Find the length of an arc of the catenary y = Ja(e* + e ~ «) measured 
from the point C where a;=0. Show that the area between the two 
axes, the curve and the ordinate at a point P is a times the arc CP. 

39. Find the length of an arc of the cardioid r=a(l — cob the arc 
being measured from the origin. 

40. Find the length of an arc of the spiral r=a0, taking when 
r=0. 

41. Find the length of an arc of the spiral taking 

when 0=0. 


§ 120. Partial Fractions. The method of resolving a 
rational fraction into partial fractions is now found in 
most text-books of Algebra. We will therefore refer the 
student to Chrystals Algebra, Vol. L, Chap, viii., for a full 
discussion of the theory, and will merely work out a few 
examples. The fraction will be supposed to be a proper 
fraction, that is to have the degree or its numerator in the 
variable x less than that of its denominator, and to be at 
its lowest terms. 


Let the fraction be F{x)IKx) where F{x) and f{x) are rational 
integral functions of x. f(x) can be resolved into a product of real 
'prime factors, each of which is a linear or else a quadratic function 
of X, but a factor, linear or quadratic, may be repeated several times. 

P\x)lf{x) can be resolved in one and in only one way into a sum of 
proper partial fractions ; these partial fractions are of the following 
types : 

(i) To every non-repeated linear factor x-a of f{x) corresponds 
a partial fraction of the form Al{x—a). 

(ii) To every r-fold linear factor {x- fSf of f{x) correspond r partial 
fractions of the form 



.+ 




Sx 




(iii) To every non-repeated quadratic factor x^+yx^-^ of f{x) 
corresponds a partial fraction of the form {Cx+l))l(a^A-yx-\-^). 

(iv) To every r-fold quadratic factor {x’^+yx+Sf of f{x) correspond 
r partial fractions of the form 


CjXA-Pr " , 

(^+ 7 ^+ 5 )** 

The method of determining the coefficients A, B, ... will be learned 
from the examplea 
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'(J- 


l)(x-2). 


Bx. 1. a^l{d 

No factor of the denominator is repeated ; therefore 



{x+ 1)(^ - 1)(^ - 2) .r + 1 ^ X 

Clear of fractions ; therefore 

— A{x - l)(.r - 2) 4- B{x -\- 1 )(^; - 2) 4- C{x + 1 ){x - 1 ). 

This e(}uation being an identity, we may give to x any value we 
please. Put .r4- 1 =0, that is, — 1, and the terms in B and C vanish, 
and we get i = j(-l_l)(_l_2) or A = 1/6. 

Similarly, by putting ^=1 we get j5= -1/2, and by putting x — 2 
we get C~ 4/3 and 


1 1 


1 


2 .r-1^3 x-^ 


^ _ =,1 i_ 

(.^•^-l)(;r-2) 6‘:r+r 

Or, to find A, multiply both sides by its denominator :r4-l and then 
put =0 ; ^ 

^ \u{x - - 2)1— i’ 

In the same way, if x-a is a non- repeated factor of J{x) and 
Al(x~ a) the corresponding partial fraction 

._r(x^a)FXxyi 

Jx»a* 

If f{x) — {x - a)^ar), then 

/(.r) = </<.r)4-(a7-a)</)'(ar) and /(a) = <^a), 

so that 

‘ ^ “ L(i- <^{a) -/'(ay 


Ex. 2. (x^+x+2)l(x-iy{x--x-hiy 

The repeated factor (^— 1)^ gives two fractions, and the factor 
^-^-^4-1, since it has no real linear factors, gives a fraction of the 
type (iii) ; hence 

_ A B Cx-vD • 

{x - 1 - .r4-l)”(^-l)‘^'^^-l'^A'^'-^4-l 

Clearing of fractions, we get 

.r2 4- .r + 2 = .4 (,r2 - a: 4- 1) + - l)(.r2 - ,r + 1) 4- (C!r 4- 2))(a: - 1 

Putting a’=l, we get ^4=4. Now bring the term in A to the left 
side and reduce after putting 4 for A. The right side will contain 
(a: - 1) as a factor, and theiiefore, since the equation is an identity, the 
left side must also contain (:r- 1) as a factor. If it does not, there is 
an error in the work. We get 

~(3,r^2)(.r-l)=iB(^-l)(.t-2_^^+l) + (^. • _i)2 
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^ I 

Divifle by 1 ), and then by putting ^ 7=1 we find - 1 . Now 
take the term in B to the left, ana again divide by {x- 1 ). Tlien 

so that, since the equation is an identity, ( 7 = 1 , Z)= - 3 , and therefore 

.z?^ +.r + 2 4 1 07- 3 

{x - 1)2(07** - 074-l) (^~l)* 07-1’^072-07+1‘ 

Ex. 3. — 2 )/(o72 + 07 + 2)2(072 + 07 + 1 ). 

By (iv) and (iii), since there are no real linear factors of the 
denominator, 

o.'2-2 Ax-\-B Cx+D Ex-{-F 

(o,2+o7+2)2(.r2+.rTf ) ~ (.^2 + 07+2)2 072+07+2 072 + .t7 + 1 ' 

Clearing of fractions, 

.r"* - 2 = (^ 07 + B){X^ + 07 + I ) + ((7o7 + D){x^ + 07 + 2)(072 + 07 + 1 ) 

+ ( A’07 + i^(072 + 07 + 2)2. 

Put o72+.r+2=0 and reduce 072 and ot^ to linear functions by means 
of this equation. It gives 

072 + 07+ 1 = - 1 ; .r2= -07-2, 072 = -072-207= -07+2, 

and therefore -x— - Ax- By 

so that A = l, 5 = 0 . Take the term in A and B to the left and 
divide by 072+07 + 2 which must be a factor. Hence 

- 1 = ((7o? + /)) (o2 + 07 + I) + (50 + 5^(072 + 07 + 2). 

Put 072+07+2=0 and proceed as before. We get ( 7 = 0 , Z)= 1 . 

Hence, after dividing oy 072+07+2, 

-1 = 5 ^+ 5 ; 5 = 0 , 5 = - 1 , 
and the fraction is equal to 

o 1 1 

(072+07+2)2 072+07+2 072+07+1’ 

' These examples show sufficiently the method of deter- 
mining the coefficients ; other methods will suggest them- 
selves to the student, and he will find full details in the 
chapter of Chrystals Algebra referred to above. 

§ 121. Integration of Rational Functions. If F(x)/f(x) is 
not a proper fraction it may^by division be expressed as 
the sum of a rational inb^^gral function and of a rational 
proper fraction. 

The integral of a rational integral function is a rational 
integral functijfgU^ 
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JThe integral of A /(x — 1 ) is ^ log (x — a). ^ 

The integral of Bj{x--^y where r is ditierent from unity 

i« 

The integral of (Cx + D)l{x^+yx-\-S) has been discussed 
in § 115 and is of the form 

X log(a32+ya:+^)+M tan-^ 

We have, therefore, only to consider ((7ir+2))/(a;- + yx+d/. 
W*riting the quadratic in the form = (a:+a)^ + /8“ the 
integral is 

In practice it is usually simplest to integrate l/jR*" by the 
substitution x + a = ^ta,n$', but it is of some theoretical 
interest to get a formula of reduction. If we differentiate 
(x+a)/iJ’‘*^ we find 

fx+d\ _ 1 2 (r — 1 )(x + uy 

dx\lir-^)~W-^ ~ Br ' ’ 

-(2r-3) 2{r-\)^ 

~ Br-^ ' ^ Br ’ 


by putting (x+a)* = i2— Integrating and rearranging 

, j’^_ x+a 2r — 3 f <lx 

we get 

Hence the integral of (Gx+D)l can be made to depend 
on that of l/R, which is an inverse trigonometric function. 

Thus the integral of any Rational Function of x can be 
expressed in terms of rational functions, logarithms and 
inverse circular functions. 

There is always a considerable amount of labour in inte- 
grating by the method of partial fractions. The student 
should, before resolving into partial fractions, examine 
whether the integral may be simplified by a substitutioii. 


Thus, 


J xHx, _ , f « ttclu 
— .T^ + l ~ — W 


16 -fl 




and the fraction in u is easier to handle than that in x- 
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§ 122. Irrational Functions, wli consider one or two ca^s 
in which the integrand is an irrational function. 

(i) When the integrand contains only fractional powe^ 
of X let n be the L.C.D. of the fractions ; then the substitu- 
tion = will make the new integrand rational in u. 


Thus, if 

I u^du 

= 6 tan“i u) 


(ii) When the integrand contains ,^(ax + b) but no other 
iiTationality the substitution ax+b = u^ will make the new 
integrand rational in u. 

(iii) When the integrand contains ^(ax^ + bx + c) but no 
other irrationality the integral may be reduced to that of a 
rational function as follows : 

First, let a be positive and write the root in the fonn 

?y = V^ q^cja. 

Let ^{x^-\'px + q)=^U’-x so that, squaring and solving 

fm-j- '^"-9, dx ^u^+'pu+q) 

’ 2v,+p du (2ii+p)* 

The new integrand will clearly be rational in u. 

Second, let a be negative. In order that y may be real 
the linear factors of ax^ + bx+c must be real ; if they were 
not real the quadratic would be negative for every real 
value of x and therefore y would be imaginary. We may 
therefore write, since ( — a) is positive, 


y = y/(-a)^{x-a){li-x). 

^For definiteness suppose B>a (algebraically) and let 
u===+J{(x-a)/(^-x)l 
Then, u^=(x—a)l(^—x); 


X 


_ Q izia, a±^. 

1+tt? ’ ^ 1+u^’ ’ 




u dx._^$ — a)v, 


The new integrand will clearly be rational in u . . 
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I»i (ii), (iii) we may suppose all the roots to be positive, 

(See § 123, 

•The above analysis shows that if y be either ^{ax + b) 
or >^{ax^+bx’\-c), and if tlie integrand be a rational func- 
tion f{x, y) of X and of y^ the integration of f{x, y) can 
always be reduced to that of a rational function, and 
therefore (§ 121) requires for its integration only rational 
functions, logarithms, or inverse circular functions. 

(iv) Let the integrand be x^{a + bx^Y. 

{a) If p is a positive integer expand (a + bx^^y. 

(b) Try the substitution iL = a + bx^^ which gives 


x= J_(u,-ay; 
l)n 


dx _ (u -- ' 


and the integral becomes 


1 

i!2±i 

no " 



so that if (m+l)/n is a positive integer the binomial may 
be expanded and the integral obtained in finite terms. 

(c) If (?7i + 1)/?^ is not a positive integer let x = l/v and 
the integral becomes 





Instead of m we have now —(m+np + 2) and therefore 
by (6) if — + 1)/^ be a positive integer, that is, if 

(m-f I)/n+p be a negative integer the integral may be got 
in finite terms. The substitution is 


u = 6 -b a t;” = 6 + ow? “ 

• 

§ 123. (General Remarks. From the discussion now given 
it will be seen that integration is a somewhat haphazard 
process. The only general results obtained are those of 
§8 121, 122; in most cases the integi'ation, when it is 
possible at all, has to be eflectcd by reducing the given 
integrand by various methods Jo a few standard forms. 
^Iven for the cases discussed irf § 122 it is frequently simpler 
to take a special method for a given case than to apply the 
general theorem. • 
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• 1. 

MiVJh of the difficulty beginners find in integration is 
due to a deficiency in power of algebraic and trigonometric 
manipulations. When the standard forms have been coifi- 
mitted to memory the next step is to master the two 
principles of change of variable and of integration by 
parts ; but the student who has not a thorough mastery of 
elementary algebraic and trigonometric transformations 
will often fail ix) sec the reasons tl^at suggest the particular 
devices adopted and will have to struggle with difficulties 
that are due, not to the nature of the calculus but to his 
own deficient algebraic training. 

Integral dependent on the range of the variable. Another 
source of difficulty requires special notice, namely that the 
integral may have one form for one range of the variable 
and a different form for another range. Thus the integral 
of l/oj is logo? or log (—05) according as x is positive or 
negative ; in this case the integral may be written |log (aP), 
a form which covers both cases. See § 117, Ex. 3, for 
another case. 

Again, difficulty may arise from the ambiguity of the 
square root ; in that ambiguity the explanation of the two 
forms for the integral of i/(a + hcoHx) is to be found when 
the inverse cosine is derived from the inverse tangent. 
Thus, if it be agreed that the root is always to be taken 
with the positive sign, the transformation P^Q = ms/(P^Q) 
would only be correct if P were positive; if P were 
negative we should have P>v/Q== — v(P‘^Q). 


EXERCISES XXV. 


Integrate with respect to x examples 1-24. 


(2a: +1)(^+ 2)^+2) ’ 


{x - a){x - h){x ~ c) ' 


^+1' 


4. 






X 

(iTT?7F-T) ’ 


7. 


10 . 


x^^x-\-\ , 


9. 
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ML. 

.r-2 

12. 

i 1 • 

13. 

X 

4" •— 2 * 


{x^ -f d^)\x^+ Ir) ’ 


x^ 


1 

16. 

1 

14. 

{x‘^-i-a'-)(x' + ir) ' 

15. 

{x— 1)‘^ ’ 

^ +1 ’ 

17. 


18. 

1 

19. 

COS X 

(.«•“ + 2.^ + 5)'-^ ’ 

x*(aj7+b) * ^ 

TG + 9 sin‘^ X ’ 

20. 

1 

21. 

x+1 

22. 

x^ - n‘^ 

3 sin.r+sin•^r ’ 

(.r^+ir+Gy ’ 

.ii^ + d^x^-\-a^ ’ 

23. 

1 


’ 



(.r4-lK47.*4+17.ti^ 

= + 4)^ 



25. 

Tiansforin the integral 




dx 


J (x — ay*(x— />)'* 

by the substitution u — (:c--a)j{x — h) ; tind its value when r/i — 3, = 

Integi’ute with respect to x examples :i(j-37. 


26. 


27. 

1 

28. 


1 ’ 

s/x+ yx ' 


29. 

./• 

30. 

1 

31. 

1 

32. 

1 

33. 

xy{a + b.i^) ; 

34. 


35. 

1 

36. 

2a + ar //a-.r\ 
a-h^ \ \a+x) 

; 37. 

Jtsin X 


u.c. 


•2 



CHAPTER XIV. 

DEFINITE INTE6EALS. GEOMETRICAL 
APPLICATIONS. 

§ 124. Definite Integrals. In this and the two following 
articles we will state a few of the more important theorems 
respecting definite integrals. 

Theorem I. A definite integral is a function of its 
limits, not of the variable of integration. 

This theorem is obvious from the geometrical meaning of 
the integral; so long as the symbol F denotes the same 
function the graph of F{x) with x for abscissa is the same 
iis that of F{u) with u for abscissa, and therefore 

J F{x) = I F{u) da. 

Or, again, if F(x)=Dxf(x\ then F{u)^D^f{u) and each 
jsymbol represents /(6)— /(a). 

Theorem 11. ^ | ^ 

^ Theorem III. If a <h and if F(x) is positive for every 
value of X within the range of integration, the integral 



is positive, not zero; if F{x) is negative, the integral is 
negative. 

For the area represented by the integral is positive in the 
first case, negative in the second. Obviously the theorem 
ivill still be ^e if F{x) is zero for some but not all of the 
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values of x in the interval (a, h\ and a similar obseiVation 
^ true in Theorems V., VL, VII. 

Thus such an equation as 
Jo 

is absurd. The contradiction arises from the fact that the p^itive 
integrand l/(.r~l)2 is discontinuous when .a; = l, the value 1 lying in 
the interval (0, 2). 

Theorem IV. | F{x)dx=^^ F{x)dx+^ F{x)(h:. 

For the area represented by the integral on the left, sign as 
well as magnitude of the areas being taken into account, is 
equal to the sum of the areas represented by the inttigrals 
on the right. In the same way, 

I F{x) F(x) da; + 1 F(x) dx + 1 F(x) dx, 

and so on for any number of subdivisions of the interval 
(a, h). Of course one or more of the numbers c,r/, ... , may 
be greater than the greater or less than the smaller of the 
two numbers a, 6, provided F{x) is continuous for all the 
values considered. 

Thkouem V. If a <b ami if G is the {alf/ebmically) 
greatest and L the {algebraically) least value of F(,ic) in the 

interval {a,b), then^ F{x)dx<G(b — a) but>L{b-‘a). 

For G-’F{x) and F{x)’-L are positive ; hence by Th. III. 
the integrals 

I [G — -f’(aj)] dx and | [F(a;) — L] dx, ^ 

Ch Cb Cb rb 

that is J Gdx— \ F{x)dx and \ F(x)dx—\ Ldx, 

or c; (6 — — I* dx and [ F(x) dx — L(b'— a), 

Ja Ja . 


are lx)th positive, so that the* iiltegral is less than G(b — a) 
but greater than i ( fe — a). 

The integral will be equal to — a) Y^ere is a 
number less than p but greater than i ; ^ut since F(u!) is^ 
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• I 

contiguous it must, fov at least one value Xy^ of x between 
a and h, be equal to H, The value Xy^ is of the form 
(6 4- 0 (i — (i) where 0 < 0 < 1 (§ 73). Hence, 

^ {b-a)=F{a+e{b-a))(h-a). 

The theorem is evident from the figure; for the area 
ABDEG is less than the rectangle G.AB, greater than the 
rectangle L . AB, equal to the rectangle H . AB ov MP . AB 
where MP is an ordinate less than 6 but greater than L, 
The value H or F{Xy) is sometimes called the Mean Value 
or the Average Value of the function F(x) over the range 
(See §134.) 



Theorem VI. If a <b and if for every value of x in the 
interval (a, 6), F{x) is (algebraically) less than <j)(x) hut 
(algebraically) greater thxin \/r(x), then 

^ I F(x)dx<^ </)(x)dx but >j^\j>(x)dx. 

Proved in the same way as Th. V. since (f>(x)—F(x) and 
F(x)--\lr(x) are positive. For geometrical proof see the 
figure (Fig. 55). 

Theorem VII. If a <b and if F(x) is the product of two 
functions 0(a’), yfr(x\ one^ of whicK 0(ic), is positive for 
every value of x ^n the inter'ifal (a, bj, then 
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luhire G, L are the (algebikiically) greatest and least yalues 
of \fr(x) in the interval (a, 6). 

• Proved in the same way as Th. V., since G—yp^ix), 
\p{x)^ Ijy and therefore (G--\lr(x))(f>(x) and {\p{x) — L)<l>{x) 
are positive. 

If (j)(x) is negative for every value of x in the interval 
(tt, b) we shall have 

I <p{x)\p{x)dx>G\ <l>ix)dx but <xf ^(x)dx. 

a J a J a 

In both cases, the function y/^(;x) being continuous, we 
may as in Th. V. write 


I (fi{x) yi/{x) dx = 0(fr ) dx 

a J a 


where a < < h. 

Tlie theorem expressed in equation (a) is called The First 
{Integral) Theorem of Mean Value. (See Exercises XXVI. 
29-31.) 1 

Ex. Show that if ti > 2, the integral 

dx 

Jo 

is gi eatei’ than *5 but less than *524. 

Poi* every value of x within the range of integration, the vaine 0 
excepted, 

l-x^<l-.v^<l; 1 V(1 ~x*0> 1/V(1 -a.")> 1, 
so that the integral is less than 

r i 1 .r- 




but greater than 


j^ldx—'^. 


§ 125. Belated Integrals. 

Theorem I. [ F{x) dx=^\ F{a — x) dx. 

Jo Jo 

Let aj = tt — u ; then dx=^ —d w , and when a? = 0, u = a, when 
35 = a, 14 — 0, so that • . ^ 

p* ro * , 

1 F{x)dx=^ — \ F{a--u)du^ \ F(a’~‘u)du^ 

Jo • J« Jo • 
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and in the integral last written vie may put x for u (§ 124, 
Th. 1)? 

A useful Cfluse is , 


IT IT W 

j /(sina;)<i£C = J /(8in[f — a5])c?a! = J /(cos ic) tZx. 
Theorem II. | F{x)dx=^ {F{—x)+F(x))dx. 

I J?'(x)(fo!=|” F{x)dx+^ F(x)dx. 


For 


In the tiist integral let a: = — u and it becomes 

— u)dtt= j* F(—x)dx, 


from which the result follows. Hence 


I F(x) dx=2^ F(x) dx, a F( — x)= F(x), 


=0, if F(-a;)=-i’(®). 




The last results are evident geometrically from the figurea 


‘theorem III. £.?’(«) <ia:=j^ {F(x)+F(a—x)} dx, 

so that f F(x) cto — 2 [ F(x) dx, if F(a —x)=^ F(x). 

Jo Jo 

~0, if cc)= — F(x). 

The proof is the same’ as# for Th. II. ; divide the interval 
into (0, ^a) and (Ja, a), and in the second integral put 
x = a^u. 


t 
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ASs a particular case 


i f(sinx)dx=2\ f{smx)dx. 
Jo* Jo 


30.5 


Theorem IV. If F(x) is periodic, with the period a, that 
is, if F(x+na) is equal to F(x)/or every integral value of n 

I pa fa 

F{x)dx=p^ F{x)dx, 
where p is any positive integer. 



If 0-A =«a = AJ5 = J?0= ... then from the nature of the 
graph the areas OAKH, ABLK, BCML, .. are all equal, so 
that if OC^p . OA the area OCMH is p times OAKH. 

Or divide the range pa into p parts each equal to a, then 

fpa fa fC^+Da 

J F(ic)dx = ^ ... +J^ F(x)dx 

Cpa 

+ ... + 1 F(x)dx. 

J(p-l)a ^ 

In the integral having ka, (A:+l)a for limits let x = u+ka^ 
then dx = du, and when x = ka, u = 0, when x=={k+l)a 
u = a, so that 

f(*-M)« fa fa fa 

F{x)dx^\ F(u+ka)du=^^ F(u)di« = j F(,r)dx, 

• 

since F{u+ka) = F{u).^ Thus eaQh of the p integrals has 
the same value and the* result follows. 

Similar reasoning* shows that the theorem is also true 
when p is a* negative integer. , 
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• ( 

As ft particular case / 

riir 

J /(sin x)dx=pj f(mnx)dx, • 

These theorems are of great service in the evaluation of 
integrals. 

§ 126. Infinite Limits. Infinite Integrand. Up to tliis 
point the limits of the integral have been assumed to be 
finite, and the integrand has been supposed continuous and 
therefore finite for every value of- the variable within the 
range of integration. It is, however, possible in certain 
cases to remove these restrictions by the use of limits. 

A. Infinite Limits' An integral with one of its limits 
infinite is defined as follows : 

• Cb Ch rh 

F{x)dx^ L F(/)dx : F(x)dx= L F(x)dx, 

6=ccJ® J— CO a=-coJ^ 

provided the limits for /> = x and for a = — x are definite 


jjuantities. 

'"dx 

f^dx 

hx. 1. 1 

1 


Ex. 2. 1 

'^dx , 

f^dx 

— = L 

1 X b=Q0* 

It X 


In this case the limit of \ogh is not a definite nund)er, and the 
integral is therefore a meaningless .symbol. 


Ex. 3. 


I’-- 


cos dj\ 


By § 118, ex. 3, the indefinite integral is *(-cos.r-f sin.??), and 
w(^ have to find the limit for ^>=oo of 

4 + 4^" \ - cos 6 4: sin h). * 

Now cos ft, sin ft are each never greater than 1, and the limit of e '' 
is*zero so that the integral is equal to 4- 
The limit for x—co of where a is positive, is often needed in 

dealing with these integrals. It is easy, by § 49, to see that 


See also Exercises VII. ex. 9. 

B. Infinite, Integrand. ^ If F(x) is continuous for 'all 
values of x between a and b except for x-=d when it is 
infinite, then the integral of F{x) between a and b is defined. . 
thus, a bein^ less than h and f being positive, • 
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^ , f F(x) dx=\t[ F(x) dx, 

^ ja e=oJa+« 

provided the limit is a definite quantity. 

If F{x) is continuous except at h then, c being positive, 

I F{x)dx= lJ^ F(x)dx. 

Kx. 1. L L(2-2^/€)-2. 

•A) nt^fX * 0 I 

Ex. 2. /V^-= f'"’ //^= L sin->(l-l) ; 

tlui limit is obviously sin ’1 or 7r/2. 

Ex. 3. L f''5'= L(i-iY 

Jq XT e=0Y C / 

In this case there is no definite limit and the integral therefore does 
n(>t exist. 

If a<c <h and if F{x) is continuous except when x — c^ then the 
integral between a and h is defined thus, c, c' being positive, 

f'’F(x)di:^- L l'^'‘F{.v)dx+ L F{x)dr, 

Ja € -O-'a e'^^0‘C+e' 

provided each limit is separately a definite ([uantity. 

r -^2= L (-•> V‘+3)+ L (3-3il/t'). 

J~1^X^ t^o t'=0 

Here Ihe first limit is 3, the second is also 3, and the integral is 6. 

In this case there is no definite limit and the integral does not exist. 

A change of variable will often remove the difficulty of 
an infinite integrand or an infinite limit ; thus, in ex. 2, we 
might put x = a sin0. The chafige of variable is specially 
useful for the forms given in § 1 lO. ^ 

niese exceptional cases of 
integrals may be illustrated by 
consideration of the graph of 
F(x). Let F(x)= 1 /x”- where n 
is positive; then the ir-axis is 
an asymptote and the area 
J B DO is (n==j=l) • - ^ 


Pdx 1/1 




Y 

\ 




c 




0 

1 A B X 


1 
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Hence/ if 7i>l, the area ABDO tends to the value 
1/(71-^ as b tends to oo; while if ^<n<\ the area^ 
tends to oo since 1/6” that is, 6^"” tends to oo . If i 
the area ABDG is equal to log (6/a) and therefore tends 
to 00 with 6. 

On the other hand, consider jP(cc) = l/(a5— a)” where n is 
positive. If 0-4= a, AE=e, OB^b, then the area EBDF 
IS eqnal to (71=1=1) 


t 


dx 


a+e(a3— a)” l—n 


{(6 — a)'"” — 


Hence, if 0<'n<l the area tends 
to (6 — a)'“”/(l — 7i) as e tends to 
zero; while if n>l the area tends 
to 00 since that is, 1/e” ’ ^ tends 
to infinity as e tends to zero. If 
n = l the area is log{(6 — a)/e} and 
therefore tends to oo as e tends to 
zero. 

It is easy to show by the use of 
Th. VIL, § 124, that if near a, F(x) 
is of the form 0(aj)/(ic;— a)”, where 
(f)(x) is continuous, the area EBDF 
and the corresponding integral tend to a finite limit if n is 
a positive proper fraction, but that when <f>{a) is not zero 
the limit is infinite if n is equal to or greater than 1. 

It is beyond the scope of this book to enter further into 
these exceptional cases. 



EXERCISES XXVI. 

• Evaluate the following integrals : 


1. f e~^ coshxdx{a>0) \ 2. f e~^ Bin bxdx (a > 0) ; 

Jo Jo 

o r . A r dx . 

J-'oa^+Zx+S’ *• A 

- f o x^dx . I P“ ^dx . 

Jo Aj{a-xy Jo ' 

fb ^ 



E3CERCISES XXVI. 


m 


« 8 . f*^{(sf-a)(b~x))dx; 

L 


n 


dx 

a^co&^x+b^sin^x * 
''^co8*A* sin X dx 


+€^coa^x * 


11 /^___f^£___. 

A (a^^os^^+Psin^Jp ' 

to co82.r sin :r c^r 

Jo ;/(! +> cos^^)* 

14. J tan xdx; 15. ^ log^cir; 16. J ^log4?<ir. 

17. Prove that if m and n are positive, 

f x*^(l—x)”dx— f x”(l-x)”*dx. 

Jo Jo 

18. Prove that if n is positive, 

j e~^x^dx=7ij e'*x^~^dx. 

Find the value of the integral if is a positive integer. 
f'^xsinxdx 


''^TTBinxdx 
Jo l+cos'-^j? 


prove that ( 

and then find the value of u, 

20. If w= where 0<e<l, 

prove that u — / t— -t— ~ w, 

^ • .'o 1 + « sin X 

and then find the value of u. 

21. Show that f F(x) dx— f F{a + 5 - ^) dx, 

Ja J<* '% 

22. Prove that if n is a positive integer 

gin”^: dx > ^*8in"+*x di\ 

Hence, show that 7 r /2 lies between 

2.2.4 .4.6.6. .. . _ 2n J2n 
T737376T¥. 7 . . f.'(S^-l)(2«+l) 

and the -fraction Obtained by omitting the last factor in numerator 
and denominator. (This is often quoted as Wallis’s vflue of tt.) 



308 AN ELEMENTARY TREATISE ON THE CALCULUS. 

I 


P^'ove that, n being 4i positive integer, 


f 


sm^ 


+ ... +(-l)*W*+ ... ±Un-.i, 


where 


0 V. + /I 


du 

+ /*7r * 


Show that UQy Wj, i42...are positive, and that if k is equal to or 
greater than 1, w* is less than l/k. Interpret these results by con- 
sidering the graph of sin.r/.r, and show that the integral has a finitt? 
limit for n — oo. The limit is 7r/2 but the proof can not be given here. 


24. Prove 


p cLr 

Jo /v/(4 — or*-*- 


25. Prove 


f- 

Jo > 




dx 


4': 


dx 


Jo jJ{4-Zx) 

that is, < I, but > 19/32. 

dx 


but > 


i 16 


26. Prove 


r 


>•573, but < *595. 


Put x — l+u\ then replace ^^4- 3^2+2 by 4w--f-2 and by 3w2-h2. 

27. If a and </> are positive acute angles, prove 

^ >,Abut<. 

^(1 - sin-^a sin-^j?) >J{ 1 - sin-^a .sm^</>) 

If a = </)=7r/6, show that the integral lies between ‘523 and '541. 
More accurate methods give ’52943 as an approximate value of the 
integral. 

28. Prove 


I' 


/ oo rao r® 1 

e-^dx<j^ xe-^dx; (ii) e~^dx<l-\-^. 


29. Give a geometrical interpretation of Th. VII., § 124, by con- 
sidering the volume of the solid bounded by the coordinate planes, the 
planes through x^a and x—b perpendicular to the .r-axis, and the 
cylinders ^ — ^(x) and z=^yff{x). 

^10. If is positive, and if <f>{x) is a •positive decreasing function 
in the interval (a, 6), show by considering the volume of the solid of 
ex. 29 that 

(i) <f}(x)ylr{x)dx^<l)(g) ^(x)dx, where a <^<h\ 

but that if ffi(x) is a positive increasing function, 

(ii) jf <f>(x)yl/(x)dx= </>(^ J^j\fr(x)dx Y^here a<^<b. 

31. If increases (algebraically) as f increases from a to 5, show 
that in ex. 30^1) we may 4>(b)-<l>{x) in place of €^(x), while if 
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i| 

decreases (algebraicalM we may in ex. 30 (ii) put in 

place of <^(^). Show tliat, wnen these substitutions are made, both (i) 
mid (ii) become 

Jn Ja J$ 

In this case may be either positive or negative. The theorem 
expressed by the equation is called The Second {Integral) Theorem of 
Mean Value ; it is true even if ^{x) take both positive and- negative 
values, though the illustration would require more careful elaboration 
to show this. 

Illustrate by an area when ylr{x)=l. 


^ 127. Some Standard Areas and Volumes. In this article 
we collect some of the more important results already 
obtained or easily proved. 

1. The right Circnlar Cylinder. Let the radius of the base be a and 
the he‘ight A. 

volume — TraVi ; curved surface = 27ra/%. 


2. I'he right Cirmdar Cone. Let the radius of the base be a, the 
height A, and the slant side l = ^{d^-{-JV), 

volume =j7ra^A ; curved surface = 7ra?. 

Foi* a frustum of height A, slant side and with radii of ends a, 6, 
volume = \ir{a^ + a6 4- 6^)A ; curved surface = 7r(a + h)l. 

Let A be the ba.se, A the height, and A’' the section parallel to the 
base at distance x from the vertex of any cone ; then 
X:A^x^’.h\ 

since parallel sections are similar figures. Let V be the volume of the 
portion having X for base and height x ; then to the first order of 
infinitesimals 8 V—X8x, and D^V is equal to AT. Hence the volume of 
the whole cone is 


For a frustum of height A, the areas of its ends being A and By fjne 
volume is 


3. The Sphere. Let the radius be R\ then, by § 85, ex. 2, the 
volume of a spherical cap of height A is 

7rA2(/2-JA), 

and the curved surface of the cap is By putting A =2^ we 

get for the volume and tlie surface ^of the sphere and 

reiy)ectively. 

It will be noticed that the surface of the cap is equal to the curved 
surface of a /jylinder of the same height whose base is jequal to a great 
circle of the sphere. ^ ^ • 
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To find the volume of a spherical sector, add to the volume of {he 
cap that of the cone whose vertex is at the centre of the spheie and 
whose height is iK - A. The i-esult is r.* 

TrK\R - JA) + Rh - h^){ R-h )= - J^/2, 

where S is the surface of the cap. The result is more easily obtained 
by supposing the surface of the cap divided into a large number 
of small areas ; the sector may then be considered as made up of a 
large number of cones having the .same height /?, and the volume 
of the sector will therefore be }^SR. 

4. The Ellipse. The area of an ellipse whose axes are 2a, 2A is 

aJ ydx=~j ^J(a^-.x^)dx—7rah. 

The volume of the spheroid generated by the revolution of the 
ellipse about its major axis 2a is 

2 \ vy^dx = 27r "2 / ~ 3p^)dx = ^TraA^. 

JH Oi Jq 

This spheroid is called “prolate.” When the axis of revolution is 
the minor axis 2A, the spheroid is called “ oblate.” The volume of the 
oblate spheroid is 

2^ TTx'^dy = 27rp j (6^ - y^)dy = ^Tra%. 

Tlie sui’face of the prolate spheroid is 


where 


\dx7 \dx) — 


Let € be the eccentricity of the ellipse ; then a*€*=a*“A^, and the 
integral may be written, since 6=a,^(l -€^), 

47r-v/( 1 - ^(a2 - c V) dx^ 

aifli the value is easily found to be 


2Ta*{ 1 - «* + V(1 - e») 


The limit of this expression for €=0 is 47 ra*, which gives the surface 
of the sphere of radius a. 

For the oblate spherojd the student will readily prove that the 
surface is 


dg 4A iCaVU “«*) • ^ 
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Since j log = log(l + <)* + log (1 - e) • 

find L i log j-i^=log« + loge=2 ; (§48, CoR.) 

t = A— C 

so that the limit for €=0 of this area is also 4ira^, 

5. The Ellipsoid + y^jb^ -f z^fc^ = 1. 

The traces of this surface on the coordinate planes are ellipses ; the 
section MPQ by a plane parallel to 
the plane YOZ is an ellipse. If 
OM^x then 

and the area X of the quarter-ellipse 
MPqi^ 

If V is the volume bounded by 
the coordinate planes, the surface 
BCQP and the section MPQ^ then 
to the first order of infinitesimals 
bV=Xbx and Dx V—X, Hence the volume of the octant OABC is 

so that the volume of the ellipsoid is Airabc/S, 

Tlie method of finding the volume illustrated in examples 2 and 5 
is obviously applicable whenever the area of a section pei*pendicular 
to the ;r-axis is a known function F(x) of .r ; the volume is simply the 
integral of F(x) between proper limits. (See ex. 3, § 85.) The 
modification needed when the axes are not rectangular is plain. 

Curve Tracing. — Before proceeding to the next set of 
Exercises the" student should read over carefully the 
hints given in the earlier chapters for tracing curv^; 
these, with the additional help furnished by the first and 
second derivatives, should enable him to graph the more 
elementary curves. In general he should proceed in some 
such way as the following : 

(i) Examine the equation for symmetry. 

(ii) Find where the curve crosses the axes. 

(iii) Find the finiVe valuesf of x (or of y) that make y 
(or x) infinite ; these values usually show the asymptotes 
that are parallel to the axes. .A^jmaptotes iAclined to the 




312 AN elementary TREATISE ON THE CALCULUS. 

t 

axes may in the simpler cases be ‘found as in §24 or by /;he 
method of § lOG; but such cases lie outside elementary work. 

(iv) Find the values of the one coordinate that inal/e 
those of the other coordinate imaginary. 

(v) Find the gradient (see § 54) ; note the turning points. 

(vi) Find the second derivative; it determines the con- 
vexity or concavity of the arc and the points of inflexion. 
It is often laborious, however, to find the second derivative, 
and general considerations will fre(}iiently show the course 
of the curve without its use. 

For polar coordinates the procedure is similar. It is 
often convenient, however, to suppose that the. radius vector 
may take negative values; thus the point ( — 1, —1) in tlie 
third quadrant may be given in polar coordinates as 
57r/4) or as '7r/4). In the second form 

7r/4), if lXOP is '7r/4 and OP equal to ^2, 
produce PO beyond 0 to P' so that OR = PO and P' 
IS the point ( — >^^2, irj^). See Exer. XXVIL, ex. 2:>. 

The general course of the curve should always be found 
before attempting to find an area, or arc, etc. In evaluating 
the integrals substitutions will usually be necessary, and 
the student will find that sometimes a considerable amount 
of labour will be saved by choosing a good substitution. 

' Even though the curve is given in rectangular coordinatiis 
a change to polars will sometimes simplify the integrations. 


EXEBGISES XXVn. 

1. The parabola y*=4a.r revolves about the or-axis ; find the volume 
and the surface of the segment cut off from the solid by a plane 
perpendicular to the .a7-axis through the point where x^h. 

2. Find the volume cut off from the paraboloid 

by a plane perpendicular to 
the .r-axis through the point 
where x—L 



3. Find the area enclosed 
by the curve (Fig. 61) 

2 + « a^bV. 
Symmetry about both axes; 
max. ofv=5/2. 

Find also th^ volume of the solid generated by the revolution of the 
curve about the ^ 
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Find the area enclosed iJy the curve where 

6>«>0. H 

^If X is less than a or greater than y is imaginary except when x — O 
imd then y — O. The curve is therefore a closed curve symmetrical 
about the :r-axis ; the origin is called an uolated point because its 
(KKirdinates satisfy the equation, while there is no other point nearer 
the origin than («, 0) which lies on the curve. 

5. Find the area of the curve 

+ y^Y — 4- 

Change to polar coordinates. The 
origin is an isolated point. 

6. Ti*ace the curve 

hy'^—x (x - a)(2a - x) 
where a and b are positive.. 

// is imaginary (i) if x>2a ; (ii) if 

0<.r<a, 

The curve consists of an infinite 
branc*h and an oval as in Fig. 62. 

7. ITind the area of the loop of tlie 
curve lC)a^y^=bV(a-2x) where </, b 
are positive. 

8. Trace the curve ky ^ = (,r - a)(x - b)(x- c) where c>6>a>0, )t>0. 
Consider the forms for which (i) a=6 ; (ii) b=c ; (iii) a — b=c. 

Tlie general form consists of an oval and an infinite branch like 
Ex. 6, only the oval lies to the left of the infinite branch. When 
(t-h the oval shrinks up to an isolated point at (a, 0) ; when a — b = c 
file curve is the semi-cubical parabola, the point (cr, 0) being a cusp. 
The area of the oval in the general case, a, 6, c unequal, cannot be 
expressed in terms of the elementary integrals. 

9. Trace the curve y^{a~x)^x^{a-\-x ) ; find (i) the area of the loop, 
(ii) the area between the curve and the asymptote (Fig. 63). 



Fig. G2. 



Here the gradient is zero when x is (14^5) a/2, but the value 
(1 + y/b) a 12 nfakes y imaginary. * 
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10. TShe “cissoid” is the curve given ijjr the equation 
find the whole area between the curve and its asymptote (Fig. 64) 

Find also the volume of the solid generated 
by the revolution of the cissoid about fts 
asymptote. 

If FM is perpendicular to the asymptote the 
volume is 

2 J irPM^ dy — 27r[ (2a ~ dy. 

To integrate let .r=2asin^^, then 
y — 2a sin^^/cos 6, 

and the limits for 6 are 0 and 7r/2. 

11. Find the area between the curve 
xy^—a\a-x) 

and its asymptote ; also the volume of the solid 
generated by the revolution of the curve about 
Eig. 64 its asymptote. 

12. Find the area of a loop of the curve y%d^-\-x^)==x\d^ - x“). 

13. The figure bounded by a quadrant of a circle of radius a, and ^ 
the tangents at its ends revolves about one of these tangents ; find 
the volume of the solid. 

14. An arc of a circle of radius a revolves about its chord ; if the 
length of the arc is 2aa show that the volume of the solid is 

27ra3(sin a - J sin^a — a cos a), 
and that the surface of the solid is 

47ra2(8in a - a cos a). 

15. If s is an arc of the curve a^~^y=^af* show that 

Stow that the arc can be expressed by means of the elementary 
functions when n is of either of the forms (2^4*l)/2it or 2kl{2k-~l) 
where k is any integer, positive or negative. 

16. Find the area between the graph of 4/(c*+e~*)^ and the .r^-axis. 

17. Find the whole area enclosed by the curve 

'(a?/a)*+(y/6)*=l. 

Put x=a sin^^, then y~b cos^Oy 6,nd the afea is 

•4jf^fib=12^J sin*^cos*0c?6=|iraA < 
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18. The cycloid is the curvji given the equations (§ 146) 

^ x=a(0 - sin 6) ; y =a(l - cos d). ^ 

Find (i) the area between the ^-axis and one arch of the curve ; 
(H) the length of the arch from ^=0 to ^=tt ; (iii) the volume of the 
solid generated by the revolution of the arch about the ^r-axis ; (iv) the 
volume of the solid generated by the revolution of the arch about 
the tangent at the highest point (or vertex) of the arch, namely, 
where d=7r. 

Here ^ydx^ a^j (1 - cos 0)rd0 ; ^ = 2a sin 

19. Find the volume of the tetrahedron formed by the coordinate 
planes and the plane 

xia+ylb+zic—l. 

20. Find the volume of the cono-cuneus determined by the equation 

whi(;h is contained between the planes x—0 and x=^a. 

21. Find the perimeter of the curve 

If .r=a8in'*6^, then y — and dsjdO—^miBco&O; the peri- 

meter is 

4 / 3a sin 6 cos 6d6=^ 6a. 

22. The polar equation of a conic, the focus being the pole, is 
r(l 4-cco8^)=/, Find the area bounded by the initial line, the curve 
and the radius vector for v/hich ^-a, where a < tt, (i) for the para- 
bola, (ii) for the ellipse. 

23. Show that the curve r=a sin 36^ consists of three loops of equal 
area lying within a circle of radius a, 
and find the area of a loop. 

As 0 increases from 0 to ir/S, the 
graphic point describes the loop 
OABCO ; as 6 increases from 7r/3 to 
27r/3, r is negative and the graphic 
jx)int describes the loop ODEPO ; as 
0 incietises from 2n-/3 tx) tt, r is again 
positive and the graphic point de- 
scribes the loop OOllKO. A further 
increase of $ gives no new arc. 

24. Find the area enclosed by all 

the loops of the curve r ~a^mn0 (i) 
when n is an odd integer, (ii) when n • 1' lo. 65. 

is an even integer. 

* * ^ 

25. E'ind the area of a loop of the curve r^cos 0^=a-siu 3o. 

26. 'Find fhe area of the loop of the curve r cos ^=ci^cos 2d. 
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§ 128. Closed Curves. Let be a curve that 

not be cut by a straight line in more than two points, and 
let each ordinate be positive; let AC, BD be the tangent./ 
parallel to the y-axis, OA =a, OB = h. 

The area enclosed by the curve is 

rb fb 

MP,dx-- \ MP,dx (1) 

j a j a 

where P^ and P^ move along CP^l) and CP, 2 ^) respectiv(^ly 
as X increases from a to h. 

Tlie integrals ( 1 ) may be written 

^ MP^dx-^^MP.,dx ( 2 ) 

Suppose now that the coordinates x and y of a point on 
the curve can be expressed as functions of a variable, t say, 

such that as t increases from to 
^2 the point {x, y) travels com- 
pletely round the curve. As i 
increases from to f' let the point 
{x, y) travel from C to D along 
the arc CP^ D \ as increases from 
f> to ^2 let the point (.x*, y) travel 
from D to G along the arc DPJJ. 
We might, for example, suppose t 
to be an arc of the curve measured 
from G ; then = 0, ^' = arc GP^ />, 

. ^2 = whole perimeter. If we make t the variable of integra- 
tion, (2) becomes 

w 

® «The second integral in (3) is negative, since MP^ is positive 
and dxfdt is negative as t increases from t' to U. When t 
represents an arc of the curve dxcjdt is the cosine of the 
angle which the tangent at (pc, y) makes with the x-axis, 
the angle being measured as in S 92. We may combine the 
two integrals of (3) into one and write as the expression for 
the area of the closed curv^ 

dx.. 
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Af an example, let GI\DJ\ "he the ellipse ^ 

^Put j7=A - a cos v~k-\- 13 sin t ; as t varies from 0 to Stt, the point 
(:p, ?/) travels round the curve in the direction The area is 

^ (k-h I3»int)a»ii\ tdt=al3j sin^^ = TrajS. 

The restriction that the curve is to be cut in not more 
than two points by a straight line is easily removed. 

Thus, when the point {x, y) travels in the direction 
shown by the arrows, the area swept out by the ordinate 
of the point is 

A OEM - NFEM + NFDB - A GGDB, 

which is clearly the area enclosed by the curve. Along the 
arcs Ef \ DGC, (h'Idt and the corre- 
sponding integrals are negative ; 
the areas NFEMy ACGDB are 
therefore to be subtracted. 

We might have written (1) in 
the form 





If as ^ increases from to the 
point (x, y) travels completely 
round the curve in the direction CPJ)P^, the area will be 

-l/S'" <■*'> 

The area, as given by (4) or (4') is a 'positive number ; if, 
however, we agree to give the area a sign, the integral 



taken round the curve, that is, the range of t being such 
that the point (x, y) travels completely round the curve, 
will always give the algebraical measure of the area. 

In exactly the same way as (4), (4') are established, it 
may be proved that the integral * 


\^i. 
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taken«TOund the curve will give t*iie algebraical measure of 
the area. If, as t increases from to the point travels in 
the direction CP^DP^y the integral (5) is positive and ((i)1ls 
negative, and 

if the point travel in the direction GPJ)P^ it is (5) that is 
negative and (6) that is positive. 

The direction of motion of the point {x, t/) is of course 
arbitrary; in mathematical physics it is customary to 
choose the number that measures the area to be positive 
when the area lies to the left of an observer who moves 
round the curve in the direction corresponding to in- 
creasing t If we adopt this convention we find for the 
area .d of a closed curve 





the integral being taken round the curve in the direction in 
which t increases. The integrals in (7) are often abbrevi- 
ated to 


A = ^<cdy = - ^ydx = ijca-dy - ydx). 


There is no difficulty now in removing the restriction 
that the coordinates are to be positive ; the expressions (7) 
always give the algebraical measure of the area. Of course 



it is understood that the ppint (x, y) travels round the curve 
in a direction determined bnSe for all ; the sign of A given 
by (7) is positive' for the direction CP^DP^; if the direction 
be GPyPP^ the sign will./be negative. 
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The theorem includesi cases in which the curve cuts 
itsftlf ; thus, if the point travels round the figure of eight 
jn the direction of the arrows, the integral (7) is equal to 
the other figure the integral gives the sum 
of the areas of the two loops ; for the inner area is taken 
twice. 


§ 129. Area swept out by a moving Line. Let be a 

straight line of length and let it be displaced to a close 
osition sweeping out an area ABRA'\ this area will 
e taken as positive or negative according as it lies to 
the left or to the right of an observer moving round the 
boundary in the direction A BRA'. 

Draw A'C, BG parallel to AB and to the chord A A' 
respectively; let AX' be parallel to a 
fixed line and let the angles X'AB, 

CA 'B' be a and Sa. To the first order 
of infinitesimals the area ABB'A\ Sz 
say, is equal to the sum of the paral- 
lelogram AC and the triangle A'CB', 

The motion oi A B may be resolved 
into (i) a translation to A'G, (ii) a rota- 
tion about A' to the position A'B', Let 
h be the altitude of the parallelogram, then to the first 
order of infinitesimals 

\ dz==lh+^l-da ( 1 ) 

LetP be a fixed point in AB; AP = a = A'P^ — A'P\ and 
consider the displacement of P noi^al to AB, For the 
translation the normal displacement is (not but) h ; for 
the rotation it is ada. The total normal displacement, ds 


say, of P is therefore * 

ds=hA'^ida ( 2 ) 

From (2) hrr.ds’^ada; therefore (1) becomes 

dz = Ida + —al)da r (3) 



Fig. 69. 


If we suppose the variables to be functions of f, as 
in § 128. we have , , 
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Equation (4) is general, provided the variables are given 
the proper signs, ds and ds/dt will be taken positive wbeii 
the motion of P is to the left of an observer looking alon;;> 
AB from A to B ; positive rotation (a) is counter clockwise. 
The constant a will be positive when P lies in AB or in 
AB produced beyond B; negative when it lies in BA 
produced beyond A. 

As t increases from to the area swept out by AB is 

= is+(JZ2--ai)(a2 — tti) (o) 

where s is the total normal displacement of P during the 
motion and a^, are the initial and final values of a. .s is 
not, in general, the same thing as the length of P’s path. 

Suppose now that B describes a closed curve (7 and let 
the area of the curve be also denoted by C. 

(i) When B makes a complete circuit of C let A move to 

and fro along an arc EF, 
returning to its initial posi- 
tion when B returns to its 
initial position ; in (5) a.^ == 
and z is simply equal to (\ 
so that 

C^ls ( 6 ) 

where s is the total normal dis- 
placement of P. For, clearly, 
the integral (5) gives the area ABDGH diminished by the 
area ABKOH, In this case s is independent of a, that is 
of the position of P on A B, 


' Fio. 71. " . .Fig. 72. 

(ii) Suppose that while B makes a complete circuit of G 
A travels round a closed curve O'. If C is outside 0 
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(F)^. 71) Qi and will ha equal; (5) will be Is but the area 
swept out hy A B will be C—G', so that 

^ C^C'^ls ( 7 ) 

If, however, C completely encloses C' (Fig. 72) then a<, — (x^ 
will be 27r and we shall have 

C-C' = l8^2ir{W-al) ( S ) 

The signs of the numbers G, G' are supposed to be deter- 
mined by the convention of § 128 (7). 

§ 130. Planimeters. The investigations in the last two 
articles contain the theory of several instruments that have 
been devised for mechanically evaluating the area of a closed 
curve ; the best known of these is Amsler s Polar-Planimeter. 

Essentially the polar-planimeter consists of two bars OA , 
AB freely jointed at A, the bar OA rotating about a fixed 
point 0. If B is made to describe a closed curve, A will 
move along the circumference of a circh\ When A merely 
oscillates along the circumference, not making a complete 
revolution, the area enclosed by the curve which B devScribes 
is, by (0) of § 129, Is, In this case s is independent of the 
position of P on the bar AB. 

To find H a wheel with axis parallel to AB is attached to 
A B ; the wheel, as B describes its 
curve, partly slides and partly rolls 
The sliding and the rolling motions 
are independent, and the sliding 
motion has no effect in the way of 
turning the wheel. The normal 
displacement of P is therefore equal 
to the circumference. 27r?’ say, of 
the wheel multiplied by n, the 
number of turns made by the wheel while B describes its 
curve; that is, 8—2Trrn. A counter is provided that registers 
n ; n of course may be integral or fractional. 

If we suppose the curve 0 so large that the circle of 
radius OA lies wholly inside it then, by (8) of § 129, 

(7— ttOA 2 = Zs -f 2'7r(^l^ — p 
that is, . C=2Trlrn+2Tr(lP-'al)+7K)A\ 

G.C. . ' - L 
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since s = 27rrn. All the numbers . except n are constants of 
the instrument. 

For information on Planimeters the student is referr^^d 
to Henrici’s “ Report on Planimeters,” Brit, Ass, Hep, 1894. 
The method of proof followed in 128, 129, is essentially 
that given by Appell in his Elements iV Analyse Math^- 
matiqw\ 

EXERCISES XXVIII 

1. Show that in polar coordinates the area of a closed curve is 
given by the integral 

taken round tlie curve. Prove the result (i) by use of the polar 
formula for area ; (ii) by transformation of the last integral in (7), 
§ 128, by putting x=rcoa 0, 2/=rsin 6, (See Exer. XII., ex. 15.) 

2. If the coordinates of the vertices of the triangle OA B are, when 

taken in the order 0, A, Z?, (0, 0), (.i?, y), y + respectively, 

prove geometrically that the area of the triangle is in sign 

and in magnitude. Apply the result to establish the theorem of ex. 1. 

3. Find the area common to the two parabolas y2==4a.r, a^^^ay, 

4. Find the area between the asymptote y — a.y the y-axis and the 

branch of the curve lies in the first quadrant. 

The area is equal to 

L f\a-y)(lv=aHL + ^a\ 

b=:a)Jo 6=00 

Find the area by integrating with respect to y, 

5. The “tore” or the “anchor-ring” is the solid formed by the 
revolution of a circle about a straight line in its plane. Let a be the 
radius of the circle, the y-axis the axis of revolution, and let the centre 
of the circle be on the .t7-axis at a distances c from the origin. The 
coordinates of any point on the circle may be taken as ^ 

^ = c-facos^, y=aBmt. 

If V is the volume and S the surface of the tore, then, when 
c^a, pi-ove 

(i) Trj (c -f a cos t^a cos tdt = — Ah \ 

' (ii) S=27rf ((iA-acost)adt — 47r^ac=CLy 

Jo 

where A is the area and C the perimeter of the circle, and L is the 
circumference 27rc of* the circle described by the centre of the revolving 
circle. 
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^ The curve r=3*f 2cos0 consists of a single oval ; trace the curve 
ana find its area. * 

The curve r=2 + 3cos^ consists of two ovals (Fig. 74); if 
cos tt = - § (0 < a < tt), show that the 
aiea of the large oval is 

A =\‘^a4'12sin a + |sin acosa, 
and of the small oval is 

Show also that the integral of 
from 0—0 to 0=27r gives 3ie sum of 
tliese two areas. 

Examples 6, 7 show the nature of 
the curve r = a 4- 6 cos 0 for a> b and 
a < b respectively. 

8. How may the curve given by the equation f(mar^ 7?y) = 0, where 
)n and 7i ^re constants, be deduced from that given by /(.r, ?/)=0 ? If 
the second curve is closed, show that the first is also closed and that 
the area of /(?7<.r, nf/) — 0 is equal to that of /(.r, y) = 0 divided by m7i. 

TiCt n}x—x\ tiy—y\ and therefore x'dy' = mnxdy. Now apply (7), 
<5 128 ; the integral of x'dy' round the curve f(x\ y)=0, (which is the 
sartie thmy as the integral of xdy round the cnirve /(j?, ?/)==0), will be 
equal to the integral of mnxdy round the curve f{7nx^ ?/?/)— 0, that is, 
to mn times the area enclosed by that curve (since 71171 is constant and 
the integral of xdy is the area). 

9. Apply the method of ex. 8 to deduce from Exer. XXVIl., ex. 5, 

the area of the curve + + 

10 . When AB 129) describes one complete revolution, show that 
P describes a curve which encloses an area (7" given by 

(i) C"^{aC+bC)l{a^b)-Trab, ^ 

where PB=h and a, (7, C' denote the same quantities as in § 129. 

Show also that if the ends B move on a closed oval curve C 

(ii) C-C'-irab. (Holditch’s Theorem.) 

Use equation ( 8 ), 129 . Put i = a-\-b and we get O- G" ; then ^mt 
l = a and we get C" - G'. The elimination of s gives (i). To find (ii), 
consider the areas swept out by A P and BP. 




CHAPTER XV. 


INTEGRAL AS LIMIT OF A SUM. 

DOUBLE INTEGRALS. 

131. Integral as the Limit of a Sum. It is instructive 
• and for some applications necessary to consider an intej^ral 
as the limit of a sum. F{x) is, as usual, understood to be 
continuous. 

In the first place, suppose a<h and F{x) a positive 
increasing function; these restrictions will afterwards be 
removed. Between a and h insert (n — 1) values in ascend- 
ing order of magnitude, x^y x^y ... , x^^u and form the 
differences — a), (^ 3 ~‘^ 2 )» ••• > j these n 

diftei'ences are all of the same sign, in this case positive, 
and their sum is b — a. The interval 6 — a is thus divided 
into 71 sub-intervals. 

Now multiply each sub-interval by the value of F(x) at 
the beginning of that sub-interval and add the n products. 
We get the sum 

^'(i«l)(*2-*l) + -f’(®2X®s-®2)+ ••• 

+ O') 

or, in the ordinary notation of differences Say toj... 

' F{a)Sa+F(x")Sx^+F(x2)Sx2+...+F(xn.^)Sx„.l ( 1 ') 

The sum (1') may be more compactly written 

S;V(a!)& (2) 

x=a 

The symbol XF{x)Sx means “ the sum of all the terms of 
the type F{x)Sx ” and is read “ sigma F(x)Sx'* In inter- 

E reting the symbcj, the manner in which the interval fc — a 
as been divided has to be gathered from the coqtext ; the 



325 


INTEGRAL* AS LIMIT OF A SUM. 

•# 

endfc of the interval froM which the division begins is 
indicated by “a; = a” the other end by = and .each 
Tli^ference Sx has the same sign as /> — a, in this case positive. 

We wish to find the limit of the slim (1) or (2) for n 
increasing indefinitely, each difference Sa, , at the 

same time diminishing indefinitely. To find the limit con- 
sider the graph of F(x), (Fig. 75). 

Let OA=a, OA^ = x^..,, OB=ih\ then AC— Fin), 
A,C, = F{x,) = F{x,,.C, BD = F{b). OK,. 

xEn are parallel to the a;-axis. The sum ( 1 ) 
is clearly the area enclased by the i-ectangles A A ^ 

... , An~iEn and differs from the area ABJJC by the sum 
of the curvilinear triangles CE^(\, ... , C^^iEnD. 



Draw CE parallel to AB to cut BD at E and produce 
CE to F so that KF may be equal to the greatest of the 
sub-intervals AA^, A^A,^, , and complete the rectangle 

EFGD. Let z denote the area A BDG ; then the difference 
between 2 ; and the sum (1) is less than the sum of the 
rectangles GE ^ . E^G^, G^E ^ . E^G^, , C7n-i^n • EnD, and 

therefore less than the rectangle* 

EF{E,G^ + E.jO.,+ „. + E,,D) 

or the rectangle EF^. ED, that i8^SF{F(b) — F(a)]. 
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If % increases indefinitely and *If at the same time efujh 
sub-interval diminishes indefinitely, the limit of EF will be 
zero and therefore the limit of ( 1 ) will be z. Hence ’ 

x=b 

L 2 F(x)Sx = z = area ABDG. ( 3 ) 

nrsoo x~a 

We may, of course, write 

x^b 

y]F(x)Sx = z, approximately. 

j=a 

It is easy now to remove the restriction that F(x) should 
be positive and increasing or that a should be less than b. 

If a<6 and F(x) positive and decreasing the only change 
is that -c is less than the sum (I); if F(x) is sometimes 
increasing and sometimes decreasing we can combine the 
results for the cases of increasing and of decreasing F(x). 

li a>b and F(x) positive, each of the differences (x^ — a), 
(Xg— aJi), ... is negative and the limit gives the area with 
negative sign. 

Lastly, if F(x) is negative the limit is still the area if the 
appropriate sign be chosen as in § 80 . 

In regard to the sub -intervals we may if we please 
suppose them all equal, each therefore being (6 — ; the 
only restriction on the sub-intervals is that each must have 
zero for limit when n tends to infinity as limit. 

We have suppo.^ed F{x) in the sum (1) to have its value 
at the beginning of each interval ; but the limit will be the 
same if we tak^e the value at the end or at any inter- 
mediate point of each interval, as may be proved by § 87 , 
Th. II. For, restricting attention to the case a<b, F{x) 
positive, since the others can be easily deduced from this, if 

Xj', .7 2 • • * values of x within or at the end of the inter- 
vals (x^-T-a), (aJ2““^i)> respectively, we may take 

/ 9 i = F(a')(x^ - a), = F{x( X®, -x^),... 

71 = 72 = ^(^• i )(®2 - * i ). • • • 

and the conditions of ^ that theorem apply since, F{x) being 
continuous, the limit for 7?. = x of 182/72- •• is unity. 

Having proved that theliitiit of ( 1 ) is the area Zy we can 
now show, as in § 80 , that the derivative of that limit with 
respect to b ft* BDy that js F(J))y and therefore wc can apply 
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all the theorems respecting integrals to the limit of the 
sufti (1). The origin of the ordinary notation for irftegrals 


also obvious, the 



a form of the initial letter of 


the word “ sum’'; it will be remembered, however, that the 
integral is not a sum but the limit of a sum, (See § K32, 
ex. 2). 


§ 132. Examples. 

Ex. 1. Evaluate j x^dx. 

Divide the interval h into n eqmd parts ; in the notation of § 131, 
OA = 0, OA 1 = b/n, OA 2 = 2h/7iy . . ., OA „_i =(n - 1 ) bju. 

The sum (1) becomes 

71 \nj n \ 71 / n { a } 71 

3 1 I 

6 — > 3t*~^ + 2«*f’ 

and the limit is cleaiiy 67’1- 


Ex. 2. Show tliat if in § 131, (2), we put F{x) — f{.v\ the limit 
will be /(6) “/’(a). 

By the definition of a derivative, 

^fe±Mz^=/(x)+a ; /•(x-+&r)-/(..)=/(^:)&. +a&P, (a) 

where a vanishes with 8.r. Give successively to x and in (a) the 
values in § 131 ; a will not usually have the same value f<»r all values 
of X, and we therefore use suffixes. Hence 

/■(.ri) - f{a) = f(a)8a + ; 

• A^-i) -A^i) =/Vi) 8'i + «2&^i ; 

f{^s) - f(^2) ^<’2 + ; 


/( 6 ) - 

Add: /(6)-/(a.)=S/(x)ar+/f, 

Z=:a 

where /i — + a 2 &ri 4- . . • + 

Ijct a' be the greatest, numerically, ot^thc quantities aj, a., ; 

then, numerically, 

/t < u(Sa + Sxi + ... A“8xi^i) or d{b - a). 

Since every a, and therefore a', has zero for limit, will have zero for 
limit and the result follows. ^ 



328 


AN ELEMENTARY TREATISE ON THE CALCULUS. 

I 


Ex. 3.* Find the limit for «»= 00 of 


' 1 +_l_+ 

w+l w 4-2 n4-3 2w * 

We inaj write this sum 

+J_.l 

1+1 « 1+2 « 1+3 » i+« « 

n n n n 

r=:n 1 1 

V' * ^ 

ur 2^ V * ~ * 

“R) " 

Consider the function F(x)=\/x\ in § 131, let each difference be 
1/w, let a=l, 6 = 2, and the above sum will be the same as (1), § 131, 
if we suppose the values of F{x) to be those at the end of each interval. 
Hence tne required limit is 


^’J=[log^J=log2 = -693. 


§ 133. Approximations. The metliod of evaluating an 
integral by first finding the function of which the integrand 
is the derivative would fail if we could not find such a 
function. An important case in which that method can not 
be used is that in which the integnind is given only by its 
graph, as often happens in physical applications. Methods 
have therefore been devised for determining approximately 
the value of the integral when only a limited number of 
values of the integrand are known ; it is assumed that the 
integrand may be treated as a continuous function, though 
if only a limited number of values of the integrand are 
known, the analytical expression for the function can not 
be given. The rules now to be stated can be applied even 
when the analytical form of the function is known, tliough 
in^ general more powerful methods are available in that 
case, in particular the method of expansion in series. 

Let AjK be divided into n equal parts, each part being 
equal to k, and suppose the (ti+ 1) ordinates at A, .B and 
the points of division to be known; let these be .... 

The calculation of the integral 

[ F{(e.)dx (1) 

is <)hen equivalent to finding the area ABDC (Fig. 76). 
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•The most obvious method is to replace the graph by the 
inscribed polygon The area of the first trapezium 

*is ^^(7/14-3/2), and this area may be assumed to differ but 
little from that of the corresponding strip of ABDG. 
Adding together all the trapeziunis, we get, as an approxi- 
mation to the area, and therefore to the integral (1) 

+ 2^K?/2 + ?/3) + • • • + + ^n-f l) 

= { Vx + r/n+l + 2(?/2 + 2/3 + • • • + 2/n) } (2) 

Jf the graph is, as in tlie figure, convex upwards through- 
out the value is 
in defect ; if the 
graph is concave y 
upwards, is in 

excess. 

Through the Ca/] N. 

ends of the even Cy^ ^ 

ordinates 2/4 ••• 0 / 

let tangents be / 

drawn and pro- 
duced to meet the / 4 

ad jacent odd ordin- / 

ates; if the number LJ — 

of ordinates is odd, o a A. B X 

277 -f 1 say, we shall 

get n trapeziums Fig. 76. 

whose sum exceeds 

ABDG in area when the graph is convex upwards through- 
out. The area of the first trapezium is of the second 
2/17/^, and so on. Hence we get another approximation 

A2=2fc(y2+2/4+ ••• 4-7/2n) (-0 


The value of the integral (1) always lies between A^ and 
A 2 when there is no point of inflexion on the arc CD, 
and the difference ±(ylj — ^2) gives a measure of the error 
involved in either approximation. . The formula (2) is 
usually referred to as the Trapezoidal Rule. 

A formula that is in pracftice more accurate than (2) or 
(3) is got as follows : By § 72 we may wiPite 

• L2 
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If a;— is small we may assume that F"{x-^) differs })ut 
little. from F'\g)\ if F{x) were of the second degree F'\x^) 
would be simply F'\c), The equation ^ 

• y = + (4) 

represents a parabola ; we therefore replace a short length 
of the graph of F{x) by this parabola. 

Now consider the double strip AA^C^G ; for convenience 
let OA^ — Cy 0A = c~~hy 0A2=^c+h; then using (4) as the 
value of F(x) along the arc GC.Go we find for the area of 
AA^G.,G 

f '^V(a:)<ia;= f F{x'-[-c)dx'= 2hF(c)+ih?F"(c) (.5; 

Jc-A J -fl 


where, to integrate, we put a!=®'+c. We can now express 
(5) in term.s of h and y^, y^, y^, assuming F(x) to be given 
by (4). For F(e) = y^ and 

?/i = F(c - h) = F(ii) - hF'ic ) + 

' y, = F{c +h)= Fic) + hF'ic) + yi^F'Xo). 

By addition 

h^F"(c) = y^+y 3 - 2 F(c^) = y^ + ?/., -2y^, 
and (5) becomes + % 2 + %)• (6) 

Suppose now ABDC divided into an even number, 2^,, of 
strips by an odd number, 2^+1, of equidistant ordinates. 
The formula (6) may be applied in succession to the 
n double strips ; the sum of the n expressions is, the terms 
being rearranged, 

^3“V^(2/i+iy2»t+i+2(y3+y5+... + 2/2n-i) 

• +4'(y2 + y4+-*'+2/2n)} (7) 

Formula (7) is known as Simpson's Rule, which may be 
stated thife : Let the area he divided into an even number 
of strips by equidistant ordinates; find (i) the sum of the 
extreme ordinates, (ii) tudee the sum of the other odd 
ordinates, (iii) four times the sum of the even ordinates ; 
add the three sums thus obtained and multiply this total 
sum by one-thi'fld of the common distance between the 
ordinates. • 
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Vi + y2»i+i . 

'2^ = 2/2 + 2/4+---+2/2n; ^«^ = ?/3 + 2/6+---+3/2n-l, * 

then in terms of h, u, v, v), we find 

A^^^h{u+^v + '2tw)\ A^ = \h{u + ^v+2,'w\ 

and therefore ^ 3 = IA^+ (tS) 

Suppose the graph convex upwards and the ordinates 
positive, so that < area A BDC <Ao ] then 

^3"-^i = ^(^2“"^i) j A., — A.^ = 

The error in the Simpson Rule is therefore less than 

y»(2v — 2w — u) (D) 

Formula (8) shows that in Simpson’s Rule greater weight 
is given to the inscribed than to the circumscribed polygon. 

These methods of approximation apply of course to a 
definite integral, whether F(x) be considered as the ordinate 
of a curve or not; for example, F(x) might be a radius 
vector and x the vectorial angle in a curve given by its 
polar equation. The values of the function for ecjuidifterent 
values of the argument then take the place of the ordinates 
Vv V'ly — A very important practical case is that of the 
mensuration of solids; 7/p ... are tlH‘n the areas of equi- 

distant sections. (See, for a goo<l statement of Simpson’s 
Rule for practical mensuration, Lodges Mensiiration for 
Senior Students : London, Longmans.) 

Ex. Calculate f 

Let 272 4*1 = 11 ; /i = *l ; a — \\ 6 = 2. An easy calculation jxives 
u --= VC) ; r = 3*459 5394 ; ?r--- 2-728 1746. 

= *693 771 ; Ao=-‘G\a 908 ; J.,= 693 150. 

The exact value of the intej];ral is log 2, that is, *693 147. The value 
of 2(di-d2)/3 is -001 242, while A, -Tog 2 is 000003. As a rule, the 
error in Simpson’s formula is considenibly less than that given by (9). 

EXERCISES XXix. 

• • 

1. If in 55 133 F(x) is theai ea of a section of^a surface made by a 
plane perpendicular to the .r-axis, and if the ordinates y., yg, ... l)e 
replaced by the sections S^, S^, ...,.the«ej^pressions (2% (3), (6), (7) give 
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the volume intercepted between the surface and the corresponding 
planes. Thus (6) gives foi* the volume ^ 

V=^lh{S, + AS,+S,l (i> 

where are the areas of the end sections, JS., that of the mid- 

section, and 2A the distance between the end sections. The value (i) 
is exact when F{x!) is a quadratic function of j:. 

Apply the formula to obtain the results regarding volumes in ^ 127. 
Apply it also to the solid formed by the revolution of a parabola about 
its axis. 

2. Show tliat the formula (i) holds for a jnnmioid. 

A prismoid is a solid whose lower and upper bounding suifaces are 
polygons with the same number of sides and with corresponding sides 
parallel, and whose lateral bounding surfaces are trapeziums. 

3. If is the head diameter, tfg bung diameter, and h the depth 
of a cask, show that when the curve of the ciisk is a parabola, the 
volume is 

When the upper and lower halves of the cask are equal frustums of 
a paraboloid or revolution, the greatest bases being joined in the 
middle of the cask, show that the volume is 

4. If F{x) — A + /^(r - r) + tXa; - cf -f 'D{x - c)^, show that formula 
(6) of § 133 still holds. 


5. If F{x) = A-\-Bx'\-CA^'k-Da^ and y\^ y\ values of 

F{x) when x has the values r/, a-f a-f2/<, a + 3/i respectively, show 
that the area between the curve, the .r-axis, and the ordinates y„ y^ is 

iKVi + %2 + % 3 +^ 4 )' 

The form u la is sometimes called tSimps(m's Second Ride. To pr(»ve 
it most simply, put x=(t-\-ht ; then F{x) takes the form 


and ?/i, ?/ 2 , ^ 3 , ^4 are the values of i^{t) for t equal to 0, 1, 2, 3, and the 

' /•„+»» /•» 

I F(x)dv = /i.l 

6. Show that 



sin .rd.v 


*5 

xcotxdxy 


and calculate the value of the integral by Simpson^s rule. The exact 
value of the integral is ~ iir logfi. ^For let the integral be u ; then 


log V dx = j log^cos xd.v=j^J (log sin .r log cos x) dxy 
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SO that 


TT f' 

2?^ = log sin 2 j?) djc == ^ log ^ log sin 2 a’ dr ; 

also I log sin 2^’ dv—if log sin zdz=^ f los: sin zdz—u. 
Jo ‘'Jo Jo 


from which ths result follows. 


7. Show that / log tan .r dr =0. (No integration is necessary.) 
Jo 


^ 8. Show that the limit wlien 7i is oc of 

r=n - 1 ^ 

r?o 

is 7r/2. 

9. Show that the limit when 7i is oo^of 

n 


is IT; A. 


r=>i-l 


§ 134. Mean Values. The arithmetic mean of n quantities 

Vv 2/2» (2 /i + ?/2+---+2/«)/^^- 7/i, 1/2, , yn be 

the values of F{x) for x equal to a, ci + h, 6 — ft, the 
interval b — a being divided into n parts each equal to ft; 
the limit for n = oo of the arithmetic mean of y^, yg, , Vn 
is called the mean value of the function F{x) over the range 
b — a. 

The mean value may be expressed as an integral ; for 
( i/i + y2 + . . . + yn)/ = (vih + yJ^ + . • . + yr,h)/ib -a)....{i) 
The numerator of the fraction on the right ;s 
F(^a^h~\“ F{a d- ft)// -p . • • 4" F(If — ft)ft, 
and the limit of it for n = oo (and therefore ft = 0) is 

jV(a;)<^;r ; , 

and the Mean Value is 

<^> 

Ex. 1. The mean value of the ordinate of a semicircle of radius a is 

In this case the diameter is divided into // eijunl parts. If, however, 
the iic7ni~circumf€re7ice is divided into n eipial parts, that the inde- 
pendent variable of the function is flie arc a6 from one end of the 
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< 

diamet^ to the point from which the tardinate is drawn, the mean 
value is, since the ordinate is a sin 0^ 

asiin0ad$=-a='6366a. 

Trajo TT 

In speaking of mean values, therefore, it is essential that the inde- 
pendent variable should be clearly indicated. 

Ex. 2. For the harmonic curve y— <fsin^, find (i) the mean ordi- 
nate, (ii) the square root of the mean of the square of the ordinate for 
the range from ^=0 to .r = 7r. 

1 r» 2 • 

(i) mean ord. =-/ aain^(iv= a = ‘GSfifia. 

' ' irh TT 

In case (ii) the function is y*, and the mean value of y^ is 
a^aui^xdx=\a\ 

and the square root of this mean is al»j2 or *7071 a. 

In the theory of alternating currents the important mean is not (i), 
but (ii) ; the latter is sometimes called the meanrsquare value of the 
ordinate. 

If the interval 6— a is divided into n sub-intervals 
//g, , and if yp 2 / 2 * ••• are the values of at any 

point of the intervals ... respectively, the limit for n 
infinite (and each sub- interval h^y ... zero) of 

(Ml + M2 + • • • + ynK)l{b - «) 

is still given by (2). 
The integral (2) may 
be taken as the gene- 
ral definition of the 
mean value of F(x), 

§ 135. Double In- 
tegrals. Let EFGH 
(Fig. 77) be a plane 
curve, and let /((T, y) 
be a single-valued 
continuous function 
of X and y for all 
points within or on 
the curve. Let AH^ 
BFy and CE^ DO be 
the tangents parallel 
to the axes; wa suppose tjiat no straight line cuts^the curve 
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DOUBLE INTEGRALS. 

in more than two points ; any iurve that does not satisfy 
this condition may be nivided into partial areas, ^ach of 
which satisfies it. . ' 

Let AB \)Q divided into m and CD into n sub- intervals, 
and through the points of division let parallels be drawn to 
the axes. The area bounded by EFGH will thus be divided 
into partial areas ; these areas are rectangles, though near 
the boundary EFGH the rectangles will contain points that 
lie outside the curve. 

Let Xr, Xr+Sxr be the abscissae of two consecutive points 
of division on AB and y,, the ordinates of two 

consecutive points of division on CD ; and let S, S' be the 
points (Xr, y,\ {Xr + Sxr, y, + Sy,). 

Multiply SXr the area of the rectangle SS'y by /(av, y^), 
the value of /(a;, y) at S, and form the sum 

y,) SXrSy, (1) 

for all points such as S within or on the boundary of EFGH. 

(jcometrically.^ z—f{Xy y) reprenents a surface ; the typical term 
/(.^r, y^^r^y$ of the sum (1) is tlie volume of a parallelepiped whose 
base is the rectangle and height the 2-coorainate /(j7r» ?a) of the 

point in which the normal from S to the rectangle meets the surface ; 
the sum (1) is therefore apyiroximately equal to the volume of the solid 
bounded by the surface, the plane XOY and the cylinder formed by a 
strjiight line which move.s round the boundary EFGH, remaining 
always perpendicular to the plane XO Y. (Compare Figs. 48, 49.) 

We wish to find the limit of (1) for m and n each in- 
creasing indefinitely, each element &v, (S?/„, and therefore 
each area &x.r8}E same time diminishing indefinitely. 

Seeing that there are two sets of increments we may appro- 
priately represent (1) as a double summation 



the one S referring to Sy^ and the other to SXr. 

F'irst, keep x. and SXr constant, that is, find the limit for 
n = 00 ; 

CMP 

L S,/K, y.) Sy,= f(xn y)dy (3) 

n=«j JmP • 

by the definition of the integral of a function of one vari- 
ab)e y. The integral (3) will contain Tr. MP' ■, MP 
and MP', are functions of OM or .r, determined by the 
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equation of the curve EFQH. Hence (3) is a function of 
Xr and may be denoted by ^ < 

Geometrically^, is the area of the curve of section of the solid*^ 
defined above,* made hy a plane through PP' perpendicular to XOV ; 
and </>(a?r) is, to the first order of infinitesimals, the volume of the 
slice of the solid of thickness 

Next find the limit for m= x . We get 

L 2 = I dx (4) 

Wi=oo J OA 

Hence, finally, the limit of (1) is expressed by (4) and that 
limit is the volume of the solid already mentioned. 

Since <f>{x) is itself an integral the expression (4) is a 
double integral and this double integral is denoted by the 
symbol 

COB CMF 

1 dx\ f{x,y)dy (5) 

JOA JMP 

The mode of establishing (4) shows that (5) which is 
merely the fuller symbol for (4) means, integrate /(x, y) as 
1^0 y y = loy = MP', treating xasa constant during 
this integration; then integrate the result as to x from 
X = OA to X — OB. 

We might also find the limit of (1) by making first m, 
then n infinite ; the result would be stated in the form 

COD CNQ' 

dy\ f(x,y)dx (6) 

J OC J NQ 

In (6) the integration is first carried out as to x, treating y 
as a constant during this operation ; then the result is inte- 
gr^ed as to y. Clearly the double integrals (5) and (G) are 
equal since they represent the same volume. 

When the area is the rectangle the limits il/P, 

MP* of y in (5) are constant and equal to OC, 01) respec- 
tively, and the limits NQ, Nff of x in (0) are also constant 
and equal to OA, OB respectively. Hence, writing a, b, 
a', b' for OA, OB, OG, OD, 


( 7 ) 
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that is, when the limits are all ccnstanU the limits of y and 
the Jiinits of x are the saihe in whatever order the integra- 
tions are effected. When the limits are not all constants 
the limits of y (or of x) in (5) are not tlie same as the limits 
of y (or of x) in the equal integral (6). 

'.riifi geometrical representation of tlie meaning of the double integral 
is very helpful. Other illustrations might of couise be given ; for 
exam])lo, f(x\ y) might be taken as re]iresenting the (vai*ial)le) density 
of a surface distribution of matter over the aiea and then the 

integral would give the total mass. 

§ 136. Notations for Double Integrals. Polar Elements. 

The forms (o), (G) indicate clearl}^ the order in which the 
integrations are to be carried out. Other notations are, 
however, in use which, tliough not so expressive, are often 
conx'cnient. Thus the form 



with the addition “ the integration being extended over the 
ar(‘a EFGH^' (or a similar phrase) is used fis an equivalent 
either of (5) or of (G). 

Instead of (5) we also find 

f OJiCMP' 

OAJ MP 

with the convention that the iii'st integration is made with 
respect to the variabh' on the right, namely between the 

limits named on the symbol J that stands next the integrand, 

tliat is, Ml\ MP\ But there Is not complete agreement as 
to this convention. 

Again, we might suppose the area enclosed by EFGH to 
be divided into partial areas other than rectangles. If ulS 
b(‘ the type of such an area, and if (.r, y) be the coordinates 
of any point within or on the boundary of SS, the sum 

Dm y)ss (n 

would replace (1). Geometrically (r).would give approxi- 
mately the volume of the solid ^lefined in last article ; the 
limit obtained by supposing tlie number qf the areas SS to 
increase indefinitely, while the size of each area oS at the 
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same time diminishes indelinitely^^ would give the volume of 
the solid and would be denoted by * 

^f(x,y)d8, (1)5 


the integration being extended over the area EFOH, 

It is easy to see, by Th. II., § 87, that (ar, y) may be any 
'point within or on the boundary of so far as the limit 
(9) of the sum (T) is concerned; it is of great importance 
to bear this remark in mind, as the principle involved is 
constantly used (see for instance ex. 3, § 137). 

If we take for SS the area bounded by two circular arcs 
of radii r and r+Sr, and two radii making angles 6 and 
6 + S9 with the initial line, where r, 0 are polar coordinates, 
J(r + (Sr)M0- r(Sr<S0 + i{6rfSd, 


so that dS = rdrd6, 


If f(x, y) becomes F(r, 6) when r'cos 0, r sin 0 are put for 
«, 2/, we should get instead of (9), or the equivalents (5), (C), 



r dr dO, 


( 10 ) 


the integration being extended over the area EFGH. In 
integrating With respect to 0, r is to be kept constant : the 
0-integration would therefore give, in the geometrical re- 
presentation, the area of a cylindrical section of the solid. 
Before evaluating an integral such as (10), tlie curve EFGH 
should be drawn, and care has to be taken so that there 
may be no omission or inclusion of areas other than those 
belonging to the curve. The same remark applies to most 
integrations. 

The reader will have little difficulty in extending these 
results to triple integrals, 


c 


^^^Ax,y,z)dxdydz or ^f{x,y,z)dv (II) 


dxdy dz or dv tnay be taken as an element of volume, and 
f{x, y, z) might, for example, denote the density at (x, y, z\ 
Integration with respect to 0 , keeping cr, y constant, would 
give the mass of thS column standing on the base dxdy \ 
then the y-integration, keeping x constant, woidd give the 
mass of a slice of thickness dx perpendicular to the a;-axis, 
and lastly tl^e cc-integrati^on would give the total mass. 
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Find the volume lof the tetrahedron bounded by the 
coordinate planes and the * 

4)Jane 

where a, 5, c ai*e positive. 

The curve EFGH is in 
this case the triangle 
OAB ; the equation of 
AB is 

y=6(l-:F/a) 

and ifP'=6(l-a?/a), 

while MP in § 136 is here 
zero. 

^c{\-xla--ylh). 

Hence using (5), the 
volume is 



Fig. 78. 


Obviously J6c(l -xjaY is the area of the triangle LMP', 

Ex. 2. Find the value of jx^dv taken throughout the volume of 
the ellipsoid 

J jAiv= ja^dr j j dydz— j 

since, in integrating as to y and z, x is constant and j j dydz is the 

area of the section perpendicular to the ;r-axis. Integrate now as to 
X the result is Airarbcllb. 

The mean vaUie of the function throughout the volume of the 
ellipsoid is the above value divided by the volume, that is, a^/o. 

In general, the mean iftiPie of a functim /’(.r, y) over an area Ef'GH 
(Fig. 77) is the value of the integ^l ib) or (6) divided by the area ; 
ancTa similar definition holds for the mean value tjiroughout a volume. 
If, in the example, is the density at (.r, y, z) of a mass occupying the 
volume of thb ellipsoid, then a^jb is ih^mean density ol the mass. 
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Ex. 5?. If f{x^ y) is the product of ^ function of x alone, and 
of a function y{y) of y alone, it follows at once from § 135 that the 
integral of the product ^{x) ^(y) taken over tlie rectangle AiB^C\l)f 
(Fig. 77) is equal to the product of the integrals 

f <l)(x)dx and j y/r(y)cly, 

Ja .a' 


Now let <l>{x)=e~^, and 


e~^dx^ ^ e~^dy (i) 

It follows that U\ the product of these two integrals, is e(^ual to 

the integral 

/ / (^0 

taken over the square 
OABG of side OA = a 
(Fig. 79). 

Draw the arcs ADC\ 
EBF from the centre 0 
with the radii OA — a, 
OB=asJ% The integral 
(ii) is greater than the 
integral of the same func- 
tion over tlie area OAI)( 
and less than that over 
the area OEBF. These 
two integrals Ciin Im^ 
found bj changing to 
polar coordinates ; dcdy 
is replaced by rdrdO and 
and (ii) be- 
comes, for the area OA IK\ 
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jje-^rdrd3 — j e^^rdrj^ -e~“*) 

dfnce the integral of e~‘^r is When the area is OEBF^ the 

integral is ^(l-e*-^*). 

IP lies between these two values; but when a tends to infinity 
both values tend to t/ 4 ; and therefore also tends to 7r/4, and U to 
\fjir. Hence 

|f e~^dx—L ^ e-^dx=^\^rr. 

This example is a particular case of an integral of great importance 
(see Ex. XX2L 21), and the tmnsformation is worthy or careful 
attention. 



CENTIMES OF INERTIA. 


341 


§ 137. Centres of Inertia. It is shown in wor]|f:s on 
iiiecnanics that the coordinates {x, y, z) of the centre of 
%ertia of a set of n particles of masses 
situated at the points z^, {x^, z^\ ... , (a;„, z,,) 

are given by the equations 


_ __ m^x-^ 4“ 4- ... 4* 

7r\ + m.2'^ ...+‘mn ”” 2m “ 


.( 1 ) 


with similar expressions for z. 

For a continuous distribution of matter the volume 
<]ensity p at the point {x, y, z) is the limit for Sv = 0 of 
dinlSv where Sni is the mass of the volume Sv surrounding 
the point ; hence to the first order of infinitesimals 

Sm = pSv, 

When the mass is supposed concentrated in a surface or 
in a line we have in a similar way Svi = (rSS, Sm^^XSs 
where <r and X are the surface density and the line density 
at a point and SS and Ss elements of area and of length 
including the point. 

A continuous mass may be supposed to be divided into 
n elements <5m ; if {x, y, z) are the coordinates of any point 
in the element Sm then the coordinates of the centre of 
inertia of the mass are given by 

T 2a:5r)i [xdm 



with similar expresaions tor y, z. The integrations in (2) 
are to be extended through the total mass. 

For volume, surface, and line distributions equations 
(2) take the forms • 

Ixpdv lokrdS |a?X<fe 
\pdv \ardS fxrf^s 

respectively ; the denominator is in each case the total 
mass. 

The terms mass-centre, and centroid are sometimes used 
as equivalent to centre of Inertia. The centroid of a 
volume, area, or line is the centre of ineHia of a mass of 
uniform density occupying the vciume, area, cr line. 
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Ex. ^1. A circular arc of uniform density, BAC (Fig. 80). 

Let 0 be the centre of the circle; 
0A=a^ LG0B—2a, Let 0.4 bisect 
the angle COB^ and take OA as the 
j?-axi3. 

By symmetry, y=0. 

Let LX0P==e; 

02f=^x=a(ios 0 
s>TcAP=^s=a6; 

(is=ad0. 

The linear density X is constant ; 
hence the total mass is 2Xe/a. 

Also 


B 





P 



^ M 

A X 

C 



j a:\ds=\ j 


a cos 6ad0~ 2\a - sin a 


Fio. 80. 


and therefore 

X = 2Xa2 sin a/2X«tt — a sin alu. 


Ex. 2. A plane lamina of uniform density a, in the form of a 
quadrant of an ellipse, OAPB (Fig. 81). 

In a case like this the 
use of a double integral 
may be avoided ; for wo 
may take a narrow strip 
NPP'N\ of breadth dy, 
parallel to OA as the ele- 
ment of mass. The centre 
of inertia of the strip is 
* at its middle point, and 
therefore the moment of 
the strip about OB is 
. <TX dy or 
The total mass is 
TTcrahj^^ 
and therefore 



Fio. 81. 


TTfrah.. 

— :: — X- 




and therefore 

In the same way, y — Ahl^ir, taking the strip M'MPP' as element. 
When the density is not uniform, the above method usually fails. 
Suppose (T^kxy {k constant) ; the^total mass M is 

Jf=jj kxydxdy—k j xdxj ^ydy = ^kj x, ONHx^ 

and since 0N^^y^=^h\\ — ^/«^), we readily find Jlf= 



MOMBilTS OF INERTtA. 


343 


A<?ain, j 

Mx ~ j I dxd^—kj x^dx J ydy— ^^kd^h\ 
and therefore x -= Similarly, y—^^h. 


Ex. 3. A cinmlar sector of uniform density. 

Take the notation of ex. 1. We may take as element the small 
.sector OPQ. The centre of inertia of OPQ may be taken as the jK)int 
(!{«, and the moment about OY of the element is 
Ja cos 6 . (T^d^dd — ^cra? cos 6 dd. 

The total mass M is (rd^a \ y—0 from symmetry ; and x is given by 


kfx. 


so that 


= ^(ra^J cos BdQ— §(ra^ sin a, 

~ sin a 
x—^a 


When the density is- not uniform, double integration will usually be 
re(iuired. 

I'lie centre of inertia of OP(cl was taken on OP \ as has been indi- 
cated several times, it does not matter for the limit whether we take 
the point as (|ja, B) or where 6^ is a value between B and ^ + 

Simplifications of this kind are of constant occurrence ; a similar one 
was made in ex. 2 when the centre of inertia of NPP'N’ was taken at 
the middle point of N P. 


Ex. 4. A imiforra right circular cone. 

From symmetry the centre of inertia is in the axis. Take a section 

{ )erpendicular bo the axis at a distance x from the vertex ; if k is the 
might and A the area of the base of the cone, this section is x^A 
We may take »‘is element of mass the slice between this section and the 
parallel section at distance from the vertex. 

The total masa #is JpAd, and 

MX^ ^ - P d.r = Ip/My 

and x=ilA, 

If the density is not uniform, doublet, or triple integrals may be 
required since the element of mass could not be chosen as above. V, 
however, the density is a function of x alone, the method still applies ; 
for example, if /»=^^*a7, the student may prove 


§ 138. Moments of Inertia. If r^, r^, . • . , are the distances 
from an axis OR of n particles of masses mo, ... » T/in 
the sum ^ + . . . + m„r„% 

or, in the notation of a sum, Sniy*, is defined.in works on 
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mechunics as the moment of inirtia of the set of particles 
about the axis OR. ^ 

When the masses form a continuous body the summation 
is replaced by integration, as in the case of centres of inertia. 

If the total mass -of the system is M and if k is chosen so 
that r 

M]c*==llmr^ or 

the quantity k is called the rcvdius of (jyratloii of the system 
about the axis. The moment of inertia is often denoted by I. 

The work of finding inoments of inertia is simplified hy 
the following theorems : 

(i) If OXj OY, OZ are three rectangular axes, and if 
[jc. ly, Iz are the moments of inertia . about OX, OY, OZ 
respectively of a plane lamina lying in the plane XOY, then 

= + 

(ii) If Ig is the moment of ineitia about any axis OR. 
Iff the moment about a parallel axis through the centre of 
inertia 0 and a the distance between these axes, 

where M is the total mass of the system. 

The proofs of these theorems are very simple and may be 
left to the reader; they may be found in any work on 
rnechanics. 

Ex. 1. A thin .sti-ai^ht rod of uniform density about an axis 
through one end perpendicular to the rod. 

Let .L* be the distance from the axis of a point on the rod, X the 
.linear density, I the length of the rod. For the element of mass we 
may take X&r ; hence 

/= . \dx = 

Jo 

where M=\l is the mass of the rod. Tlie radius of gyration /* is 
therefore l/y/3. 

The moment about an axis through the mid point of the rod and 
perpendicular to it is as may be proved directly or by using 

theorem (ii.). 

fi 

Ex. 2. A uniform rectangular lamina about an axis through its 
centre parallel to one side. • • 

Let a, 5 be the i-engths of the two aides and let the axis be parallel 
to the side a. Divide the lamina into thin strips parallel to the side b 
and let 8m be the mass of a strip, being the mass of tbe lamina. 
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By ex. 1 the moment of inertia of About the axis is 6^/12 and 
therefore the moment of inertia^ of the whole rectangle is > 

% i- 

In the same way the moment about an axis through tlie centre 
parallel to the side h is and therefore by Th. (i.) the mom cm t 

about an axis through the centre perpendicular to its plane is 

It is easy to deduce the moment of a uniform rectangular 
parallelepiped, whose edges are a, />, c, about an axis througli its 
centre parallel to an edge. For, let the axis be parallel to the edge c 
and divide the solid into thin slices of mass by planes perpendicular 
to the edge c. The moment of one slice is, by the result just found, 

and therefore the moment of the solid is AI(d^ + h'^)l\% M being the 
mass of the solid. 


Ex. 3. A uniform elliptic lamina about the major axis. 

Divide the lamina into strips of mass hn by lines parallel to the 
minor axis ; then the moment of the strip is by ex. 1 \m . (2y)Vl2 or 
where y is the ordinate of th(‘. strip. 


If /) if the density, Sm is 2py ; hence 
But f - x^)^d,v ~ I cos^ — a*, 

Jo Jo lo 

by the substitution a;— a sin^. The total mass J/ is Trpab. 


Hence 


/=i7rfxiP=im^. 

The moment about the minor axis is Ma^jA and about an axis 
through the centre perpendicular to its plane it is 6‘“)/4. 

For a circle of radius a we get, by putting h equal to r/, for the 
iiionient about a dianiet(U’ Ma^jA and about an axis through the centre 
perpendicular to its plane Md^l2. 

The hist value may be found most simply l)y dividing the circle 
into thin concentric strips ; then Theorem (i.) shows that the moment 
about a diameter, since all such moments are equal by symmetry, is 
half that about the axis perpendicular to the lamina. ** 


Ex. 4. A uniform ellipsoid about the axis OA. 

Divide the ellipsoid into thin slices by planes perpendiculai* to OA ; 
the mass of a slice may be taken as 
Trpbc{l — 

and by the last example the moment of 8m abiHit OA Ls 
where 2aj, 26i are the axes of the section. But « 


4 
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Substituting and integrating from — ^ce to a we get 

where jfcr=47rpa6c/3=maa8 of ellipsoid. 

The moments about the other axes may be found by symmetry. 

§ 139. Polar Element of Volume. The expression for the 
element of volume dF in terms of the spherical polar 
coordinates r, 0, </> (§ 89a) of a point P is often required in 
physical applications. 

Let a denote the plane through P and the axis OZ. 
First, keeping r and <f> constant, let 6 become 0+d0; 
P thus describes an arc, PQ say, in the plane a and 
arc PQ = rS6. Next, let the plane a turn about OZ as an 
axis through the small angle (J0, the coordinates r, 6 being 
kept constant; P will describe an arc, PR say, equal to 
r sin 6S</> and, if SO is kept constant, the arc PQ will describe 
an area, SS say, equal approximately to arc PQ x arc PR, 
that is, equal to r^sin 6 SO S</>. Finally, keeping 0, 0, SO, S<fi 
constant, let r become r+dr; the area SS will describe an 
element of volume SV equal approximately to SSxSr, tliat 
is, equal to ?"^sin 0 d?’ d0 ^0. The limit of dF is the polar 
element of volume, so that 

d F= sin 0 dr dO d(f>. 

The element of the surface of a sphere of radius r is 
dS = r- sin 0 dO d0. 

If r = /(0) is the polar equation of a curve lying in the 
plane ZOX, the initial line being OZ, we find by integrating 
(IV from 0 = 0 to 0 = 27r and then from r — i) to r=/(0) 
that the polar element of volume of a surface of revolution 
about the initial line is |7rr*sin0d0, where r now means /(0). 

Let P be the point (x, y, z) on a surface and let the 
rectangular parallelepiped standing on the rectangle Sx Sy 
as base cut out of the surface the element of area dcr, and 
out of the tangent* plane at P the element Sir. If the 
normal to the tangent plane at P make with OZ the angle 
y we have 

(, S(r'co8y = SxSy, Scr = Sx Sy sec y. 
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If w^e assume that the limit of ScrjScr is unity we find, 

^ d(r = dx dy sec y. 

The direction cosines of the normal can be found (§91) 
when the equation of the surface is known and thus dor 
can be expressed in terms of x, y, dzjdx^ 'dzj'dy. 


l)ejvniti<yM, The terms Line Integral^ Surface Integral occur so 
often that it may be worth while to define them, though we cannot 
find room for a consideration of their special properties and 
relations. 

Let F denote a quantity such as a velocity or a force having 
direction as well as magnitude, and at the point P on a curve A PQ let 
the angle between the direction of F and the tangent at P be €. If 
X is the arc measured from a fixed point on the curve up to /*, the 
integral r 

I Fcofieds ( 1 ) 

taken from the value of at a point up to the value of s at another 
point B is called t/ie line integral of F along the curve AB. 

For example, in § 95, the work W is the line integral of the foire F 
along the curve AP, 

If X, r, Z are the components of F parallel to the axes, the integral 
(1) may also (§ 95 (?)), be written 







Again, let hS be an element of surface, P a point on and c the 
jingh‘. between the normal to the surface at P and the direction of F, 
The integral r 

/ Fvof,€dS (3) 


taken over any portion of the surface is called the surface integral of 
F over that portixm. 

Thus if F is the electric intensity at P, then ^cos c is the normal 
component N of the intensity, and the integral (3) is the surface 
integral of normal electric intensity ever that portion of the surface. ^ 


EXEBCISL.S XXX. 

1. Find the mean value of if over the range from 0 to ir wdien 

(i) ^ sin X + flr.j sin 2a; 4- . . . + «« sin nx, 

(ii) y — cos x + 5., 2a? + . . . 4- 6n cos nx. 

2. If y = sin x-hhi cos x nr .^sin 2.r 4- ^>2 cos 2r 

and z — A I sin x 4- B^ cos x 4- .1 2 + ^2 2x, 

find the mean* value of the product ovdrjbhe range frdm 0 to 27 r. 



I 
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3. A particle falls freely from rest?*; show that the mean v^ocity 

with, respect to the time is half the final but that tlie mean velocity 
with respcict to the distance is twm-thirds of the final velocity. ' 

4. A jmrticle of mass m describes a simple harmonic motion of 
amplitude a and period T ; show that the mean kinetic energy is lialf 
the maximum kinetic energy. 

5. Show that in a homogeneous li(piid under gravity the mean 
pressure-intensity over a plane area immersed in the liquid is e(]ual to 
the pressure-intensity at the centroid of the area. 

6. If the density at a distance r from the centi'c of the earth is 
^iven by p =(pQ sin where /• is a constant, show that the mean 
density is 

3Po(sin JcR - l it cos kR)IPJt^ 

where R is the earth’s radius. (Ijamb’s Calculus.) 

Take as element of volume, the shtdl between two spherical 
surfaces of radii r and r+Sr; then 5#> = 47rr28r and 8m—p8v. The 
total mass is found by integrating ptb) from r—0 to r~ R. 

7. Find the centroid in the folk » wing cases : 

The area between the an; of a paral>ola, the axis, and the 
ordinate at the point (A, k). 

(ii) The segment cut off from a parabola by the stmight line joining 
the vertex and the point (A, k). 

(iii) The Begment BAG {¥\g. 80). 

(iv) The spherical sector formed by the revolution of the circular 
sector OAB (Fig. 80) about OA, 

(v) Tlie cardioid r=a(l -fcos By 

8 . If the density of a heinisi)heie vary as the distance fi’om the 
bounding plane, show that the ai.stance from that plane of the centre 
of inertia is 8/i/l.^) where R is the radius. 

9. Prove the Theorems of Papptis^ namely, 

(i) If an arc of a plane curve revolve about an axis in its plane 
which does not intersect it, the surface generated is equal to the 
length of the arc multiplied by the length of the path of tne centroid 
,of the arc. 

(ii) If a plane area revolve about an axis in its plane which does 
not intersect it the volume generated is ec^ual to the area multiplied 
by the length of the path of the centroid of the area. 

Taking the .r-axis as the axis of revolution, the theorems follow at 
once from the equations 

by multiplying by 27r. the ordinates of the points in which 

a line perpendiculilr to the j?-axi8 cuts the curve. 

Deduce freyn (ii) the formula for the polar element of volume of a 
surface of revolution (§ 130.) ^ ^ 



EXERCISES XXX. GAMMA-FUNCTION. 


349 


10. Find the moments of inertia in the following cases, the density 
beingtuniform : 

^ (i) A circular lamina of mass M and radius a about a tangent. 

(ii) A sphere of mass M and radius a about a tangent line. 

(iii) A triangular lamina of mass M and height h about its base. 

(iv) A right cone of mass J/, height and radius of base a, (a) about 
its axis, ()8) about an axis through its vertex parallel to the base. 

11. A rectangle ABCD revolves about an axis in its plane parallel 
to A and not intersecting the rectangle ; if a, 6 are the distances 
of JZ>, CD from the axis, show that the radius of gyration of the 
solid generated is given by 

12. The moment of inertia .of the anchor-ring (Exer. XXVIll., 
ex. 5) about its axis is i/(F4- Ja^), the density of the solid l>eing 
supposed uniform. 

13. If show that the mean value of F throughout the 

volume of the ellipsoid is F)/6. 

14. The volume of the wedge intercepted between the cylinder 

and the planes ^=:rtana, z=.rtan /J 

is 7r(tan )3 - tan a)a^. 


15. If w > 0, the integral 




has a definite value ; the integral is a function of w, usually called 


the Gamma-fmictiony and denoted by r(^0- 
by parts, that 

r(n)=(w-l)r(w~l), 


Show, by integrating 
(0 


and that when n is an integer, r(?i)=(^-" !)•» r(l)=l. 

If is not an integer, let p be the integer next below n so that 
[n -p) is a proper fraction, then (i) shows that 

T(n)=(n-l)(n-2)...{n-p) T(n-p) (ii) 

16. Prove 

(i) r(i)=V^; 

(ii) r(m+i)=?^ . . ... Kn/"-) ... (» integral). 

Equation (i) follows from § 136, ex. 3, by putting for 

2 Jo “Jo 

Then (ii) follows from ex. 15 (ii). ' 


17. Prove 




(a positive). 
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18. ^By the given substitutions, prov3 other formulae for r(w) : 


; 

6"*=2;; 


r(»)=2 


.(ii) 


19. When m and n are both positive, the integral 
j - xy*~^dx 

has a definite value ; it is a function of m and n usually called the 
Beta-functioriy and denoted by B(m, n). Show that 

w)=B(%, m). 


20. By the given substitutions, prove other formulaic for B(?w, v) : 


x=coa^0 ; B(w, >i) — 2^ cos“”*"^^sin^"~^^^i?^^ 

'">=1 


O+y)’ 

21. Using form (i) of ex. 18, write 


.(i) 

.(ii) 


T(m)—2j c~*V”‘“W.r, T(n)—2f ; 

and then show, as in § 136, ex. 3, that 

r(?n) X r(n) = 4 J J co8‘‘^”*~^0 sin“"~^0 dO ; 

and therefore, by exs. 18 (i) and 20 (i), 

r(m)r( 7 i)=r(??i+w)B(w, 71 ). 

Thus the Beta-function can be expressed in terms of the Gamma- 
function. 


22. Let 2m - 1 —p, 27i-l = g ; then, from exs. 20 (i) and 21, 
8in<^0 dO = 

4U 


where, since m > 0, 7i >,0, we have -f 1) and \{q -|- 1 ) > 0, or ju and q 
each greater than - 1 . 

The student may test that thiaresult includes the rule given in § 1 10. 
Tables of logr(r%) for l^n^2 have been calculated (no wider 
range for n is necessary by, ex. 15, (ii)), and many integrals ran be 
expressed in terms of Ganjnla-functions. 


Tt 

/• 
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23. Find the potential F at a point Q of a mass M distiibuted 
uniformly (density cr) over the surface of a sphere of radius a. 

^ Take 0^ the centre of the sphere, as origin and OQ as ^-axis ; let JS 
be the surface element at P, and denote PQ hy fi and OQ by c*. Then 

~ 0d6cl<f) ; R“ = - ^lac cos 0. 

The limits for ((> are 0 and ^tt, for 0 they are 0 and tt ; in integrating 
as to the other variable 6*, and therefore in this case also FQ or a 
(which is a function of 0 and not of <^) is to be ke 2 >t constant. Hence 

V''=,m2 f'‘'d.^ = 2a-<r«2 

Jo li Jo Jo R 


Now change the variable from 6 to R \ we have RdR — acsinBdO, 
When 0=0, R^ ±(a-c); /2 is a positive number, so that if Q is out- 
side the sphere R=^c-a, and if Q is inside — When 0=7r, 
in both cases. Hence 


(§ outside) (i) 

= 47ra-a {Q inside) (ii) 


Thus V^Mfc when Q is outside, but r=J//a=: constant when Q is 
inside the sphere. 


24. Same jirobiem as in Ex. 23 for a solid s)ihere (density 
p ■ - constant). 

Take as element of mass the shell bounded by radii r and r+dr^ 
and use the results of Ex. 23, putting pdr foi* a*, and r for a. 

If Q is outside, the result (i) gives 

p_ [" ^’Tpr^dr A^p ^....^ 

Jo c 3 0 ^ ' 


If Q is inside, V consists of two parts, Fj, is the potential 

due to the sphere of radius c, and by the result just found 


^^__47rp 

— r • c ■ 3 


1 2 is that due t4> the shell of radii c and a : by the result (ii) of 
ex. 23 - 

V2= I 4wprdr~27rp(d^ — 

Jc 


Hence I' = + V^=2irp(a^ - Jc*) (iv) 

When c=a the values given by (iii) and (iv) <^>incide. 
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§ 140. Curvature. Let P and Q be two points on a plane 
curve, 0 and the angles which the tangents at P and 

Q make with the £C-axis, s the arc measured from some fixed 
point on the curve up to P and Ss the arc PQ. S({> will be 
the angle between the tangents at P and Q (F'ig. 82, p. *354) 

Definitions, (i) The angle S<f> is called the total curvatnrt 
of the arc PQ ; (ii) the quotient S(j>l8s is called the averar/e 
curvature of the arc PQ\ (iii) the limit of when Q 

approaches P as its limiting position, that is, d^jds, is called 
the curvature of the curve at P. 

For a circle of radius iJ, 8s = RS<j> and therefore 

1 d<f> 1 / I \ 

ds’^R • ^ 


that is, the average curvature of any arc of a circle is equal 
to the curvature at any point of that circle. In other 
words, a circle is a curve of constant curvature and its 
curvature is equal to the reciprocal of its radius. 

Curvature is thus a magnitude of dimension — 1 in length. 

The curvature may be expressed in terms of the first and 
second derivatives of the ordinate at the point. For, sinc(' 


tan0 = 


dx 



we get, by diflTerentiating the first equation with respect to s, 
d. tan <b dd> d /dv\ dx 
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that is, 


dd> 


ds 

and therefore, -f- sec^^ ( 2 ) 

Hence, since ^9^Q?tfi — \ + {dyjdxtf we find 

.(A) 


ds dx^ * t ^\dx) j 


Formula (a) may be considered fundamental. 

Cor. When the gradient dyjdx is so small that for all values of .r 
within the range considered its square may be neglected, the curvature 
is approximately d'^ylda^. This approximate value is often used in 
Mechanics ; for (example, in the theory of the bending of beams. 


Ex. 1. The parabola y^=^\ax. 

dy _ 2o ^ d\if -2ady _ — , 

dx y * dx^ y^ dx' y^ 

~f/s y ■1'*'^^“/ 

If the normal at /^(.r, y) meet the axis at O', 

r<r=.f+idi and ^=-^- 
The meaning of the negative sign will be referred to in § 141, 


Ex. 2. The ellipse X“jcd+y^lb^—l. 

dy_ ¥x , ( b'^x\ -6^ 

cir" d^~' d^yA'’' cdy)~ 

since h\r!^-\-id‘y^ — d^\P‘ by the equation of the ellipse. Hence 

^ 

^ (6V + a*yO- 

If jt? is the perpendicular from the centre on the tangent at {x^ y\ 

aW , d<i> 

p— and 


If PG is the normal at P (or, y), 


PG^^ 


h\v^-\-a*yi^ 


and 


dif>_ ^ h* 

> cb" a^PG^' 


A similar result holds for the hyperbola. Thus the curvature of a 
conic section vayies inversely as the cube of the normal, t 
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§ 141. Circle, Radius, and Centre of Curvature. Let the 

normals at P and Q (Fig. 82) intersect .at C'\ when Q^tends 
to P as its limiting position, C' will tend to a point C oii 
the normal at P as its limiting position such that PC is 
equal to dsld<f>. 

For lP(JQ:=:8(I>. and 

PC _ chord PQ_clprdP(> 8<f> 
sin PQC sin PC Q arc PQ S(f> sin S(f> 



The limit of PQC is 90'' and the limits of the three 
fractions last written are 1, dsjdtj), 1 respectively; hence 
the limit of PC is dsjd^, as was to be proved. 

The circle with centre G and radius PC has therefore the 
‘same tangent and the same curvature as the curve has 
at P. This circle is called the circle of curvature, its 
radius PC or ds/dif} the radius of curvature, and its centre 
C the centre of curvature at P. If any line through P 
meet the circle again at R, PR is called a chord (f 
curvature, ' 

If {Xy y) are the coordipaf/es of P, (^, fj) those of C and p 
the radius of curvature PC or ds/d^ it is easy to prove 

, ^=x-p^<p, l> = y + pCO80..... (1) 
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We will generally use p #for the* radius of curvaturj ; the 
curvature will then be denoted by 1/p, 

^ If d^y/dx^ is zero at P then !//> is zero by (a) and p or 
PC is infinite. Tims at a point of inflexion on a curve 
p is infinite. 

We take Fig. 82 as the standard diagram. If we adhere 
to the convention that (f> is always acute (§21) then dx/ds 
and sec <f> will be always positive and the root in (a) will 
have the positive sign, p and IJp will therefore be positive 
or negative according as dJ^y/dx^ is positive or negative, 
that is according as tlie curve is concave upwards or convex 
upwards near P. Of course other conventions may be 
used but a little care, especially if a Qgure is drawn, will 
usually settle the question of sign. In many cases it is the 
numerical value alone that is important. 

The limiting position C of the point C" is sometimes called the point 
of intersection of two consecutive normals. Of course there is no one 
normal that is the consecutive of another, but the phiaseology is 
briefer than that used in the statement at the beginning of this article 
and is therefore sometimes useful. 

It should be noticed that when the arc PQ is an infinitesimal of the 
first order the difference between PC' and QC* is of a higher order 
since the limit of (QO' - PCySs is zero ; for 

QC' - PC' = QC'(l - cos 8</>) - PQ cos QPC', 

§ 142 . Other Formulae for the Curvature. Formula (a) is 
not very convenient imless the equation of a curve is in the 
form y=f(x) or unless, as in the examples worked in § 140, 
the values of the derivatives can be easily calculated. We 
will therefore give one or two other formulae ; the question 
of the sign of p usually needs special consideration. 

(i) Equation of form x=f(t\ y^F{t), The variable i 
need not, of course, represent time but we will for brevity 
use the fluxional notation. 

Substitute in (a) the values of Dy^ IPy in terms of 
ijt as given in § 98 ; we find 

- = {‘i-V - (“'> 

p * • 

Since D^y=(ity—yx)ld?, we can deternfine the sign of p 
when necessary in accordance with the convention of § 141 . 
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(ii\ Polar Eq'a/iiions. In (A^ substitute the valufss of 
Dy,JPy in terms of and we get ^ 



Formula (c) is cumbrous. It is often simpler to find 
what is called the />, r equation^ that is the relation between 
the perpendicular OZ from the origin 0 on the tangent at 
P (Fig. 82) and the radius OP (see ex. 2), and then to apply 
a formula we will now deduce. 

In Fig. 82 we have, OZ=p, OP — r, 

= 0P2 + PG^ - 20P . PG cos OPG 
= r2+PC^2_2p.P(7' 

since p=OP cos 0PC'=r8m\Jr where \fr is, as usual, the 
angle between the tangent and the radius vector. 

If OQ=^r+Sr and if ^ + = perpendicular from 0 on 

tangent at Q we find in the same way 

OG^^(r+ Srf + QG^ - 2 (p + Sp) QG. 

Equating the two values of OG^ we get 

2rSr+{Srf+(QG^PG) (QG+PG - ^p)^2QGSp = 0. 

But {QG-^PG) and {Sr)^ are of order higher than the 
first, and therefore 

(^) 

Formula (d) may also be proved thus: since p = ?-sin^ 
and 0 = 0+^ we have (see § 88) 



and therefore 8sjd<f>=rdrld/p. 

An inspection of |igures will show that when the curve 
is concave towards the origin (as in an ellipse with the 
centre as origin) p and r Increase or decrease together, and 
therefore drjd^ and p are positive; when the curve is 
wnvex to the origin p }s»negative. 
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We crfn now deduce (c)/rom (d) ; for (§ 88) 
tan xf/'^^rddj dr 


L_==l . 

'r^sin^x/r r*^ Vr*-^ do) 


and by differentiating with respect to r we can find d./)/dv. 
We will worlc out a slightly different formula that is of use 
in dynamics; namely, putting r=l/u we will find p in 
terms of u and 0. 

^ dr ^dr dn 1 du 

^ de'~^ iW 

and therefore (i) becomes 

1 .,fduV 


Hence, differentiating with respect to u, 

2 6 > , ^(du\d^u dd 



R„f 

d,u dr * ’ p r dr du' 

and now by substitution in (iii), using (ii), we get 

=(’‘+S)-{>+(iS)T 


The root being taken positive, p will be positive or 
negative according as the arc is concave or convex to the 
origin. 

(iii) Intrins'ic Eqiuition, Let s denote the arc of a 
curve measured from a fixed point on i*t up to the point P, 
and 0 the angle wdiich the tangin'# at P makes with a fixed 
tangent ; the equation which expresses the delation between 
8 and ffi is called the intrinsic equati^ of the aurva Thi^ 
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equation does not depend on anyflines of reference outside 
the curve, such as the ordinary rectangular axes ; henctf the 
name. * 

When the intrinsic equation is given p is found at once 
by differentiation. In elementary work, however, the 
intrinsic equation is of comparatively small importance; 
it has usually to be deduced by integration from the 
ordinary equation, one of the coordinate axes being taken 
as the fixed tangent. The angle <j> must not in this case be 
restricted to acute angles. 

Ex. 1. 

Jjet ^=asin’<, and use formula (5). 

cos^ < sill ^ = 3a cos ^ (2 sin* t - cos* t) ; 

y = 3a sin* ^ cos < ; ?/ = 3a sin ^ (2 cos* u* t ) ; 

j'*=9a*8in*< co8*« ; xi/ — yx = — 9a*8in*^ cos*^ ; 

p=z ->3asiu^cos^= — 3(a^)^. 

In this case i>,*y=l/3asin ^cos^^ and p, if determined hy the con- 
vention of 55 141, -will be -f 3a sin ^ cost 


Ex. 2. cos m9. 

Form the r equation and use formula (d). 

tanV^=^^— ~cot7»£^=tan^m^-f-^y 

We will take ^=m6>+7r/2 ; then 

p = r sin i/r = r cos m 0 7 ®”*, 

and therefore />=^=(^+l)7-V 

By giving ditferent values to m we get several well -known eciuations. 
See Exercises XXXI. lu. 

Ex 3. Find the centre of cui vature and the locus of the centre of 
curvature of an ellipse. 

It is easy to show, with the notation of § 140, ex. 2, that 
sin (jy = --pxja^ cos —pylh\ p == — a^h^lp\ 
^=a;-psin^=^/l 

Let 6 the eccentric angle of P{x^ y) and these values become 
— (^2 _ 52^cos*0 ; j)?; = — (a* — 6*)sin*0. , 
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To find the locus of the centjje of curvature eliminate 0 ; thus 
or, taking now x and y as current coordinates, 


{axf+{hyf={a^-V‘'f. 

The curve is shown in Fig. 83, § 143. 

Ex. 4. Show that the normal acceleration at a point /' on a curve 
is ir^lp where v is the tangential velocity and 1/p the curvatuie at P. 

At Q (Fig. 82) let the tangential velocity be v + Sy ; the e(niiiwnents 
in the direction PC' of tne velocity at P and at Q are 0 and 
(v -f sin respectively. Hence the normal acceleration at 7^ is 
{v ■{■ 8v) Bin 8cfi difi dih ds 1 

«=o — 

as was to be proved. 
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1. The equation of any conic may be put in the form y“=^2Ax+Bx\ 
where the .r-axia is the focal axis and 2A is the latus rectum. If the 
normal at P meet the ^’-axis in O and if a is the angle between PO 
and the focal distance SP prove that 

p = — PG^iA'^= — P(jj COB- a. 

Note that the projection of PG on SP is e(pial to tin* semi-latua 
rectum. 

2. From the value of p in terms of a (ex. 1) prove the following 
construction for the centre of curvature K of any conic : Draw GIJ 
perpendicular to PG to meet SP at //, then draw I/K perpendicular 
to iIP to meet PG at K ; A" will be the centre of curvature. 

3. For the , rectangular hyperbola xy=c^ show that 

p=(^+r)V2c-. 

4. C is the centre of an ellipse, CD is a semi-diameter parallel 

to the tangent at ,P and 0 is the eccentric angle of P : show that, 
numerically, ^ 

p = (a-'sin^ 0 + b^coB^ (j>y jab — CIPlab, 

It may be shown that the eccentric angle of 7) is ^+3.7r or ^ — ir. 
CP^XfD are called conjugate semi-diameters since, as may be readily 
proved, each diameter bisects all chords parallel to the othei . 

5. If r is the central radius of a point P on an ellipse*, and p the 
perpendicular from the centre on the tangen? at 7^, prove 

a® + 6^ - r* = a^b^l'/^ 5 • P *= d^b^jp^ 

For a hyperbola prove, with similar notation, • 

• r* - a2 ^ ^2 ^ arh^lp^ : p == - arht^ljP. * 
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• a 

6. ,For the curve show tha# p=(a*4*9^)76a^^ and i^r the 

curve p =.r^(4a + 9jr)‘/6a. #r 

7. At the origin on the curve 

, ay = h.v^ + ’Icxy + + W3 + W4 + . . . + 

whei e Un is of the wth degr ee and homogeneous in x and y, show that 

Dy^Oy IJ^y^^hja^ p — aj^b. 

8. At the origin on the curve 

y = ^x -f 3/r^ - 2^y -f y^, 
tlie radius of curvature is 

9. Prove that the radius of curvatur e of the catenary 

is //-/a, and that of the catenary of uniform strength 

y=clogsec(a?/c) 

is caec(.a7/c). 

10. Verify the general results given in ex. 2 § 142 for the particular 
cases : 

(i) Lemniscate — a^cos 20 ; ; p—a^jZr. 

(ii) Equilateral hyperbola ?’^cos2^=a^ ; ; p^T^jaK 

(iii) Parabola r(l + cos ^) = 2a ; aT^p^\ p = 2r'^la^. 

(iv) Cardioid r=a(l +cos ^) ; r®=2ap2 ; p — 4aplSr. 

For the parabola m = ~l/2 ; for the cardioid m — \l2, and 2a takes 
the place of a. 

11. Show that the chord of curvature through the origin is 
2pdrnlp ; for the curve r"" — a"”cosm^, this chord is 2/*'(wi + l ). 

12. Show that for the equiangular spiral r = the radius of 

cui vature is r cosec a ; show also tnat the radius of curvature stibtends 
a right anglet at the origin. 

♦ 13. If is the angle between the focal radius of a conic and the 
tangent at Pand <x the angle between the focal radius and the normal, 
show by formula (^E) that 

p = llsin^yjr = //cos'^a, 

the equation of the conic being ??/=! H-ecos 0. 

Show also that i^r an^ r' are the focal distances 

/’?•' cos‘-*a ~l^ = aL 

• t 
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14. If accents denote differentiatioif as to the arc show by 
differentiating the equations coft<^=^, sin</)=y' that, (^, yf) beiifg the 
^ntre of curvature, 

and ^ = 47 + p V', >?=//+ 


15. Show from formula (e) that the condition for a point of 
infloxion is 

dhi 


16. The circle {.r - a)- + (y - and the curve y — f{x) intersect 

at the point P{a^ b). tf at P the values of Dy and //-/y are the same, 
for the circle and the curve show that the circle is the circle of 
curvature at P, 

The circle and the curve have the siime tangent at P because P lies 
on both circle and curve, and the gradient of the circle at P is equal 
to that of the curve at P, A^ain, differentiate the equation of the 
circle twice and after (lifierenti*ation put </, h (or /(«)), f{(i\ f'(p% 

47, y, Di/y D^y respectively ; we get 

(a (i) ; (a - a) + (6 - )K)/(a) = 0 (ii) ; 

I + {/'(“) P +(& - ^)/'(«) = 0 ( iii ) 

From (ii) and (iii) we find 

b-fi= -[l+{/(«)}=g-/'(«); «- «=/'(«)[! +{/'(a)n-/"(-0, 

and therefore by substituting these values in (i) 

=[!+{/(«)}¥ -/'(«) (iv) 

But R as given by (iv) is the radius of curvature at P and (a, jS) is 
the centre of curvature at P, 


Definition. Two curves y=F{x)y y ^ f { x ) which intersect at the 
point P (a, h) are said to have contact of the order with each otlicr 

at P if FXa)^f{a\ F'\a)^fXa)y but /"<"+>>(«) not 

equal to/<"+^>(a). 

The circle of curvature has thus in genei’al contact of the second 
order with the curve. 

From Taylor’s Theorem (§ 152) it will be seen that when the curves 
have contact of the rP' order at (or, h) the difference F{x)- f{jc)» 
between corresponding ordinates near (a, h) is an infinitesimal of 
order ri+1 when .r-a is principal infinitesimal; for 

where R is zero when 47 = a. 

§ 143. Evolute. Involute. P^a]|^el Curves. 

Definition. The locus of the centre of* curvature of a 
given curve is called tiie evolute of ^lat curve. 

‘ 0.0. * ^ i| 2 
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Thp coordinates (^, vi) of the cevatre of curvature C corre- 
sponding to the point P (x, y) are given by ' 

t,-y+pQos<f> (ij 

The four quantities x, y, 0, p can all be expressed in terms 
of one quantity, for example x or s ov t \ the elimination of 
that quantity between the equations (1) will give a relation 
between ^ and i; which will be the equation of the evoliite. 
The evolute of the ellipse is (§ 142, ex. :i) given by 

and is sliuwn in Fig. 83. 



Fio. 83. 


• E, E, F, F are the centres of curvature corresponding to 
the vertices A, A', B, R ; and 

EA = A'E=bya, FB=B'F'=a^lb. 

It is obvious how the radius of curvature may be utilised 
for graphing the curve. 

The following are* important properties of the evolute : 

(i) The normal at P to the given curve is the tangent at 
C to the evolute. (ii) The length of an arc of the evolute 
is equal to tfie differenca between the radii of curvature of 
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the given curve at the pcSints corresponding to the ends of 
4he arc. 

(i) In equations ( 1 ) take an arc of the given curve, as 

independent variable ; then 

dx dfh . . do , dp /o\ 

= 


ds 


since dxjda = cos l/p = d(/>/d8. 

Similarly ^ = cos <l> ^ 


Therefore 

Now the centre of curvature G (^, tj) lies on the normal 
at P, and the gradient of the evolute at C is dt^jd^, that is, 
— cot which is the gradient of the normal to the given 
curve at P. Hence the normal PC coincides with the 
tangent to the evolute. 

(ii) Let dcr be the differential of an arc of the evolute ; 
by (2) and (3) 

c?^ = — ain ^ dp, = cos ^ dp, 

so that d(r= ± M,J{d^^+drj^)= ±dp (4l 

The sign will be posi- 
tive or negative accord- 
ing as (T increases or 
decreases as p increases. 

For the positive sign we 
have 

o- = p-b const (5) 

In Fig. 84 let or be 
measured from C^, and 
let PjOp P^Go, P 3 O 3 be 
Pv Pz^ Pz ; then (5) gives 
arc (7j ^2 = P 2 + const. 

~P2""iPl > 
arc C'j( 73 =p 3 — -pj, 

which proves the required resiilt.* ^ 

If a thread were wrapped round the curve C^G,^ and one 
end fixed at Og, the length ^f the •thread being; equal to p^, 
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I 

it itf clear that when the thread is unwound, and^ kept 
stretched in the process, the free end will describe tf*3 
curve PjPyPg. It is from this property that the evolute 
is named. 

The curve P^Pg is said to be an involute of C^C^. Ob- 
viously any point on the thread will describe an involute, 
so that a given curve has an infinite number of involutes 
while it has but one evolute. 

The two involutes PiPg, are called parallel carves, 

since the distance between them measured along their 
common normals is constant. 

§ 144. Envelopes. The equation 

y^ox-^aja (1) 

where a, a are constants, represents a straight line. If we 
give a different constant value to a, say Uj, the equation 
will become 

y=^\x+ala^ (2) 

and will represent a different straight line. The coordinates 
of the point of intersection of (1) and (2) are 

a; = a/auj, ?/ = a/a -f- a/a^ (3) 

Suppose now that is taken closer and closer to a ; the 
line (2) will therefore come closer and closer to the line (1), 
but the values (3) show that the point of intersection tends 
to a definite position when tends to a as its limit. The 
coordinates of the limiting position of the point of inter- 
section are 

x = ala^, y^2aja (4) 

• If we eliminate a between the two equations (4) we get 

y^ = ^ax (5) 

so that, whatever value a may have, the limiting point lies 
on the parabola (5). It may be readily verified that 
whatever value a may have the line (1) is a tangent to the 
parabola. ^ ^ 

,In general tlje equation /(a?, 2/) = 0 of a curve contains 
constants that determine the shape, size, and^ position of 
ihe curve. ^By assigning a seipes of djfferent values to the 
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constants we get a serieij of difterent curves. We^ will 
consi'Uer the case in which, as in the example just given, 
Ifhe series is determined by assigning different values to one 
constant, and we will speak of the series as a family of 
curves. The constant is then often called the yavameter of 
the family; thus, in (1) a is the parameter of a family ot 
straight lines. 

Two curves of the family will, in general, intersect.; if a 
and a + ^a are the values of the parameter for two curves 
and of the family, the point or points of intersection 
of and Cg definite limiting positions as Sa 

tends to zero, and the locus of these limiting positions is 
called the envelope of the family of curves. 

Thus the parabola (5) is the envelope of the family (1) ; the evoliite 
of a curve is the envelope of the family of straight lines composed of 
the normals of the curve 141, 143). 


§ 145. Equation of Envelope. Let the equation 

«) = 0 (.!> 

represent a family of curves, the parameter a of the family 
being indicated in the functional symbol ; a is constant for 
any one curve of the system. Lot the equation 

f{x, y, a + ^«) = 0 (2) 


represent another curve of the system. The coordinates of 
the points of intersection of (1) and (2) will satisfy 


/(^, 2/» a + Sa)-f{x, y, a) = 0, 

and therefore also 

2/> a + ^a)— /(a:, y, a)}/5a = 0 Qy]» 

The limit of (3) for ^a = 0 is 

3/(x, y, a)/3tt = (), (4) 


and therefore the coordinates of the points on the envelope 
satisfy equations (1), (4). The equation of tlie envelope is 
therefore got by eliminating a between these two equations. 
In forming (4) x and y are treated as consta^its, as is evident 
from the proof. 
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Thus, if /(.r, y, a)= — y + ca‘+a/a, , 

— gi' 

Eliminate a between the equations 

-y+aa;4-a/a=0, x — aja^—O 

and we get ij —\ax. The envelope is thus a parabola, as in § 144. 


We saw in § 144 that the parabola (5) has each member 
of the family (1) as a tangent. We will now prove the 
Theorem. In general, the envelope of a family of curves 
touches each member of the family. 

The gradient at a point (a?, y) on (1) is given by 


'dx.'dy dx 


(5) 


where, in differentiating, a must be kept constant. 

On the other hand, to get the equation of the envelope, 
we have to eliminate a between (1) and (4) ; we may there- 
fore take (1) for the equation of the envelope j^rovided we 
regard a as a function of x and y determined by (4). 
The gradient at a point (x, y) on the envelope will therefore 
be found by taking the total derivative of (1); this total 
derivative is given by 


^“=0 
dx^'da dx 


( 6 ) 


Suppose now that the coordinates of the point {x, y) 
satisfy both (1) and (4) ; that point is therefore on the curve 
(1) and also on the envelope; and,, by (4), equation (6) 
reduces to equation (5). Hence at the point (x, y) the 
gradient dyjdx is the same for the curve (1) and for the 
envelope, which proves the theorem. 

It is assumed that 'dfl'dx, 'dfl'di/ are not both zero ; if they are, the 
value of dy/dx given by (5) or (6) is not determinate and the theorem 
may not be true. The discussion of such cases, however, is beyond 
our limits.' 

0 

Analytically, the problem of finding the envelope of the 
family (1) is equivalent id that of finding the turning values 
of the function y(x, y, a) of the variable a, when x and y 
gjre regarded! as constants. 


f 
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The student should d^'aw a few lines of tlie ^inily 
y^zhx+aja for hoth positive and negative valn(\s of a, and 
'‘lie will get a clear idea of a curve as the envelope of its 
tangents; the lines are easily drawn since the intercepts on 
the axes are — a/a‘^ and a/ a respcctiveily. 

Ex. 1. Tlie evohite of the parabola y^ — \nx consirlc'ied as the 
envelope of its normals. 

The normal at (/d, /;) is given by 

2« {y — U) -f k(x — A) = 0 

v)r ■\-Aa{x — 2a)X* — A’* = 0, (i ) 

since k—Pj^a by the equation of the jjarabola. Take / as the para- 
meter of the family of straight lines (i), and find the envelo|>e. 
Differentiate (i) as to k ; we get 

4/^(.r-2tf)-3A- = 0 (ii) 

Eliminate /• betwveeu (i) and (ii) and we get 
^27ay“ — 4(^.’ — 2o)^, 

which is therefore the equation of the (ivolute. 

Ex. 2. Kind the envelope of the circles which pass through the 
origin and have their centres on the hyperbola 

Let (a, (^) be the centre of any circle of the family ; the e(}uatioa of 
a circle is therefore 

^2_|.y2_2aa;- 2^^“0, (i) 

there being no constant term, since the circle goes through the origin. 
Since the centre lies on the hyperbola, we have, 

(ii) 

We might suppose (}<) solved for )8 in terms of a and the value 
inserted in (i) ;xthis shows that there is really but one |>arameter. It 
is simpler, however, to differentiate with respect to a, considering /? as 
a function of a determined by (ii), and then to eliminate a, p and 
dpida. 

Differentiating (i) and (li) with respect to a we get • 

^+.vg=o, «*-^5f=o (iii) 

From (iii) a/^= - jS/y, 

an<l therefore by (ii) a/x= — Ply = cl>sj{a'--y-). 

Substitute in (i) for a and P and reduce ; vie then get 

(X^ + y 2)2 ^ 4ci5(^2 _ ^y2)^ 

Vi'dch is the equation of a lemniscate. , 

It will be evident that the procedure is the same as that of finding 
maxima* and minima. * • 
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, § 146. Cycloids. As the cycloid is of some importaiye in 
dynamics, we will very briefly investigate its cliietr 
properties. 

Definition. The cycloid is the curve traced out by a 
point in the circumference of a circle (the generating circle) 
which rolls without slipping along a fixed straight line 
(the base). 

Let OD (Fig. 85) be the base, P the tracing point on the 
generating circle LPI, and 6 the angle between the radius 
SP and the radius 81, I being the point of contact with 
the base. 



0/=arc PI =ady 

OP— SPsin0=a(0— sind) ^ 
y — 18+ SP cos LSP =a{l ’-cos 0)) 

I8L being the diameter through /, Equations (1) are those 
•of the cyclcftd. t . * ^ ' 
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^Wlien 0 = TT, a; = Tra 0 jS and P is at J., the igreatest 
distance it can be from the base. A is called a vertex. 

When 0 = 2t, x = 27ra=OD, and P is at J). The arch 
OAJ) is symmetrical about BA, and BA is called an axis. 

If the circle were to continue rolling, P would trace out 
n series of arches congruent to OAD ] when the cycloid is 
spc^ken of, it is lusual to confine it to the one arch, and A, 
BA are then the vertex, the axis. 

Properties. The following are easily established : 

(i ) tan 0 = Dxy = cot ifl — tan (i tt — i 0) = tan PJL, 
and therefore 0 = i 7 r— J 0 =L PIL, 

so that PL is the tangent and PI the normal at P. 

(ii) 8 = arc OP = to ( 1 — cos 1 0) ; arc 0-^1 = 4f i. 

(iii) p = PC = 4a sin |0 = 2 P/, numerically. 

Tf the tangent AT and the normal AB are taken as uxes, and PN 
drawn perpendicular to AT, we put & =LL!SP=^Tr- 0 ; then 

.r= JiV=a(6/ + sin &) ; y—-NP=^a{\ - cos &) (!') 

(ia) <h^LPLN^W^LPIL. 

(ii a) 5 = arc AP^ Aa sin ga . NP— 8a?/. 

Tl\e coordinates of (7, the centre of curvature, are 
0M+ 4a sin 1 0 cos ^0 = a (0 + sin 0), 
jy= —7(7 sin 40= — a(l— cos 0 ). 

Hence, by equations (T), the evolute of the cycloid OAD 
consists of the halves OCB, ED of an equal cj^cloid. In 
(T) the positive direction of y is domnvards, but when 0 
is origin the positive direction is upwards, so that >; is 
negative. 

B' is a- cusp on the evolute ; 0, D are cusps on the original 
cycloid and vertices of the evolute. 

Epicycloids and ITypocycloids. The curye traced out by a point on 
the circumference of a circle whicli rolls without slipping on the 
circumference of a fixed circle is icalled an epicycloid or a hypocycloid 
according as the rolling circle is outside or inside the fixed circle. 
When the rolling circle surrounds the fixed one tlie epicycloid is 
sometimes'calfed ^ pericycloid. ^ 
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Let il^gure 86 represent the generation of an epicycloid, P being 
the trying point and C the starting point. Let a and b be the &dii 
of the’ fixed and of the rolling circles, 6 and 0 the angles CAI and 
IBP ; MP^y, Then 

arc PI=^sxQ CI^ so that, 
jr=(a+6)cos 9—hco9{0+&) 

= (a + 6) cos ^ - 6 cos [(a + h) Ojh] 
y * (a + 6) sin d - i sin [(a + h) ^/6] (2) 



When the circles are on the same side of the taogent at /, that is, 
for the hypocycloids (b<a) and the pericycloids (i>a), it is only 
necessary to change the sign of b. Hence, the equations of the hyjx)- 
cycloid are of the form 

x=*=(a-b)coB0+b cos [(a - b) djb'] 

^ = (a - 5) sin 0 - 6 sin [(a - h) ^/6] (3) 

When the ratio of 6 to a is a cominensnrab’e number the tracing 
pCKiit P will return to C after the circle B has rolled once or ofteiier 
round the fixed circle ; when the ratio of 6 to a is incommensurable 
P will not return to C, 

Trochoids, If the tracing point P is not on the circumference but 
cA a radius or on a radius produced, the curve it describes is a 
trochoid or an epitrochoid or a hypotrochoid. 

If the distance of P froqi the centre of the circle is to the radius in 
the ratio of A to 1, the eauations of the trochoid are got from equations 
(1) by multiplying sind and c«sd»by A, while the equations of the 
epitrochoid and the l^potrochoid are got from equations (2) and (3) 
respectively by multiplying the coefficient b of the second term by A, 
asjl^he student w411 easily proye* * • 


epicycloids! HYPOCYCLOIDa 
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EXERCISES *ji:xxn. 

<>• i 

1. Show that for the parabola 

p = ~ 2a cosec^ </>, ^ = 2a + 3a cot‘^ </>, ^ = — 2a cot^<^, 
and then find the equation of the evolute. 

2. Show that for the hyperbola = 

a^^ = (a2 + ^2)^, 5^12 = - (a" + 
and that the ei [nation of the evolute is 

(aA-)^ - (%)^ = 

3. Show that for the rectangular hyperbola x}/—c\ 

^ 2^'^2c=*’ 2^'*’2c'^’ 

and that the c( [nation of the evolute is 

{x+t/Y - (x-yY -= (4c)^ 

a. .a 2 

4. Show that for the curve =a^ (see § 142, ex. 1), 

^—(t cos^ 1 4- 3a cos ^ sin^ ^ = a sin^ ^ + 3a sin ^ cos^ ty 
and that the equation of the evolute is 

(a,'+y)*+(j;-y)^ = 2tt*. 

5. Pi'ove that the envelope of the family of straight lines 

xla+y/fi=l, 

(i) wlien aj3=a2, is the hyperbola, Axy — d ^ ; 

(ii) when a 4-^== a, is the parabola — ; 

2 2 0 

(iii) when d^'\-^—cC'‘y is the curve A*^4-y^ = a^. 

State the geometrical meaning of the conditions to which the para- 
meter's a, are subject. 

6. Prove that the envelope of the family of ellipses 

(i) when aQ—d^ is the two hyperbolas 2xy— ±d. 

5( « i 

(ii) when a 4-/?= a is the curve ^ 4-y^ =a^ 

State the geometrical meaning of the conditions to which the 
])arameters a, fi are subject. 

7. The envelope of the circles described on the double ordinates of 
a parabola as diameters is an equal parabola. 

8. If Py Qy R are functions of the coordinates a noint, and a 
a variable pai’ameter, show that the envelope of 

Pa24-2§a4-/2=0 


18 
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and that the envelope of ^ 

* Pcosa4-§sina=sjB * * 

is * + 

9. Show that whatever be the value of w, the straight line 

touches the conic — 1 . 

10. A straight line moves so that (i) the product, (ii) the sum, of the 
squares of the perpendiculars drawn to it from two fixed points 
(c, 0), ( — r, 0) is constant; show that in each case the envelope is 
a central conic. 


11, Show that the envelope of the circles described on the central 
radii of an ellipse as diameters is 


12. The envelope of the ellipses {x—afja^-^^y - j8)-/^>*==l when the 
parametei-s a, j8 are connected by the equation 

a2/aHi82/62=:l 

is the ellipse x^la^-\-y^lb'^=^4:. State the problem in geometrical 
language. 

13. Sliow that the envelope of the family of straight iines 

ax sec a - by cosec a = ar- b‘ 


is the curve 


(<M:)8+(6y)8 = (a2-62)*. 


14. If in Fig. 82 OZ—p, show that the equations of the tangent 
jind normal at P are 

X sin <j!) - y cos (i); x cos sin ^ (ii), 

a<p 

and show, from (ii), that ZP — dp/dfl>. 

Consider the curve as the envelope of its tangents. 


16. With the same notation as in ex. 14, show that the coordinates 
(^, ^) of the centre of curvatuie are given by 

$ cos <l> + ri Bin -^sin<^+i/C 08 <^=^^, 

16. With the same notation as in the last two examples, show that 
the projection of OC, whert C is the centre of curvature, on PC, is ^ 
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* 

V. Show that the radius *of curvature of the evolute of curve is 
pdp/ds^ where p is the radius of curvature at the corresponding^ point 
on the given curve. 

Use 55 143, (ii) ; is the same for curve and evolute. 


18. If is the area between a curve, its evolute and two radii of 
curvature, show that 


dx 2^ dx 



* dx^' 


19. A liC is an arc of a circle whose centre is 0 and radius a ; CF is 
the tangent at C and AF a jmrt of an involute of the circle. Taking 
()A as the .ar-axis and putting for the angle AOC^ .show that the 
coordinates (.r, y) of P are 

X = a cos (f> + a<fis\in<f>y y — o, sin </> — cos 
and that the intrinsic equation of the involute is 

All the involutes of a circle are identically equal, so that we may 
speak of the iilvolute of a circle. 

20. Show that the jo, r equation of the involute of a circle is 

21. The total length of the evolute of an ellipse is 

A{a^-h^)lah. 


22. The intrinsic equation of the cycloid, when the vertex A is 
the origin of s and tne tangent A T the fixed tangent (Fig. 85) is 
.9— 4a sin </>. 

23. Show that for the epicycloid (Fig. 86) PL is the tangent and 
PI the normal at P. 

For, tan " «^I^+-^) = tan(0+in 

^ dx sin sin 0 ^ 

and PL makes with the ^t-axis the angle Similar results hold 

for the hypocycloid. 

24. If s is the arc CP of an epicycloid. Fig. 86, show that 

and that the length of CPD is 86(a+5)/a. 

25. The intrinsic equation of an epicycloid is 

and the radius of curvature is . , 


45 (a +5) 


^ a + 26 *^^(a + 25/‘ 


Y 


Similar results hold f^r the hyjiocycloid, the sign of ? being change!l. 
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26. If h=ali^ show that the hypocytfloid has foui* cusps, and^hat 
its equations are 

Eliminating 0, we get x^'+y^~aK 

27. Show that if i=a/2 the hypocycloid becomes a diameter of the 
fixed circle. 


28. Show that if 6=a the epicycloid becomes the cardioid 
r—^a{\ - cos 0), 

the origin being at the point C ; that is, 

rcos^=^-a, r8in^=y. 


29. In ex. 25 put 

, _ (a+25)7r 
2a 


+ </>' ; 


a 


that is, measure the arc from the middle point V of CPD (the vertex), 
and we get MnJuKs ai>' 


46(ffl+6) ^ 

a 


a + 26 * 


Show that the equation s — I Bin n<f> will represent an epicycloid if 
n is less than unity, a hypocycloid if n is greater than unity. 

30. Us, (T are corresponding arcs of a curve and its evolute 

or — -I- const. 

d<f> 

Show from the result of ex. 29 that the evolute of an epicycloid is 
an epicycloid, and that of a hypocycloid is a hypocycloid. 


31. Parallel rays fall on the circumference of a circle and are 
reflected, the angle of reflection being equal to that of incidence. 
If a is the radius of the circle, (a cos ft a sin 0) the point of incidence, 
the centre of the circle the origin of coordinates, and the .r-axis 
parallel to the direction of the incident ray, show that the equation 
of the reflected ray is 

y cos 2^ - sin 2^ + a sin ^ = 0, 
and that the envelope of the reflected ray is an epicycloid 

* ^=-(3 cos 0- cos 30 ), y=^^3sin ^-sinS^y 


32. If V is the velocity of a particle describing a central orbit under 
an outward radial force F, then with the usual notation Prove 

This equation is the differential equation of the orbit. If F— + fiu\ 
show that the orbit is a conic,* tlft3 centre of force being at a focus. 
(See §1 169, 170). • 



CHAPTER XVn. 


INFINITE SERIES. 

§ 147. Infinite Series. For a thorough treatment of 
infinite series the stuclent is referred to Chry stales Algebra, 
vol. II. ; an exceedingly good elementary account will be 
found in Osgood’s Introduction to Infinite Semes (Cam- 
bridge, U.S. A. ; Harvard University). We will limit our 
discussion to those parts of the theory that are needed in 
the applications we make. 

Definition of an Infinite Series. Let 7/3, ... , 
be a set of quantities unlimited in number, Un being a 
single-valued function of the integer n, and let denote 
the sum of the first n terms, 

«„= Wi + «.2-f ...+u„ (1) 

When n increas^^s indefinitely the sum (1) becomes an 

» Infinite Series. 

If as n increases indefinitely the sum Sn tends to a definite 
finite limit the infinite series is said to be convergent, and 
to converge to the value s, or to have the value s, or to have 
the sum 8 

Ex. 1, Let 1 + 2 '^ 4 + ••• • 

Here = 2 - 1 ; L«„=2=5. 

If as n increases indefinitely Sn does not tend to a definite 
finite limit, the series is said to be non-convergent. In this 
case either increases (numerically) beyond all bound, and 
then the series is said to be divergent or to diverge, or else s,^ 
does not tend to a definite finite limit, and then the series 
is said to oscillate.^ • 

* Some writens use divergent as equivalent to non-wnvergeiU, ^ 
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Ex. 2. Let «„=l+2-l?3+...+^ 

Here s* increases beyond all bound, and therefore the infinite seizes 
is divei'^ent. 

Ex. 3. Let + 1. 

Here Sn is 0 or 1 according as n is even or odd, and though s,^ does 
not become infinite, it does not tend to a definite finite limit. The 
series therefore oscillates 

It is obvious that if ttj, Ug, ... are all of the same sign, 
the series cannot oscillate. 

Notation. We will represent an infinite series by the 
notation oo 

^^1 + 162+...; or or 

The following theorems are readily proved : 

Theorem L .^Ui+u.2 + ... converges to the value s, the 
series CU1+CU2+... 

where c is any finite quantity ^ converges to the value cs. 

The proof is so simple that it may be left to the reader. 

Theorem IL If n^+U2+ converges to the value s, and 
Vj + V2+... to the value t, the series 

(Ui + Vi) + (U2 + V2)+... 

converges to the value (s+t). 

Let Sn = n^’\‘U^+ ,..+Un, = + ••• 

then (Wi + Vy) + {u^ + V2)+ ...+ {Un + Vn) = «„ + tn 

for every value of n, and the result follows at once. 

The first theorem shows that the product of c and is 
£ (cu), and the second shows that the sum of ' 2 u and is 
2(u + v), and sum may obviously be considered as including 
difference. 

fn forming Sn it is to be understood that the terms are 
added on in the order in which they stand in the series, 
and it follows at once that when the series is convergent 
the law of association holds good; that is, we may group 
the terms as we please (so long as we do not change their 
order), and the value oY the series will not be affected. It 
does not follow, however, that«if we form a new series by 
writing the terms in a different order, the new series will 
converge to the^same value ^ the old (see § 150 ). . 
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The phrase “numerical value” or absolute value” occurs so often 
that we will use the notation*(now generally adopted) * 

|«| 

to represent the numerical value of a. Thus, 

|2| = 2; |-2| = 2; |-.10 + G|=:4. 

The following statements are easily proved : 

(i) I « + & + ...|^ |a l + l 1 4- 1 c 1-f* 

the e(|uality holding only when a, 5, c... have all the same sign. 

(ii) If c is positive, the inequality 

\a-h\<c 

ivS equivalent to either of the inequalities 

6— c<a<5+c; a-c<6<a+c. 

§ 148. Existence of a Limit. A function may be defined 
by an infinite series provided the series is convergent. 
Thus, the infinite geometrical progression 

converges to the value a/(l— a) so long as x is numerically 
less than 1, and we may say that if the function 

a/(l— oj) is represented hy the series, or that the series 
defines the function. But if x is greater than I the series 
is divergent and does not represent a/(l— a;) at all. Con- 
vevffent series alone are of use in practice and, subject to 
certain restrictions, can be manipulated like expressions 
containing only a finite number of terms ; non-convergent 
series can oi^ly be used under very special conditions. 

It is not often, however, when a series is given, that we 
can, as in the case of the geometrical progression, actually 
assign the number which is the limit of 8n. It is necessai^% 
therefore, to have a criterion for the existence of tlie limit, 
and we will now state three general theorems that will be 
of great service in leading to simple tests for the con vergency 
of a series. The variable is assumed to be a single-valued 
function of n, and n is to increase indefinitely ; since all 
the limits are taken for 7? = x we rilay omit the subscript 

n/ — 00 • 0 A 

Theorem I. If s„ is a function o/*n that (i) always 
increases as n increases, but (p)*always remains less th^n 
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a definite Quantity a, then^as n increases indefinitely s„ will 
tend to a definite limit that is less than or equal to a. ^ 

Thborem II. If is a function of n that (i) always^ 
decreases as n increases, hut (ii) always remains greater 
than a definite quantity b, then as n increases indefinitely 
Stt will tend to a definite limit that is greater than or equal 
to b. 

Theorem III. The necessary and sujficient condition 
that Sn should, as n increases indefinitely, tend to a definite 
limit is that the limit for n. infinite o/(8n+p— Sn) should be 
zero for eve'll value of the integer p ; or, in other words, 
given an avhitvarily small 'positive quantity e it must be 
possible to choose n, say n=m, such that when n^m the 
difference (s„4.p— s^) shaU be numerically less tha'n e, what- 
ever value the integer p may have. 

We do not propose to prove these theorems ; the first and second 
have been given as exercises (Exer. VII., 14, 15), and the geometrical 
illustration there given affords some justification for assuming them. 
As to the third theorem it is easy' to see that the condition stated is 
necessary. For, if 8^ has a definite limit «, then since 

Bn^p - «« = (««+p -«) + (#- «nX 

we have 

I^ *“ ^n) ~ I^ 5) “f” L “* 

To illustrate the sufficiency of the condition, take on the ^-axis the 
points Jj, A^, which have s^, « 2 » % ••• abscissae. In this 
case An+i may be either to the right or to the left of Any since does 
not necessarily either always increase or always decrease as n increases. 
But, by hypothesis, i£ n^m, 

( Bn^p — {<€ I that IS, 8fti ~ € <C 4“ 

If P and Q are the points whose abscissae are and then 

the length of the segment PQ is 26, and every one of the points A„ 
f^r which n is greater than m lies within this segment. By assigning 
to € smaller and smaller values we get shorter and shorter segments 
P'Q^y P"Q'\ ..., each lying within the one that precedes it. The ends 
Py P*, P", ... move to the right, Q, Q", ... to tne left ; by Theorem 1. 
Py P\ P", ... tend to a definite limit, and by Theorem II. Q, Q\ Q", ... 
also tend to a definite limit, and since c may be as small as we plefise, 
these two limits coincide, say at S, The points An therefore tend to 
Sy and 8, the abscissa of >Sf is the limit of 8^. 

Examples 16, 17 of Set VII. illustrate Theorem I. To illustrate 
llieorem III. take * * 
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Here 


rind 


/I 1 ^ " 1 \ 

_L__L+. J_)_ 

w-fl »+2 n-^p w + 1 \n + 2 71 + 3/ 


since each bracket is positive ; if p is an even number the last brackei 
will contain but one term, l/(7i+p). 


Again, 


_1_ 

i + 1 


-L-+...±-i 

71 + 2 71+p 


\7l+l 71 + 2/ \71 + 3 71 + 4/ 


and the expression on the right is positive ; therefore | | lies 

between 0 and l/(7i+l). 

Hence the limit of «„+p~Sn is zero, and Sn tends to a definite limit; 
the limit will be found later to be log 2 (p. 395), so that 

log 2 = 1 — J + J — J + 

It is clear that the Theorems I., II., III. hold even when 
the variable Sn is a continuous function, /(cc) say. If x tends 
to a finite limit we may put x^±l/n for x ; when tends 
to infinity x tends to x^. If x tends to — oo we may put 
— n for X. 


§ 149. Tests of Oonyergence. The difference s— between 
the sum of the first n terms and the value s of the series 
is called the remainder after n terms ; if we denote this 
remainder by we have 

8 = .S,,+.7V 

Clearly is itself an infinite series Un+i+u« 4 . 2 + ...and 
the limit of r» is zero. If the series is such that |rnl is 
small when n is small the series is said to be rapidly or 
highly convergent, because the calculation of a few terms 
will yield a good approximation to the value s. For 
purposes of calculation rapidity of convergence is valuabltf; 
but a series may yet be convergent though it require the 
calculation of a million terms to get a fair approximation. 

Fundamental Test. Let pVn denote — that is, 

pT Yi = "1“ “h . . . ”}“ 

then is called a 'partial remainder after n terms. By 
§ 148, Th. III., the necessary end sufficient condition that 
the series 2u should be convergent is that the limit of 
should be aero for every value of * 
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If then pTn^^Un+i/and therefore a necessary condi- 
tion ol convergence is that or, what amounts to the 
same" thing, that should converge to zero ; but as we 
shall see (ex. 1) this condition is not sufficient. 

This test is not easy of application ; we therefore deduce 
one or two special tests that can be more readily used. 

Comparison Test. Let be a series of positive 

terms ; if each term is less than or equal to the correspond- 
ing term of a series of positive terms aj+a 2 +... that is 
convergent, the series + is also convergent, but if 

each term is greater than or equal to the coiTesponding 
term of a series of positive terms + that is 

divergent, the series u^ + u^ + ,,, is also divergent. 


Let 

then 


n n 

Sfi = ^jUn tfi = ^ jUrt t = Jj 
1 1 


since all the terms of a^+a 2 +-*. are positive. Hence 8„, 
which increases as n increases, is always less than t ; there- 
fore (§ 148, Th. I.) tends to a limit s that is less than or 
equal to t 

The proof for the case of divergence may be left to the 
I’eader. 


Note. We may note here that in testing a series we are 
at liberty, when it is convenient, to disregard any finite 
number of terms ; the rejection of such terms would affect 
the value but not the existence of the limit. Thus we 
need only suppose the terms oi u^ + u^ + to be ultimately 
positive. 


Ex. 1. The series ... is called the harmonic scries \ show 

that it is divergent even though L«4rt=0. 

Beginning with the third tenn take in succession 2 terms, then 
4 or 2^, then 8 or 2^, and so on. Now 


1.1 1.1 1 

3 4 4 4 2 


1 . ^ 1 . 1^4 

5 ’^ 6 ‘^ 7 '^ 8^8 


1 

2 ’ 


and so on. Thus, the suii] of 2’** terms is greater tlian 
(l+|)+|+|+ ...tow terms; 

that is, greater than 1+W2. We can therefore take n so large that 
Sn shall exceed any assigned number ; that is, the series is divergent. 
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Ex. 2. The series ill 

is convergent if tt>l, divergent if a<l. 

(i) a>l. Group as in ex. 1, beginning with the second term. 


,2a + 3a<2a 

L. 1.1 



1 

2®-! 


. 1 

+ or 



and so on. Hence the series is less than 


+y--i) + - 

which is a o.p. with common mtio le.ss than 1 and therefore convergent, 
'riie given series is therefore also convergent. 

(ii) ttisl. The case a — 1 is that of ex. 1. When fx<l the terms 
are greater than the corresponding terms of ther harmonic sei ies ; the 
series is therefore in this case divergent. 

The Test Eatio. Let ^ series of positive 

terms, and let the limit for n = oo of u^+i/un be p \ the 
series will be convergent if p<l, but divergent if p>l, 
The test fails to discriminate if p = l. 

(i) p < 1. By the definition of a limit we can take n so 

large, say n = mf that when n^m the ratio shall 

differ from p by as little as we please and therefore shall be 
less than a proper fraction r. If m be so chosen we have 

; u,„+, < w,„+,r< ; u„+3 < u,„r^ 

and so on. Hence, after the term each term of the 
series is less than the corresponding term of the g.p. 

Since r is less than 1 the G.P. and therefore also the given 
series is convergent, 

(ii) p>l. In the same way the series may be proved 
divergent when p>l. 

CoR. The remainder r„i of the given series is less than 
UtnV + + . . . , that is, u^nrl(l - r). 

Ex. 3. H-.27+‘2 + — + ... (;i? posiltfve). 

Un * ?? - 1 n ^ ^ ^ 

Hence the series is convergent if divergent if .r> 1 ; if jr=l 
the series is flie harmonic senes |,nd therefore divergent. ^ 
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l+ar+^+^+... (A poeitiveX 


X 


; fi=o. 


Thfi series (the exponential series, § 49) is therefore convergent for 
every positive value of x. It will be seen immediately that we may 
suppose a: to be either positive or negative. 


§ 150. Absolute Convergence. Power Series. 

Theorem L 1/ a series which contains hath positive and 
negative terms is convergent when all the negative terms 
have their signs changed^ it is convergent as it stands. 

For the effect of restoring the negative signs is to 
diminish both 1 | and \prn 1 . 

Definition 1. A series is said to be absolutely or uncon- 
ditionally convergent when the series formed from it by 
making all its terms positive is convergent; that is, 
u^+u^+,.. is absolutely convergent when |^6l| + |^^ 2 ( + ... is 
convergent. Any other convergent series is said to be 
conditionally convergent (sometimes semi-convergent). 

The converse of Theorem I. is not true; the series 

+ Ug + . . . may be convergent, and the series |t«i | + 1 ^ 2 1 + . . . 
divergent (see ex. 1). 

Cor. a series is absolutely convergent if the limit of 
Un+ijun is numerically equal to a proper fraction. 

Absolutely convergent series are of special importance ; no rearrange- 
ment of the terms affects the sum. It is possible, howeve^ so to 
rearrange the terms of a conditionally convergent series that the 
series thus arising shall be convergent, but shall converge to a different 
value or even shall be divergent. Hence the words “ conditional ” and 
“unconditional.” (See ChrystaFs Algebra, vol. 2, chap. 26, § 13). 

Theorem II. If u^, u-, Ug, ... are all positive, and each 
less than {or eqwal to) that which precedes it : if, further, 
the limit of Un is zero, the series 

Uj - - U4 +...+(- 1 )»- +.. . 

is convergent. 

This series is called Alternating Series, 

We may write *the sum of an even number of terms in the 

two forms , 

« . . 
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S2n = (^ 1 "" ^2) "f" (^3 ^4) - 1 ~ '?^2n) 

- U ^ - ( a 2 - 'i/ 3) ~ - Ug) - . . . -w, 2^. 

The first ^prm shows that non is positive and increases 
with 71 , while the second form shows that s^n is less than 
because each difference is positive. Hence 82n converges 
to a limit, s say. 

Again, «2n+i==S2n+'W'2n+i, and therefore, since Lu2n+i is 
zero, 82n+i and 82, have the same limit ; the series is there- 
fore convergent 

Con. I Tnl is less than ttn+i. 


Ex. 1. + ✓ 

The series satisties all the conditions, and is therefore convergent, as 
was shown pi'evionsly (§ 148); but the series l + i + is 

divergent. 

Theorem III. If the series Uj-fUg-f ... is absolutely 
converyevtj and if each of the quantities v^, Vg, ... is 
numerically less than a finite quantity c, the series 
^i'^i + ^2^2 + ^ absolutely convergent 

For, the terms of h^i^^il + ht2t;2l + are less than the 
corresponding terms of 

I itjc-f lUgIc-b... or c{|Ui| + |u2|-|-...{. 

Hence htji;j|-t-|u2i’2| + ... is convergent, and therefore 
rtit’i-f is absolutely convergent. 

ainj7 sin2j7 . sinS^r' siri4a7 . 

Lx. 2 . J 

TheseneB T " 22+32" 4^+- 

is absolutely convergent, and no sine is gi-eater than 1 ; thus the 
series is absolutely convergent for every value of x. > 


Definitiox 2 A series of ascending integral powers of 
a variable, x say, of the form 

+ a^x -h -f- . . . + anX^^ -h . . . , ( P) 

where the coefii i mts are constants, ij^i called a Power Series 
in aJ. 4 . 

It is with Power Series we chiefly have to deal; the 
following theorems are important.^ 
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Theorem IV. If the limit of an^i/on is numerically 
equal to 1/R, the Po^ver Scries (p) converges absolutely 
when X is numerically less than R, hut diverges when x is * 
numerically greater than R ; it may or may not converge 
when X is equal to R. 

For, disregarding the first term a^, we have numerically 


n-f 1 _ ^^n-f 

an ’ Un ^ ^ P 


and the result follows from Theorem I., Cor. 
The following is a more general theorem : 


Theorem V. If when x = R none of the terms of the 
series (p) exceeds numerically a finite quantity c, the series 
(p) will be absolutely convergent so long x is numerically 
less than R. 

For, if we write (p) in the form 

Uq + a^R (x/R) + a^R\xjRf 

we see that the terms of (p) are numerically not greater 
than the corresponding terms of the geometrical progression 
c+c(x/R)+c(x/Ry+..., , 

and tlierefore the series is absolutely convergent so long as 
x/R is numerically less than unity. 

The series (p) may or may not converge when a?=i2; if 
it does converge each term must, when cr = 22, be finite, and 
therefore it will converge absolutely when x is less than 22 
numerically. 

Interval of Convergence, When a series whose terms 
are functions of x is convergent when a<x<b,we may say 
the series converges within the interval (a, b). When the 
series converges for a<x<h, and diverges for a; < a ami 
by we may speak of (a, 6) as the interval of convergence. 


Ex. 3. The series 

•converges (conditionally) when therefore absolutely when 

-\<x <\, It diverges when - 1 and when |a? | > 1. 

Ex. 4. The series 

converges absolutely*when ~ 1 1, diverges when lo^l > 1 . 

For Doth series ( - 1, 1) is th^ interval of convergence. , 
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§ 161. Uniform Convergence. W hen the terms of a series 
are fnnctions of a variable x and the series converges w ithin 
ft certain interval it will be possible, for a given value of x 
within the interval, to choose n so that the remainder 
will be less than a given quantity. For difterent values 
of Xy however, different values of n will usually be required 
to make the remainder less than tlie given quantity. 
Hence the 

Definition. A series, whose terms are functions of a 
variable Xy is said to converge uniformly within an interval 
if it is possible to choose Uy say n = m, so that for every 
value of n equal to or greater than m and for every value 
of X within the interval the remainder r^ shall be less than 
any given positive quantity 6. 

We will indicate the variable by the notation Un{x)y Sn{x)y 
rn(x)y 8(x), 

Theorem I. If the series Ui(x)+U 2 (x)+ ... is uniformly 
convergent when a^x^b, and if each temn is a continuous 
function of x for the same range, the sum s(x) is also a 
continuous function for that range. 

Let X and be two values of the variable within the 
range ; we have to show that, given e, it is possible to take 
a?! so near to x that the difference | — s(a!:)| shall be less 

than e. With the usual notation we have 

s{x^) - 8{x) = - 8n{x) + rn{x^) - rn{x), 

and therefore 

1 8{Xy)-s{x)\^\ Sn(a^i)-an(i»)| + hn(aJi)l + kn(aj) |. 

First, since the series is uniformly convergent, we can' 
choose m so that if n^m both | r„(a?i)| and \ rn{x)\ shall be 
less than e/3. Suppose m so chosen. 

Next, sjix) is the sum of a finite number of con- 
tinuous functions and therefore we can take x^ so near x 
that shall be leas than e/3. 

Combining the two results, we can take x^ so near x 
that 8(a;)| shall be less than three times e/3, that 

is less than e. 

GC. 


V 
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The theorem is thus established when x is within the 
interval; the slight modifications required when x = j. or b 
may be left to the reader. • 

Theorem II. A Power Senes ao+aiX+a2x2+ ... repre- 
sents a continuous function within its interval of con- 
vergence ( — R, R); the function may, however, become 
discontinuous at an end of the interval. 

We will show that if —iZ <a-^x^b<R the series is 
uniformly convergent ; the result then follows from 
Theorem I. 

Take p less than R but greater than | 6 1 or | a | ; then by 
§ 150, Tlieorem V., the series is absolutely convergent when 
X = p. Also if a X ^ b 

= anp^^ixj pf *' ; I O-^X^ j <I | Unp*^ j 

and therefore [ rn(x) | < | anp" | + 1 I + . . . 

But, the series UQ+a^p+a^p^ ... being absolutely con- 
vergent, we can choose m so that when n^m the remainder 
1 o^np” I + 1 I + . . • shall be less than e, and therefore 

for this m we shall have |r„(ic)| less than e. But this is 
the condition for uniform convergency. 

Tho proof requiros ,v to be within the interval. We refer to 
Chrystal’s Algebra, vol. 2, chap. 26, § 20, for the proof of the theorem 
{AbeVs Theorem) that if the series is convergent when x—R (or — R), 
the function represented by the series is continuous up to and including 
the value R (or - R)\ in other words, the value of the function when 
is the same as that of the series when x—R. 

The method by which the uniform convergency of the 
power series was established is easily extended to prove 

^ Theorem III. If the terms of a series are continuoxes 
functions of x. when a^x^b, and if they are numerically 
less than the corresponding terms of an absolutely con- 
vergent series, whose terms do not contain x, the series will 
he uniformly convergent for the same range. 

The student must nc^ mix up uniform and absolute convergence ; 
a series may be uniformly and yet not absolutely convergent, mough 
such series are rather beyoncf oiA* limits. 

The theorems cSintained in Examples 9, 10, 11 of the following 
Exercises should be specially; noted. , 
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EXERCISES XXXm. 

*Show that the following series are convergent : * 

(i) 1+2-2-}.3-3^4-4 _j. . (ii) :r+a;*+a;®+x'°+...(0<ir<l) ; 

(iii) l/(a+l)‘^ + l/(a + 2)<^+l/(a+3)“ + ...(a>0, a>l). 

Show that the following series are divergent : 

(i) i + i + i+— ; 00 l+i+i + * •• y (»0 2l/(a-fw); 

(iv) 2(7i+l)/(n2+i); (v) '2(an+b)/{c7i^+<i)[a+0], 


3. If 


prove 


1 . 1 . 1 . 
f 2”*’22 + 32 +“-^» 


(0 22'^42"^02'^ • 


•=1^; 00 p+^2+52+"‘=f^- 


The value of c is r^/e (Exercises XXXIV., 22). 
4. Show that the series (the Binomial Series)-. 


1 


m(m — 1 ^ m(m — 1 ) {)n — 2 ) 


1.2 


1.2.3 




is absolutely convergent for every value of m when |a:|<l, but 
divergent when | a? | > 1. 


For 


«n 


i!LiJ — 

n \ n 


+ 1 




5. Show that if f(n) is a rational integral function of n, the series 
'^f(n)af* is absolutely, convergent when | x | < 1, but divergent when 
\x\>\. 

Let/(?i)=a»’’ + ^>/i*’~* + ..., the degree of /(n) being r ; then 


Un w„ 


6. If the series 2a, 26 are absolutely convergent, show that the series 

(0 ^+cl 2 2a? -f ag cos 3a? + . . . , 

(ii) bi sin .v + 63 sin 2a? + 63 sin 3a? + . . . 

are absolutely convergent for every value of o’, and represent continuous 
functions. It follows that if (i) [or (ii)] represents a discontirnams 
function, 2a (or 26) cannot be absmutely convergent. 

7. Show that if .r>0, the series 

c~*cos (a? - ttj) + c“**cos (2a? - a.,) + e -**cos (3a? - ag) + . . . 
represents a continuous function. ^ 

8. Show that if 07^0, and if 2tt is absolutely convergent, the series 

a^e^^cos (a? - aj) + a 2 e~^co^ (2x - Ug) + (3a? - ag) + . . . 
represents continuous function. 



388 AN ELEMENTARY TREATIfiE ON THE CALCULUS. 


9. If the power series is zero for every value of 

jc in th^ interval (~ /i, 72), show that evVsry coefficient is zero. 7 

When ;r=0, the series reduces to the term ao ; therefore ao=0. We* 
now have 

0 = a^x + 4* . . . —xi^a^^ 4 - + ...)—x /i(.r) say. 

Hence, either x—0 or /j(^)=:0. Suppose ; therefore /i(a?)=0. 
But fi(x) is a continuous function, ana therefore the limit of /^{x) for 
.r=0 is equal to the value of fi(x) for ^=0. Hence ai=0. Similarly 
<X2=0, 03=0, and so on. 

10. Theorem of Identical Equality. If the two power series 

2>o4-6i^4-2>2*r^4-... are equal for every value of x 
in the interval ( - 72, 72), show that aQ—bo^ ai = 6„ .... 

For we have 0 = (ao - K) + (^h ~ + (®2 *“ ^ 2 )^^ + • • *> 

and the results follow from ex. 9. 

11. Multiplication of Series. Suppose the two series 

«=ao4-ai*^4“«2^^4-..., + 

to contain only positive terms, and to be convergent when X'^R ; let 
Wn = ao^o + (<* 0 ^ 1 + + (^0^2 + + • • • 

4* (ao^rt-i 4- 4- • . . 4- an-1^0) 

where the terms of Wn are formed by multiplying Sn and t„f no term of 
degree higher than n- I being placed in Wn» Show that the limit of 
20n is st^ the product of the two given series. 

A little consideration shows that 


^nln ^ ^ ^2nf2n » ^2nl‘2n — 4“ (r2n» 

The inequalities show that Win or, what amounts to the same thing, 
that Wn converges to st. 

Next, let 3 and t contain both positive and negative terms, and let 
them be absolutely convergent when |^|^72. Let o*2n be the value of 
cTiin when all the terms are made positive ; then by the first part, 
which holds when all the terms are made positive, the limit of o*2n is 
zero. But (r^n is not greater than o*'a«, and therefore the limit of tran 
is zero. Hence thh limit of m>„ is st. The rule may fail if the series 
afe only conditionally convergent. 


12. Determine ao, aj, ag, ... so that 


C08^4-.r . , 2. 


Assuming convergency,«multiply up by I4’2.rcos04-J?^, and equate 
coefficients. We have 

► cos 04-.r=ao4*(ai4-2aoCOS 0)^4-(a34-2aiCOS04-ao).r®4-.... 

Hence co8^=:^ao5 l=ai4-2aoC08 0; O=a24-2aicos 04;ao » 
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Solving these equations we find^ * 

^ ao=cos0, ai=-co820, a2—cosZ6y «„=(-l)’‘cos(w+l)0, 
and the series becomes 

cos 0 ^ cos 2^ + cos 3^ - ^ cos 40 + ... . 

The series is convergent when |.rl<l, and therefore the assumption 
that there was a convergent power series is iustified. 

13. Deduce from ex. 12, or prove independently, that when hr|<l. 

-= — ;,= 1 - cos 0+ 2.^2 cos 20 - cos 30-}- . . .. 

l+2a:cos0-Hir^ 

14. Show that if 0 is neither zero nor a multiple of 27r, the series 

cos 0+^cos 20-1- J cos 30 + .. . 

is convergent. 

Multiply Sn by 2 sin i0, express the product of cosine and sine as a 
difference of sines, and rearrange ; we thus find 

o *1^ • 1/1,1 • 1 1 • 2n-l. 

2*„ sin id= - sin ^e+\ sin sin y + ... +^--^ sm -^6 


. 2w + K 


and therefore 


25„sin J0= - sin j^0 + ~ sin — ^ 0 
n . 30 


ri . 30^ 

t2“"-2+- 


, 1 . 

+orrT)-^«"'-2-^}- 


But the expression in the bracket has a definite limit for ?? = x, 
111 

since the infinite aeries o+h^ + o^ + *-’ convergent. Hence, 

2 2.U 0.4 

2«„8in^0 has a definite limit, and therefore also unless sin -10 is zero. 

15. Show, with similar restrictions to those in ex. 14, that the series 
whose terms are 

isinw0, (-!)”■'- cos n0, (-l)”'^i.sin»0 
are convergent. 



CHAPTER XVIII. 


TAYLOR’S THEOREM. 


§ 152. Taylor's Theorem. In § 72 we obtained the equation 
fix) =fia) +ix- a)f{a) + K® - «)y 
and although all we know of is that it lies between a 
and X, yet when x~-a is small, the function f{x) will be 
approximately represented by the quadratic function 
f{a) +ix- a)f'{a) aff'ia), 
whose coefficients depend only on the values of f{x), f{x)y 
f \x) when a; = a. We will now discuss the general theorem 
of which this is a particular case ; we will first obtain a 
closed expression involving an undetermined number like x^y 
and then, instead of a quadratic function, we shall get a 
Power Series. We will slightly modify the method used in 
§ 72 so as to require only one application of Rollers Theorem. 

Let f{x) and its first n derivatives be continuous from 
05 = a to a? = 6, and consider the quantity Q defined by the 
equation 

/(b)-f^/(a)+(b-a)/'(a) ^ ^ 

=(b-a)^Q. ; (1) 

By Rollers Theorem we can find another expression for 
Q which, when substituted in (1), gives the general theorem 
sought. 

Let F(x) be a funQtion of x defined by the equation 


F(x)==f(b)-f(x)-(b-x)f'(x)-i(b-x)T(x)... 

. 


( 2 ) 
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By equation (1) F(a) = 0; ftilso F(b) = 0 identically. 
Fur&ier F(x) and FXx) af*e continuous from x = a toic = 6, 
•since f(x) and its first n derivatives are so, by hypothesis. 
Hence F'(x) is zero for a value of x, say x^, between a and 
6. But if we differentiate (2) and reduce, we find 

( 3 > 

and therefore, since (b — Xj) is not zero, 

Q = = + (4) 

where 0<d<l, because any number between a and b may 
be represented by tt + 6{b--a). 

Substitute in (1) the value of Q given by (4), and trans- 
pose the terms f(a\ (6 — a)/'(^)... £) the other side of the 
equation ; we then get 

Ab)=f(a)Hb-a)f(a)+Ub-a)TOt)+... 

We may now write x instead of b, the only reason for 
using the symbol b instead of x in (1) being to prevent 
confusion when applying the Mean Value Theorem; thus, 
finally, 

/(®) =/(«) + (x - a)/(a) + K* - «)V"('0 + — 



The theorem expressed by equation (6) is called Taylor’s 
Theorem. The particular case of it for which a = 0, namely, 

f{‘^)=f(0)+xf'(0)+jfX0)+... 



is called Maclaurin’s Theorem. • 

The conditions under which Taylor’s Theorem has been 
proved are that f(x) and its fenst n derivatives are con- 
tinuous (and therefore ever the range from x^aio 
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the particular value of x fAr which f{x) is taken. In rejs^ard 
to the? number 0, all that can be i^aid is that it is a positive 
proper fraction ; it will usually be different for different* 
values of n and of x. 

Remainder in Taylor’s Theorem. In equation (6) denote the 
sum of the first terms by Sn{x) and the last term by 
Rn(x), so that 

f(x)=8n{x)^-Rn{:^y, i2„(a:)=<^^/(«){a+0(a;-a)}. ...(8) 

If we suppose n to increase indefinitely the sum on the 
right of (6) becomes an infinite series, and if the limit of 
Rn{x) is zero the series is convergent. Since f{x) and its 
first n derivatives are by hypothesis continuous, every 
derivative must remain continuous in order that it may be 
possible to suppose n to become infinite. We therefore 
have the 

Theorem. If f(x) and all its derivatives are continuous 
for the ravge considered and if the limit of Rn(x) is zero, 
thx infinite series 

£(a)+(x-a)f(a)+<^J*lV(a)+ (9) 

derived from (6) hy maldng n infinite, is convergent and 
represents the function f (x), thal is, converges to the value 

. 

The series (9) is called Taylor^ s Series for f(x) ; when it 
is necessary to draw a distinction between (6) and (9) the 
former may be called Taylor’s Formula. Of course all that 
has been said about Taylor’s series applies to the particular 
case of it, Maclaurin’s series 

/(0)+<(o)+|5ao)+ (10) 

The value of Rn{x) ^ven by (8) is called Lagrange's 
form of the remainder vn Taylor's series. Another useful 
form of the remainder is obtained by writing (6 — a)Q 

* Cases may be constructed ifi ^i^hich the series (9) is convergent and 
yet does not converge to the value f{x ) ; such cases, however, may be 
49afeJy assumed not to occur in^ordinary work. 
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instead of (6— a)”Q in equatiorf (1). The last term 
equation (3) becomes simply Q and (6 — a)Q becomes * 


of 


(-n-l)! 
Hence 




E,(x)J^^^^jyp^f(»){a+e(.x-a)} ( 11 ) 

This form is called Cauchy's form of the remainder. 

If we put (6 — a)PQ instead of (fe — a)"Q in (1) we get 

(12) 

called the Schlomilch- Roche form of the remainder ] — n 

gives Lagrange’s form and p = 1 gives Cauchy’s. 

In (5) put X for a and x+h for h ; we get 

/(»+/i)=/(a:)+/t/'(®)+|^/'(a5)+ ... +^/(»)(a:+0/i), . . .(13) 


a value of f{x+h) that is often useful. 

We will now apply these theorems to the expansion of 
functions, and will usually employ Maclaurin’s Theorem; 
the two forms of remainder to be used are 

the first being Lagrange's and the second Cauchy’s. 


§ 163. Examples. 

1. sinx. 

f{x ) = sin a? ; f{x) - cos a: ; f'{x) ~ - sin .r ; /" (a) = - cos o? ; 

y(»^)(^) = 8in^ ; /•’**(.r)=sin ^ 

Hence 

/(0)=0; /(0) = 1; /'(0)=0; /"(0)=-l; 

/(»»)(0)=sin~ ; /<"’(^a7)=sin^^.r4-^y 

Since sin (n7r/2) is 0 or ± 1 according as n is ev^n or odd, the coefficients 
of the even powers of x will be zero, and only odd powers of x will 
occur, the terms being alternately poaitiue and negative. Thus 

*fc2 


sin: 


o.c. 
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Ag^in, , 

and ‘therefore ia not greater numerically than af^ln !, which has zero fot 
limit. We thus get the series 

, 

which is absolutely convergent for every finite value of x. 

2. cosx. 

In the same way coB.r=l + , 

the series being absolutely convergent for every finite value of x, 

3. e*. 

f{x) = e* ; = if ; /(O) = 1 ; (0) = 1 for every n. 

«*=l+^+l!+|] + -. 

the series being absolutely convergent for every finite value of x, 

^ (l+x)“- 

f(x) =(1 - 1) . . . (»i - w + 1 )(l ’k-x)^~\ 

/’(0)= 1 ; /<”>(0) = w(m - 1) ... (m - 71 + 1). 
f {6x) =m(7W“l)...(m-7i+l)(l + Oxy^~^. 

Hence 

If m is a positive integer the series stops with the term, 

since when n>m ; if m is not a positive integer we have to 

consider Rn{x). We take Cauchy form, 


The infinite series 




(«-!)! 






converges absolutely if l.v|<l and diverges if |a7|>l (Exer. xxxiii., 
«1) ; we therefore need only consider values of x such that 1. 

(a) l.r|<l. niay be written as the product of the three 

factors, 

The first factor ia finite for every n since (1 + ^ lies between 1 

and (1+^)*^^ The seejond factor cannot exceed unity. The third 
factor has zero for limit, since it is the term of the convergent 
series * * 

• i • 2S • 
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Hence the limit of RJjc) is zero, and the infinite series converges to 
(1 for every value of m so^long as - 1 <x< 1. • 

• (b) jr=±l. These cases are of less importance, and the investiga- 
tion of Rn{x) is tedious. We will therefore merely state the results, 
referring for proof to Chrystal’s Alg., vol. 2, chap. 26, § 6. 
jr=+l ; series absolutely convergent if m>0, but conditionally if 
0>m> - 1 ; oscillating if m = - 1 ; divergent if m< - 1. 

.r = — 1 ; series absolutely convergent if m>0 ; divergent if m<0. 

If a=|=6 the binomial (rt+6)*” may be written or 

lr{\ -f and then x put for oja or for ajh according as h is less or 

greater than a numerically. 


5. log(l+x). 

It is not possible to expand log^ by Maclaurin’s Theorem since 
lug X is in finite whe ii 4? = 0. We may exfmnd log x in powers of {x - a), 
if a is positive, using Taylor’s Theorem, but it is simpler to take 
log(l+.r). , ^ ^ 

/(.r)=log(l+.;); 

/(0)=0; /(0)=1; /"»(0)=(-l)'-i(«~l)! 

log(l+.«,)=x-^+f -^+ ... + W 

The infinite series diverges if If |>1 and if ^==-1 ; we therefore 
consider the remainder for -1 <;r*^l. 

For X positive, Lagrange’s form 

shows that the limit is zero, since {^/(1 + ftr)}” is never greater than 
unity and the limit of 1 jn is zero. 

For X negative, Cauchy’s foi m 

1 / 1 ^ \«-i 

1 )” \T+eJ 

shows that when |^’| < 1 the limit is zero ; for the limit of .r" is zero 
and the other factors are finite for every value of w. 

Hence iog(l+x)=^-^+^-ij+ ... ^ 

where -1 < 07^1 ; the series is conditionally convergent when .t = l. 
We may note that, putting J7=l, we get 

*• I « . 1 . 1 1 . 

log 2 = 1--+^-^+.... 

6. Calculation of Logarithms. 

The series just found is too slowly conveigent for purposes of 
calculation ; a more rapidly convergent series is got as follows. 


We have 


.r^ 


log(H-a;)=a;-.^+~ -•-J+ 


.(1) 
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and by writing -x in place otf'x 
log(l-a:)=- 


4 “* 


By subtraction we find, since log(l+^) — log(l -^)=log{(l +^)/(l -^)K 




Suppose X positive and let 

{l'¥x)l{l-x)={y+l)ly\ so that ^=l/(2y+l)<l. 

Equation (3) becomes 

log(y+l)=log,y+2|2^^j+g(2^^) +g(2^q7jr) ...(4). 

from which log(y+l) is found when log^ is known. It may be 
noticed that (4) is not a pov)er series in y. 

With very little labour the logarithms of the prime numbers 
2, 3, 6, 7,..., may be found; thus 

y=l; log2=2{l+g^+g^+...}; 

y=2; log3=log2+2|g+3^+g^,+ ...|. 

Then log 4 = 2 log 2 ; log 5 is obtained by putting 4 for y ; 
log 6 = log 2+ log 3 ; and so on. Series (4) converges rapidly even 
wheny=2. 

For particular numbers special artifices may be used. Thus, if 
y = 49 equation (4) would give log 7 when log 2 and log 5 are known, 
the series being very rapidly convergent. 

The student is referred to Chrystars Algebra^ vol. 2, chap. 28, § 11, 
for further information and references. 


7. Knyghens* Rule for the Length of a Circular Arc. 

If a is the chord of the whole arc and b the chord of half the arc, 
then the length (1) of the arc is, approximately, (86-a)/3. 

J.<et the arc subtend at the centre of the circle an angle of 0 radians, 
and let the radius of the circle be r ; then l—rO and 


,, a^%rmnie=ir{ie-UW+lh(.W --- } (0 

6=2rsinl0=2r{J0-*(i0>»+,45(i0)»-...} (ii) 

Multiply (ii) by 8 and then subtract (i) ; we thus eliminate 6^. 
Therefore ■ ' f \ « 

^3;{l-^/7680+...}. 

Hence, neglecting the fourth and higher powers of ft we find 
?=(86 — a)/3. It may be shoVn'that for an angle of 30® the relative 
error is less than 1 •In 100,000, for an angle of 45® less than I in 20,000, 
and for an angle of 60® less t^n 1 in 6000. 
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§ Calculation of tha Derivative. The practical 
difficulty in finding a power series by Maclaurin’s Theoi eui 
lies in the calculation of indeed, there are few cases 
besides those already treated in which the n^*' derivative 
can be expressed in a manageable form. The discussion of 
the remainder, Rn(x), is impossible unless we know ; 

in special cases, however, we can find and the 

infinite series, if it converges, will (in general) represent 
f(x) within its range of convergence. 

In this connection Leibniz’s Theorem (§ 68) will be found 
very serviceable. 

As an example consider /(aj) = sin(c( sin"^a;). It would 
be difficult to calculate directly ; we will, therefore, 

first calculate f\x) and f"{x), and will then form a differ- 
ential equation to which Leibniz s Theorem may be applied 


and which will lead to the value of /^”^(0). 
f{x ) = sill {a sin'^vT) ; 

f(J)=^a cos (a sin“^^)A^(l - (i) 

V, 

f\x)=^ - a‘‘^sin (a sii\~^x)l(l-a^)+acos {a siir*.') . .?*/(! - 

= (ii) 

and therefore 

( 1 - ^)/'(.r) - xf(j;) + a^/(x ) =0 (iii) 

By making x zero in f(x)y f{x), fXx), we find 
/(0)=0 ; /(0)=a ; /'(0)=0. 


The function on the left of (iii) is always zero and therefore its 
derivative is always zero. The function, being a sum of pro- 
ducts, may be differentiated n times by applying Leibniz’s Tlieorem 
to each of its terms and then adding the results. For the first term 
let /"(.27)=w, (1— a;^)=v. Every derivative of v above the second is 
zero ; the w*** derivative of fXx) is the (n - 1)*** is 

and so on. Thus, 

/>”{(! -^)/X^)}=(l -^)/’’+V)+«^,(~2^)/«+^X^r) - 2)/<-)(^), # 

=(1 - - 2n,vf^'^^Xx) - (7r - n)f”Xx). 

In the same way 

Also, 

Adding we find, after a slight reduction, 

(1 - - (2n -f- l)x/<^’*'^^(x) - (nr - a“^f^^\x ) = 0 T . . .(ivl 

and therefore when .r=0 I 

• ^-+2)(0)=^n2-a«)y*«)(0) ij) 
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Fro^ (v) we find in succession all the derivatives above the ^econd 
for .f =0, since we know the first two. , 

/l‘>(0)=(2*-aV'(0)=0; 

and so on ; thus every even derivative is zero. Again, 

,^»)(0)=(1= - aV(0)=(l’' - o> ; 

/<»)(0)=(3>* - a’*)/l»(0)=(3* - -a>, 

and so on, the general value being 


Hence, 


/ls-»(0)=a(U-a»)(3='-a“) ... {(2»-3X-a’}. 


sin(«sin-M=«.^+“-^“5^+-^~?^-^ 




The series (vi) will terminate if a is an odd integer ; in all other 
cases it will not terminate. The ratio of the term in to the term 
before it is 

2a(2« + i) ^ 

and since the limit of this ratio is the series (vi) is absolutely 
convergent so long as - 1 <x<l. 

For many purposes only a few terms of the development 
of a function are required, and the calculation of a small 
number of derivatives may always be effected with more 
or less labour. Thus, the first three or four derivatives of 
log(l+8inaj) are easily calculated and the first three terms 
of the expansion obtained, x — x^j2+x^lQ, 


It is usually simpler, however, in cases like this to proceed as 
follows : suppose 


... ; /'(y)=6o+M+^2y^+ — • 


Substitute for y in the series hQ+h^y •¥ ... its value in terms of x 
©ud rearrange in powers of x ; the series obtained will be convergent 
for sufficiently small values of x. 

For example, 

.V=8m j;=a;-^+ ... ; log(l+y)=y-^+^+ ... , 
and therefore 


Iog(l+8in^;)=(a;-^'+...^-|^«r-y+...j +|^a; 

1 l‘ ' 





; Tlie proof ofC^he method cahnot b^ gone into here. 
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§ 156. Diflferentiation Integration of Series. The pro- 
j)ertifes of a function are often most simply investigate^ by 
using an infinite series which represents the function ; we 
must, therefore, see under what conditions a series may be 
differentiated or integrated term by term. The rules for 
differentiating and integrating a sum havci been proved 
with the express limitation that the number of terms is 
finite ; their extension to infinite series requires justification. 

We begin with the theorem in integration ; e denotes as 
usual a given arbitrarily small positive quantity. 

Theorem I. If the series Ui(x)+n 2 (^)+ • uniformly 

convergent from x = a to x = b and converges to f(x), then 

the series f * / v 7 f* . ^ 7 

J xi-^(x)dx+ \ nfi^x)(ix+ ... , 

where a:Jc<x^b is also convergent and converges to Ike 

value ... V 7 

^J{x)dx. 

Let /(«)=«n(®)+T'n(«) and let 


J x fa; 

Sn{x) dx ; pj,x) = j^r„(a:) cfa ; 

Cx Cx rx 

then cTni'x) = j uf^x) dx+ \ U 2 {x) dx+... + \ Un{x) dx, 

and f{x) dx = <rn(x) + pn(x). 

Now, since the series is unifonnly convergent, we can 
choose m so that, if n^m, the remainder rn{x) will, for 
every value of x from x = a to x = b.he less than e; there- 
fore, m being so chosen, if n^m the quantity 
numerically less than 

J ecte, that is, e(;r — c). 

Hence, if the difference 


is numerically less than €(«— c); tl^at is, the limit for 
n = 00 of the difference is zero, {tncj therefore 

f» rx Cx • 

I f{x)dx^ L <r«(ic)=| vJx)dx+ \ ^Ux)dx+ .... 

• nsQo Jo • U • 
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Theorem II. If the seAea Ui(3^) + U 2 (x) + ... is convergent 
and^ converges to f(x) when a^x^b, then the derivative 
of f(x) is obtained by differentiating the series term by 
term, that ^ ^ ^ ^ 

provided the series u/(x)+U 2 '(x)+ •••is uniformly convergent 
from x = a x = b. 

Let F{x) = u^Xx) + u^{x) + . . . ; 

then by Theorem I., since u{{x)+u^(x)+ ... is uniformly 
convergent, 

Cx Cx tx 

J F{x)dx=:^ u^Xx)^+j U2X^)dx+ ..., 

= {Mi(a:) - ^^(c)} + {n^{x) - u^Cc)} + . . . , 

= {tti(a:)+U2(a;)+ ... }-{wi(c)+Wj(c)+ ... }, 

= f{x) — constant. 

Therefore 


^^F{x)(lx=f\x)-, that is, F(x)=f'{x). 

By § 151 Theorem II. we see that a power series may 
be integrated term by term if x is within the interval of 
convergence. 

We will now show that the series obtained by differ- 
entiating the power series is uniformly convergent when, 
in the notation of § 151, Theorem II., ’-R<a^x^b < R, 
and that the derivative of the series is therefore got by 
differentiating it term by term. For the series 'Eunp^ is 
absolutely convergent, and therefore \anp^\ is finite, less 
than c say, for every n. 

The series obtained by differentiation is 

a^+2a^ + 2a^^+ ... +nanX^'^+ .... 

Numerical values alone being considered, we have 



and therefore the terms of the series of derivatives are 
numerically less than the.cqfresponding terms of the series 
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But this series is absolutely convergent since the test ratio 
is and xjp is numerically less than unity. Heifce, the 
series of derivatives is uniformly convergent when‘ x is 
any number in the interval (a, h\ the numbers a, h being 
such that ~-R<a<b < It (§ 151, Theorem II.) 

Ex. 

By differentiation we find 

1/(1 

This equation is true if - 1 <.r < 1, but not if 0 ?= 1. 

§ 166. Examples. We will give two examples of the 
development of a function as a power series by the integra- 
tion of a known series. 


1. tan-^x. 

If - 1 <x<l, we have 

and therefore, integrating from 0 to j?, 
, , x^ , x^ x^ , 




tan”^j?==jr- 




The expansion (a) is proved for |^|<1. The series (1) oscillates 
when ^=*±1, but (a) is convergent for ;r = ±1 ; we may therefore 
apply Abells theorem (p. 386), and deduce that (a) remains true even 
when 07= il. 

If 07= 1 we find, since tan“^ 1 =Tr/4, 


4 3^5 7 


The series (Aj) is called Gregory's (sometimes Leihnii^ series for tt ; 
it is too slowly convergent, however, to be suitable for calculation. 
A better series is got by using Machines formula, namely 


[=4ten->g)-tan->(^). 


It will be a good exercise to calculate tt from this formula by usipg 
the expansion (a); the series for tan“^(l/5) and tan~^(l/239) converge 
rapidly and give tt to 5 or 6 decimals with little labour. 

2. sin-^x. 

If - 1 < 07 < 1, we get by the binomial expansion 

''==1+2^+^T* + 2.4.6^+ — * 

and therefore, integrating from 3 io Xf 

. , . Ije® . 1.3;r® . 1.3.5^ . 


sin->x=^+g^+2-^ 5 +2^gy+.... 
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The following example l^hows how we may obtain an 
approximate value of an integral iSy means of a series : • 

3. The time of a complete oscillation of a simple pendulum of 
length oscillating through an angle a on each side of the vertical 
is 4tK^{llg) where 

to find a series for K, 

Expand (1 by the binomial theorem, and then integrate 

term by term. We have 


The integrals of 8in^<^, ... are given on page 286 ; therefoie 




When a is so small that P, Jt*, ... may be neglected, A= 7 r /2 and the 
period is 2TrJ(llg). 

4. To evaluate f - — — _ (r a positive integer) 

Jq 1 ““ COS ^ *T” Ch 

If I a I < 1 we havp by ex, 13 Exer. XXXIII. 


1 -2a<^a?-r + 2a cos 2a2co8 2x + 2a?coe 32?+...}. 


Also 


j cosw^cosr27d27=0 if 


TT .. 
= 2 


Therefore, when the series is multiplied by cosrj? and integrated, 
every term will vanish except that arising from 2a’’cosr27cos?u’ ; wc 
thais get 

J f* cos ra;cb7 ira^ 

0 1 — 2 acos.r+a 2 ”"i * v) 

if I a I > 1 we have 

1 _1 1 

l-2acos2?+a2 i nl 

♦ 1 - 2--COS27+ -n 

a 

and we may expand in powers of 1/a; or, we may write 1/a for a 
in (i) and then nfbltiply by l/a®. We find for the integral 
Ta~7(a^- 1). 
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EXERCISES *XXXIV. 

1. Prove that the following expansions hold for every* finite 
value of : 

(i) sin(^+a)=8ina+^cosa-*^ sin a-~ cosa+ 

(n) e*cos:r=l+a?-3-y--^-...-|-2’fco8^^+..., 

(ill) «*sino7=07+072 4 .-— - ...-f 2^ sm : + 

^ ' 315! 4 w ! 

(iv) e*«*®co8 (x sin a) = 1 cos a + -- cos 2a + ~ cos 3a+ . . .. 

Show that ® cos (.^7 sin a) = e*®®* *^008 (x ain a + na), 

2. From 1 (ii), (iii) derive the expansions of cosh o; cos o?, 

siiih X ain o?, cosh x sin or, sinh x cos x. 

3. Prove that if | .r ] < 1 , 


log (1 -f- 07 + 07*^) =07 + ^ 


207^ .27* 

3 ’*■ 4'^**** 


4. Show that, as far as the terms stated, 

/•\ 1 , or'-* 5or* , , 

(i) sec,r-l4* 2 24 720 ’ 

.... 2x^ 17x'^ 

(11) tano 7 =o?H- — -f— + 


(iii) 07 cot 07=1 


€ 

“3" 


07“* 

45' 


315 

2o^ 

945' 


These expansions may be obtained by division, replacing coso; and 
sill X by the equivalent series. Can cot or be developed by Maclaurin^s 
Theorem ? 


5. If 07 is so small that squares and higher powers may be neglected, 
show that 

W(4+*)+ y(i+^)KWi+'to)+ VO 

6. If /(a7)=^/(e*-l), show that the limits of f(x) and of /(x) for 
o’=0 are 1 and respectively. Show also by differentiating n times 
the equation 

that 

and therefore that if n>l, ' 

d-nC^i/W 

the limits of the functions for or=0 being taken as the values for 

07 = 0. • > g 
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7. If, 

show that i?i = l/6, ^2=1/30, ^3=1/42.... 

The numbers are called BemoMVs numbers (see ChrystaFs 

Alg,y vol. 2, chap. 28, § 6). 

8. Show that 

9. If f(^x')=(^\rr'-x)j^{}.~oiP\ show that 

(1 -!^f{x)-xfi,x)=\ 

and that if |^|<1, 

8in-‘ar _ . 2 , 2.4 . 2 . 4.6 . 

V(i -^) "’+3^ 

10. Show from ex. 9 that 

(i) d = sin 0 cos 0 ^ 1 + 1 8in20 + 1~ sin ^0 + . . 

(ii) tan-4.=j^{l+|j^+|^(j|py +...}. 
Put.r=8in0, tan 0=2;. 

11. Deduce from ex. 9 by integration that, if |.5r|<l, 

if • -1 12 •*^^,2^2.4 5;;®, 

i{smM’=2+3 4+o-6 + -- 

12. Show that cos(asin-^t:) satisfies equation (iii), § 164, and prove 
the expansion ( I ^ 1 < 1 ), 

13. Prove from the series for 8in(asin’"^^) and co8(asin”\r) that 

• a -a . ??i(w2-l2)(m2-32) . 

(i) 8inw0=w 81110 ^-g-j ^8in®0H — ^'-8in®0-... . 


61 


4! 




(ft') COS /n0= 1 - ^am20+ 

Serie8 for cos w0/co8 0 and sin m0/cos 0 may be obt.'iined by differ- 
entiating sin(asin“^;r) and cos(a sin"^,r). 

14. Show that if | ^ | < 1, 

/•\ 1 f I //I I 1.3.6^^ 

(i) log{A-+V(l+^}=fX-^ 3 + 2 -^ 

<ii) ^{log(l+^)}* . . 
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15. Prove that if | ar | < 1, •» 

(ii)~ {;■;+ V(1 1 + ... 


31 


4! 


To prove convergency, note that both in (i) and in (ii) the series 
formed of the odd terms and the series formed of the even terms are 
separately convergent or divergent according as \a:\ is less than or 
gi'eater than unity. 


16. Show that, with the usual notation, the perimeter of an ellipse is 
4a I ^(1 - ahi^<j>)d<l> 


— 27ra 


(l-( 

iy^_i 



r v 

a) 1 

U.4> 

' 3 . \ 


1.3.5\2e« 
2.4.6/ 5 


1 

•/ 


17. Prove (i) the perimeter of an ellipse of small eccentricity e 
exceeds that of a circle of the same area in the ratio l+3eV64 
approximately ; (ii) the surface of an ellipsoid of revolution (eitlier 
prolate or oblate) of small eccentricity e exceeds that of a sphere of 
equal volume by the fraction 2e*/45 of itself. 

18. Show by integrating (cos 0+.jr)/(l +2.^7 cos ^+.^72) first with 
respect to and next with respect to 0 (see Exer. XXXIIL, 12), 
that if 1^1 <1, . 

(i) ](\og{\’{‘2xQO&9+^)—xcoa9--^ cos204-^cos50- ... ; 
(ii) tan"-i( sin 0 - ^ sin 261 + “ sin 3^ - . . . 

19. Deduce from ex. 18, by taking the limit for .^’=l, that 
if -7r<^<7r, 

(i) cos ^ ^ cos 20 + ^ cos 30 - ... = log (2 cos \9). 

(ii) sin 0 - ^ sin 20 + sin 30 — ... = J0. 

Show that the series (ii) does not represent the function 0/2, except 
when -TT < 0 < TT, and that the value of the series when 0=7r is zero, 
but that the limit of the series for 0=7r is 7r/2. Show also that neither 
series can be differentiated term by term, although both are convergent 
(Exer. XXXIIL, 15). 

20. Deduce from 19 by putting 0=7r— o^^ihat if 0<a:<27r, 

(i) cos.a7+^ cos2^+ Jco^3^+ ... = — log (2 sin ^,r), 

. TT 

(ii) sin 07+^ sin 2a74-Jsmar4-...~2 “2* 
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21. By integrating 20 (ii) shd^w that if 0^a?^27r, 

* TTX (cos X ^ cos 2^ , cos ZX ^ \ /Y 

T^T”'. 12 + 22 32 ■^••7 


where 


r-i4.i+i4. 

22"^32‘*’’ 


The series is nniformly convergent for every value of x^ and we may 
therefore give to x the values 0 and 27r after integration. The series, 
however, is periodic, and does not represent the function 
outside the interval (0, 27r). 

22. Deduce from 21 that 

W p+^+g5+...— g-. 00 i 2 +p+ 32 + -— 6 > 

<“•) p~^ + ^2“42+—=i2' 


To set (i) put x=Tr in 21 ; (ii), (iii) readily follow. (Exercises 
XXXIII., 3.) 

23. Show that 


(iii) jT taii01og(cot(9)</^=i^j\-^+^j-i+...)=^. 

To get (iii) put tan 0=x ; note that L x^ log 0 (Exercises VI I., 10). 

*=o 


24. Prove 


cos X cos 2^ , 
w J2 22 


cos 6x 

—32 


cos 4;r , 
"4^ + 


12 4 ’ 


y-.-x coso: . cos 3 ^ , cos 5 ^ , ttx 

^ 32 + 52 4’ 

In (i) —ir^x^TT ; in (ii) O'^x^ir. 

25. Show that for every finite value of x 

(ii) i ^coa{xco»6)siv?'6d6 , , 

•(2r)! ^ ^ 1 

^ 72 (' 2 r+ 2 )'*' 2 . 4 ( 2 r+ 2 )( 2 r-t 4 )' •••)■ 
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26. If y denote the aeries (or iiitegi.41) in 25 (i) show that 

' dy ^ * 

27. If u denote the series (or integral) in 25 (ii) and if y^sfu show 
that 

y is called a Beml Function of order r, and is (but for a numerical 
factor) usually denoted by Jr{x) ; the function in 26 is (See 

Gray and Mathews, Be^el Functions). 

28. Show that if n is a positiv’^e integer 

sin J7( 1 -f 2 cos 2 j: 4- 2 cos + . . . + 2 cos 2?w:) = sin (2n + 1 ):r, 

and then prove 

f^a in(27i + l) x _ tt 
Jo sin.r ’ "2* 

29. Prove the following results, a being positive and r a positive 
integer : 

(0 ^log(l -2acos^-}-a*)d;r=0 if a<l 

-27r log a if a>\ ; 

/..V r ,rsin.^’c/.r tt , „ , \ 

«“>i; 

(iii) / cos rx log (1 — 2a cos x 4- a-) dx — - 7ra7r if a < 1 

h 

— -7ra“7^’ if «>1 ; 

/• \ r sin JTsin r.r</.r tt „ , 

(iv) I -- — a^~iiia<\ 

Iq I -2a cos. r 4- a*^ 2 


30. Prove 


= if a>l. 


... r*sin.r , x^ . 

¥-‘^^ = -^‘3!3 + 5T5-- 

(ii) j^W=l-i+3\-i + ... 


To obtain (ii), put x* iu the form an(J ex[)and. 



CHAPTER XIX. 


TAYLOR’S THEOREM FOR FUNCTIONS OF TWO OR 
MORE VARIABLES. APPLICATIONS. 


§ 157. Taylor's Theorem for Functions of two or more 
Variables. We will consider very briefly the expansions 
corresponding to Taylor’s Theorem when there are more 
variables than one. The expressions for the remainder are 
very complicated and will not be written down although 
the form they would take can easily be gathered from the 
proof ; any adequate discussion of the remainder, however, 
would take us too far into the theory of algebraic forms. 
It is, of course, assumed that the functions and their 
derivatives up to and including those that would appear 
in the remainder are all continuous. 

We will take first the expansion of f{x+h, y+h) in 

r 3wers of h and k\ this expansion corresponds to (13) of 
152. 

/(uj+A., 2/+^) is the value of f(x+ht, y + lct) when <=1 ; 
the latter function, considered as a function of t, can be 
expanded by Maclaurin’s Theorem. For brevity denote 
f(x'+ht, y+kt) by F(t) and let accents indicate derivatives 
wjth respect to t ; then 

^(<) = J'(O) + <nO) + |y"(<0+ - +Rn(t). .(l) 


We will now show how to express the ^derivatives of 
F(t) in terms of the partial derivatives with respect to x 
and y of F(ty 

Let a;+A6j=a; y+kt=l3, (2) 
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40d 


■dF dFZa dF .» 


T> i OT or oa on .» , 9a , 

9y~9)8' 


9® 


and, similarly, 

Thus (3) becomes 


'' ' 9® 9y 


,.(4) 


The student will perhaps see the meaning of (4) more clearly bv 
taking a particular case, say F{t)={x-\-ht)^{y-\-ktY. Tlie example will 
also illustrate the fact that F\t) is a function of and y + and 

that F\t) may therefore be found in the way we now state. 

Next F\t) is the ^-derivative of F\t) and will be obtained 
by replacing F{t) in (4) by F\t ) ; thus 




, 92i?’ , , c^F 
* 9®2+*9®9y 




-h ^ ,+ItUC^^ + IC ^ 2 . 


9®*' 


,.(5) 


( 6 ) 


Similarly, 

r"(t)-h^^+wk 

The law of formation of the derivatives is now clear ; we 
will show immediately how the value of F^^\t) can be 
written down in a more compact form. We first consider 
the values of F\{)\ FXOh F"\0). 

F(0)= f(x, y) and the values of jF"(0), F"\QI) are got 

by simply replacing the function F(t) in (4), (5), (6) by 
f{x, y). To get the Lagrangian form of the remainder, we 
must ini^<">(0 replace t \)y 6t; if 7i = 3, then in (6) F{t) 
would be replaced by f{x+h6t, y+kdt). Thus (1) becomes 


fix +ht,y+ kt) =f(x, y ) + < ^ 


dy/ 


n\ 
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To get f(x+h, y+k) put 1 for t in (7); therefore, 
f(!c+h,y+k)=f(x,y)+K^+k^^ 

Equation (8) gives the required expansion : tlie expansion 
(7) is howover a form that is useful. 

The values of F'{t\ in (5), (G) may be written more 
compactly in the symbolical foryns 



if these are interpreted as follows: — Let the binomial be 
■0 0 

expanded as if A— and k— were single quantities ; after 

expansion place F as the last factor of each term and then 
repla/:e a term like 

v2/ 




first by Sh% 


'd» 


F 


In this notation the (m+1)*^ term of (7) would be 


m!\ dx dy) ^ 

= ... +k' 

m ! \ ” ^dy 

The form (8) may be easily adapted to the expansion of 
^x + h, y + k) in powers of x and y; we have merely to 
interchange x with h and y with k. Using the suflBx 
notation, we get 

f{x+h, 1 /+A:)=/(A, ^)+a:/A+i//t 

+|7(»yw+2a:y/Ai+3/yii)+ (10) 

• t 

To form /*, /**•.. we may differentiate f{x, y) with respect 
to X and y, and then replace a? by A and yhyk,^ 
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In (10) we may of cojirse sifppose, if we please, fe=0, 
= we should thus get the expansion of /(cc, y). cor- 
responding to Maclaurin’s Theorem. * 

When there are three or more variables the expansions 
are similar. Thus for three variables 

f{x+li, y-\-k, z-Jcl)=f(x, y, 

where the symbolical expression is to be interpreted in the 
same way as before. 

§ 158. Examples. 

1. To find the equation of the tangent plane at the point /'(//, k, 1) 
on the surface /(.r, il z)=0. 

The equations of the straight line through P, with the direction 
cosines X, /x, r, are 

{a;-k)lk^{y-k)l,,={z-l)lv^r, (i) 

where r is the distance from (A, k, T) to (.r, y, z), fiCt (.r, y, z) be the 
point Q on the surface ; then 

= + Ar, y = A+/xr, z-l + vr ; f{x, y, ^) = 0. 

Tn /(j7, y, z) put for ar, y, z the values just written, and expand by 
Taylor’s Theorem ; therefoi’e 

0=^/(/j, k, t)+r(X.fH+fifit + yft) + Ar^+ (ii) 

But /(A, k, l)=0, since the point P is on the surface ; therefore one 
value of r given by (ii) is zero. The other roots of (ii) are the distances 
from P to the several points in which the line (i) meets the suiface. 
Let r^ — PQ ; then (ii) becomes, since i\ is not zero, 

0~ iif)t + vfi + Ar^-^ (iii) 

As rj tends to zero the line (i) tends towards the position of 
tangent line ; but (iii) shows that as tends to zero, so does 

A/a+/x^+v/i. 

Hence the line (i) will be a tangent line if A, /x, v satisfy the 
equation + (iv) 

If we eliminate A, ja, v from equations (i)^and (iv), we shall obtain 
an equation which is true for the coordinates of any point on any 
tangent line through P. The result* of ‘the elimination is 

(.r - A)/. + (y - A )/. + (2 - l)ft = 0,*^ 

the same equation, except for the notation, as was fou^d in § 91. 
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2. Euler's Theorems of Hiimogeneous Functions. 

Definition. A function w of two or more variables is said to be 
homogeneous and of degree n if, when the variables x, v, are* 
replaced by A^, A.y, . . . respectively, the function u becomes \^u what- 
ever the quantity X may be. 

Let u—f{x^ y) be a homogeneous function of degree n in two 


variables .r, y. Then 

xit:,-^y\iy=nu, (0 

4- ^xyUocy -\‘y‘^Uyy=^n{7i -\)u (ii) 


Replace x and y by (1 -I- ^).r and {\-\-t)y, that is, by and y+yt ; 
then li becomes (1 4- that is, 

f{x+xt, y-\-yt)=^{\ + tf\t. 

Expand the function on the left by Taylor’s Theorem and that on 
the right by the Binomial Theorem ; therefore 

/(x, y) + t{xf^ +yfy) + + 2^/4, +y%,) + . . . 

E(j[uating coefficients of the same powers of we get equations 

It IS easy to see that 

( 'd 0 

and that the theorems may be extended to homogeneous functions of 
three or more variables. For example, 

xux'\-yuy ’{■zu^—nu (iil) 

Ex. Let u~tsijr^{ylx)\ then u is of zero-degree. 

] __ 

^ § 159. Maxima and Minima of a function of two or more 
Variables. 

Definition, /(a, 6) is said to be a maximum value of 
/(aj, y) if f{a+h, 6+i) is leas than /(a, h) for all values of 
k and h positive or negative, that lie between zero and 
certain finite values however small ; /(a, h) is said to be a 
minimum value of y{x, y) if /(a+A, 6+^) is greater than 
/(a, 5) for all such valuer of h and h 

Similar definiftions hold for functions of more than two 
yariables. ^ c 



MAXIMA AND AONIMA. 


We will assume the continuity the functions and their 
derivt^tives for all valuer? of the independent variables 
Considered. 

A necessary condition that /(a, h) should be a maximum 
or a minimum {a turning value) is that both fx and fy 
should be zero when x = a, y = b. For /(a, b) cannot be a 
turning value of /(x, y) unless it is a turning value of the 
function f{x, b) of x alone when x = a and also a turning 
value of the function /(a, y) of y alone when y = b\ there- 
fore /a- (ir, h) vanishes when x = a and fy{a, y) when y==b. 

To investigate sujfficient conditions expand /(a + /<,, 6-f 
we get 

f(a+hyb + k) — / (a, b) = ^ {h^faa 4* 2hkf + h^tbb) 4* ^ • • • ( 1 ) 

where the terms hfa^ hfb are omitted since /« = (),/?, = 0 when 
f(a, b) is a turning value. 

If /(a, b) is a turning value the expression on the right 
of (1) must retain the same sign for all small values of h 
and k, the negative sign for a maximum value and the 
positive sign for a minimum value. Now J? contains h and k 
in the third degree, if we suppose R to be the remainder in 
Taylor’s Theorem ; it seems natural therefore to assume 
that, for sufficiently small values of h and k, the sign will 
be that of the quadratic expression in h and k. Yet this 
assumption is not sound as the following example, given 
by Peano, will show. 

Let y) = ; then a = 0, 6=0, /(or, h) = 0, and 

equation (1) becomes 

/(A, A)=8A2+(-6AF+A*) (2) 

Here we have R exactly, 72= + The terms of second 
degree reduce to 84^, and are therefore positive so long as h is not 
zero. Yet /(A, k) is not of the same sign for all small values of A and 
For let A=^(A.A), and we find 

/(A, A)=(X^2)(A-4)A2. 

Hence /(A, k) is positive or negative according as A does not or does 
lie between 2 and 4. In otlier words, /(O, 0) is not a minimum value 
of fQcy y\ even though the terms of second decree ai'e positive except 
when A =0. 

^ The difficulty just noticed would requiice a fuller con- 
sideration of the .remainder in Taylor’s Theorem than we 
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have room to give. Weitherefore simply state that /(a, b) 
will be a turning value if * 9 

faafbb^(^fa^y 

and the value will be a maximum if f^a (or is negative, 
a minimum if faa (or is positive. 

It may be seen that a neaeasary condition that /(a, 6, c) 
should be a turning value of f{x, y, z) is that fxyfyyfz, should 
all vanish when x=^a, y=^b, z^c. 

In many cases it is known that a turning value of a 
function must exist ; it is usual to assume without further 
proof that the values of the variables that make the first 
derivatives vanish are those that give the turning value. 

§ 160. Examples. The most important cases are those in 
which the function whose turning values are required is 
given as a function of two or three or more variables, the 
variables being connected by one or more equations of 
condition. The best method of proceeding in such cases is 
usually the following. Let the function be u and let there 
be, say, four variables with two equations of condition, 

u=f(x,y,z,w)(l); 

^(x, y, z,w)==0 (2) ; xfrix, y, z, w)=0 (3). 

Suppose for the moment that z and w are found from (2) 
and (3) in terms of x, y, and that these values are sub- 
stituted in (1) which thus becomes a function of two 
independent variables x, y\ let DyU denote the first 
derivatives on the supposition that the substitutions have 
been made. For a turning value Dxti and DyU must both 
be zero. Now 

(4) 

and dzfdx, 'dwj'dx are found by differentiating (2), (3) ; thus 

• • 

Instead of soJving (5), (6) for 3«/3£C and Zwidx, multiply 
(5) by X, (6) by fx. and a4d to (4) ; therefore 
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-Da;'ar=/a; + X^a; + /i^aj 

• ^ + ( /« + X0« + + (/«; + X0U, + •. .(7) 

In exactly the same way we find 

—fy + X^>7 + 

3 : 2 > "du) 

+ (fz +X^2 + + (/^ + Vy 

It will be noticed that the coefficients of 'dzj'dx and 'dtv/dx 
in (7) are respectively equal to those of 'dzf'dy and d'tujdy in 
(S); therefore choose the multipliers X, jj, (and this is in 
general possible) so that these coefficients are zero, and the 
values of DyU will reduce to the first three terms of 
(7), (8) respectively. 

For the turning values of the derivatives DyU are 
zero ; therefore for the turning values we have the four 
equations, 

/a; + X0a» + MV^aj = O, /y +X0y +/X\Jr2/ = 0, \ 

fz 4* X^g + = 0, /w + X0W + / 

and these four equations together with equations (2), (.‘1) 
are just sufficient to determine X, [x and the values of Xy y, 
Zy w that give the turning values of u. 

The equations (9) are symmetrical in x, y, 0 , w, and this 
method, called the method of undetermined multiplierSy is 
specially simple when the functions /, 0, are homo- 
geneous. We have taken four variables and two equations 
of condition, but it is clear that the reasoning is quite 
general. We may state the rule for writing down the 
equations (9) thus : 

Form df+ Xd^ + ixd\Jr ^ 

and equate to zero the coefficients of dx, dy, dz, dw. 

Of course df means fy/dx+fydy+f^dz+f^odiu and <i0, dxf/ 
have like meanings. 

Ex. 1. \ <f>^aa;^by+cj—k=^0 (2) 

Clearly n has a minimum value for, by (2), y, z cannot be 
simultaneously zero and u is always positive. .N0V5 

dui-Xd<h=^(2a;+Xa)dv+(2y-^ i^b)dy+(2z+Xc)dzy 

* ^ > 
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and therefore, equating to zeno the coefficients of dx^ dy^ dz^ we find 
for thft values of y, z that make u a *ninimum 

xja = - X/2 =y/6 == zjc. • 

By (2) each of these fractions is equal to and then by 

substitution for y, « in (1) we see that the minimum value of u is 

i{rV(a2 4-62+c2). 

The student may also solve the example by replacing 2 in (1) by its 
value (Jc — ax- by)lc deduced from (2) ; he must be on his guard against 
confounding the value of in this method with the value of w, m the 
first method. 

Ex. 2. Find the turning values of u when 


. ( 1 ) 

and a^+y^+z^=l ; (2) 

lx+my^nz=0 (3) 


In this case u is really a function of only one variable, but the 
method of undetermined multipliers is equally applicable. 

To get rid of the factor 2 we take A, 2fx as the multipliers ; then 
we readily find 

a^x+Xx+fd=Of As-f /A7i=0. (4) 

Multiply the first of equations (4^ by Xj the second by y, the third 
by and add ; then taking note of (2), (3), we find 

tt V + fey + c V + A = 0, that is, A = - u, 
where u is now a turning value^ since the values of x^ y, z that satisfy 
(4) are those that determine the turning values. 

Put - w for A in (4), and we get 

x^fdl(u — a^)y y=fiml(u — b^)y z=fjLnl(u-<^). 

If we now put these values of a?, y, z in (3) the factor /x divides out 
and we get a quadratic equation for u, 

l^j{u — a*) -H m^l{u — fe®) + n^l{u — c®) = 0 (5) 

One root of (6) will be the maximum value of ix, and the other the 
minimum. 


EXERCISES XXXV. 

* 1. Verify EulePs theorem on Homogeneous Functions (taking first 
derivatives only) in the following cases. 

(i) a^+2fe.ty+y; (ii) or^-f fey^+c^®; (iii) ^X’\‘^y’\-Jz 

(iv) (x+y)Hx^+y^); (v) (x’¥y-\-z)l{x^’)ry^+z^); 

(vi) tan~^(r/jj) where r=^(a:®+y®+«®); (vii) Ijr. 

Si If !x is homogeneous of degree n, prove 

(i) 4w„+yw^«(«-»l)v,; (ii) 1 )m,. 

3. Show that If a ’is positive Zaxy-a^-^ is a maximum when 
4 ?aBa, y=^a, but neither a maximum nor a minimum when y— 0. 
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4. The function — is a iniximum when .r=3, .y = 2, but 

is neither a inaximum nor a minimum when x—0, y/ = U. 

• 5. Show tliat if a, b, c are positive, and if 
ala^+b/y + clz=], 

the sum a.'-hy+z is a minimum, when 
xjja = y]Jh = zj^lc = 

Sliow also that if jo, r are positive, the product is a 

ininimuiii, when 

pxj a — qyjh — rzjc —p 4- ^ 4- r. 

6. If ?< — .r‘-4- y2, and if a.r^ 4- 2A.rj/ 4- ?>//^ — 1 , find the niaxirnum and 
the minimum value of and interpret tlie rt‘sult get mietri rally. 

7. ^If u~x-+y^-\-z^^ and if 

4- y-/ b'^ 4- ~ 1 , and lx 4- my 4- yr. = 0, 

find the maximum and the minimum value of Hy. and interpret the 
result geometrically. 


8. I f = a* j " 4* 4- . . . 4* 

and if 4- 4- ... 4- rr«.r„ — k% 

show that the minimum value of u is I*-/(r^i^4-a2“4" • • 

9. Tf .r, y, t are the perpendiculars from any point on the sides 
a, Z>, c of a triangle of area A, show that tlie minimum value of 

4-^4" is 

4A2/(o-^ +62 4-6*0. 

10. Show that the minimum value of 


{a^x + h^y + c,)-^ + + b,^y + + . . . + (a„a’ + h„y + c„)‘^ 

is given by the values of x and y which satisfy the equations 
(:irXj2)a;+(:Sa,6i)^ + (:i:a,c,) = 0 ; 

(2a,6,>: + (26,'*)y + (2&,<;,) = 0. 


11. Show that the centroid of n given points is the point, the sum 
of the squares of whose distances from the n points is a minimum. 

12. Apply the method of undetermined multipliers to find the 
evolute of an ellipse considered as the envelope of the nr»rmals. 

The normal is d^xi a — b^ylfi = or — b‘^ 

where a2/a2 + j82/62=l. 




H«c .'S + x 5 |- 0 , 

and therefore A = a? = a^xl{a^ - 6^), 

13. Show that the envelope of • 

XQ.”^ +yyg»* = * where a” + )8“ = 6" 

. -JL. /«m+l\__!L. 

IS f 

o.c. » o 


etc. 
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§ 161. Indetermina 13 FonoB. * A function /(cc), that is in 
gen&al well defined for a cerfein range of values of its 
argumei^t, may for a particular value, a say, of its argumeAt 
take a form (such as 0/0) that has no meaning. It is 
possible, however, that f(x) may have a definite limit A 
when X converges to a. Although f(x) is really undefined, 
has no value that can be calculated by the ordinary rules 
of algebra, when x = a, yet it has become the established 
practice to call f(a) in such a case an indeterminate form, 
and tit dejiae A as the value of f(x) when x = a. The value 
thus assigned by the definition is usually called the true 
valvtx of f {x) when x = a. 

If it be clearly understood that this *‘true value” is 
assigned by definition and is therefore arbitrary, there is a 
certain advantage from the procedure, namely, f{x) becomes 
continuous up to and including the value a, it being sup- 
posed that/(ic) is in general continuous. 

The typical indeterminate forms are 

0/0; 00 /ao; cx)— oo; Oxoc; 0^; oo®; 1“. 

We liave already had some important cases of such 
forms; the derivative of/(u?) is a case of 0/0. 

0 X X) is seen in xlogx when x = 0 ; the true value is zero, 
or x^je^ when 3?= +oo gives Ox oo or x /oo and the 
limit is zero. (See Exercises VII., 8, 9.) It is easy to see 

that the result holds whether n is integral or fractional. 

1 

1*® is the case of (l+ir)* when x = 0\ in this case the 
limit or true value is e (§ 48 CoR.). 

In many cases the limits are found most simply by 
algebraical transformations and the use of series. We will 
take one or two examples before indicating the general 
theorems. 

Ex. 1. ^ Li(£ — li- when 07=1 ; form 

^ 0 

Divide numerator and denominator by (o;^- 1) ; we see at once that 
the limit is —3/2. “true value” of the fraction when .^7=1 is 

therefore -3/2. 

Ex. 2. (8in'"^o7-of;/o7^ when o:=0 ; form 0/0. 

Expand 8in'~^07(=i+^/6+ ...); x cancels in numerator, and after 
•dividing nu]|ierator and denominator by we get 1/^ as the limit. 
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Ex. 3. sec^/secBo? when ^='<1/2 ; form oo /oo. 

Le^ x^\7r-u\ then 

T sec 07 T —sin 3?/ 

ii — J.J - ’ — ■” 3. 

a; = ^frSec3o; u=0 Sill 24 

Ex. 4. i_cot ^07 when o7=0 ; form oo - x . 

1 i.9 ^ \f \ /8in07“J7C08.1^\ 

-o-C0t^07=( 1+-^ COS07)|-; )( ^ ). 

or \ sin 07 / \sin x/\ or / 

The limit of the first factor is 2 and of the second factor 1 ; also 

sin .X- 07 cos O' = 07 -~+ ... + ...J = y+ 

so that the limit of the third factor is 1/3. 

Hence the limit or true value is 2/3. 

Ex. 5. of when 07==0 ; form 0®. ^ 

Let?4=.2f ; then log i4=.r logo:. The limit of x\ogx or log?4 is 0, 
as we have just seen, so that the limit of v or of is 1. 

Ex. 6. ( 1 / 07 )^* when 07=0 ; form x<^. 

The logarithm of the function is 

- tan 07 log 07 = — log 07) 

and has therefore 0 for limit ; the limit of the function is therefore 1 . 


§ 162. Method of the Calculus. We will now prove the 
general theorem for the evaluation of indeterminate forms, 
the continuity of the functions near the critical values 
being assumed. 

Theorem. If <p(s) and ^(a) are either both zero or both 
infinite, and if converges to a limit vjhen x 

converges to a, then 0(x)/^(x) converges to the same limit. 

It will save repetition to observe at once that if 
is indeterminate when x — a, the theorem shows that if 
f converges to a limit then <j>{x)l\lr\x) and there • 

lore also (l>(x)l\fr{x) converges to the same limit : and so on. 

We need the following extension of the Mean Value 
Theorem of § 72 ; if <f>{x), <p\x), yj/{x), \y{x) are continuous 
for the range a^x^b ana if xf^Xx) is not zero so long as 
a<x<b, then 

(f){b) — ^(a) __ ( ] \ 



where a<x^<b {Generalised Theorem of Mean^ Value). ^ 



420 AN ELEMENTARY TREATISE ON THE CALCULUS. 


The proof is obtained at^once by considering F(x) where 
' < 

because F{a)=0, F(b)=^0, and therefore F'(x^) = 0 and we 
can divide by for yj/{x^ is not zero since x^ lies 

between a and h. 

I. Form 0/0. Let = 0, yjr{a) = 0, and in (1) put x for b : 
therefore ^)=^) 

and L L ^1^= ^ 

If a =00 the substitution x — ljz reduces the problem to 
the evaluation of the limit for 0 = 0, and therefore the 
theorem holds in this case also. 


II. Form 00 / 00 . First, let yjrix) be infinite when x 
is infinite. Let c be a large but unite value of x\ then, 
by (1), putting x for h and c for a 


0(a;)-0(c) ^ 4,\xi) 

^0!)— «Kc) 

We may also write 


{c<x^<x). 


(j^x) - 0(c) 0(a;) 1 - it>{c)l4>ix) 

~^x) - yjAc) ^x) 1 - ^lc)l-^{x)' 
and therefore by equating values 


^ ^x) ~^/{x^) l--0(c)/^(aj)‘ 

Now, let c be taken so large that (f>{Xj)/\J/{x^) differs from 
its limit A by less than and let c be then kept fixed; 

yJAfi) will, though large, be finite. Then let x be taken 
so large (and this choice is possible since ^{x), yfA.x) tend to 
infinity) that the s^ond fraction on the right shall differ 
from 1 by less than Cg* ‘Th^ fraction (/>{x)l^(x) is now the 

E roduct of two factors, the first of which differs from A by 
5SS than ej^.and the second of which differs^ from 1 by 
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less than where e^, e^^may ’fte as small as we please. 
^Hcni?e the limit of <p{x)l^x) is A ; that is 

T T 0'(^) 

Second, let ^(a), '^/'{a) be infinite, <i being finite. The 
substitution a; = aH-l /0 reduces the problem to the evalua- 
tion of the limit for z=cc , and therefore the theorem holds 
in this case also. 

The above proof is that given in the Calculus of Gennochi- 
Peano (German Translation, Leipzig : Teubner). 

III. Other Forms. If 0(a) =0, \l/{a)— oo , we may write 
<p{x) X y}/(x) = <p{x) -5- { 1/V'(a;) } , 

and the case reduces to case I. 

Tlie forms O’^, oo®, 1“, are reduced by taking logarithms 
as illustrated in § 161, ex. 5, 6. 

The form x — oo may be treated as in § 161, ex. 4; or 
expansion in series may be used. 

Of course the method of diflerentiation may be combined 
with that of expansion in series. 

Ex. 1. If 71 is positive, (Iog^)/.i7” convergiis to zero when x becomes 
infinite ; for 

1 

L-^= L-L=0. 

Ex. 2. Find the limit for ^=0, y=0 of the function of two hide- 
pendent variahlefi {x - y)l{x +y). 

We take this example to illustrate the arbitrariness of the definition 
of a “time value,” and also to show the great difFe'ence between limits 
for a function of one variable and limits for a function of two variables. 

The above function may be made to tend to any value whatever ; fof 
let y = A;)? and we get 

By proper choice of A we can make (1 — A)/(l + A) equal to any 
number whatever. 

Geonietrically^ the ;s;-axis lies on the surface * 
z{x+y)^w-% 

and as x and y tend to zero the point (^,y, z) may be made to appi oaiih 
any point on ^e 2 ;-axis. 
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, EXEB6iSES 7ZZVI. 

Find the limits (the “true values”) of the functions in examples 1-15 
for the giv^h values of the argument. 

1. + when ^=1. 

2. {a - »J{a^ — x ^) } / x^ when x — 0. 

3. X - “* when ;r = x . 

4. V\ {x + a^{x ,{x + ««) when x — (x^. 

Put . 77 = 1/2 and expand by the binomial theorem. 

6. ( 1 + Ijx)^ and (1 + 1 when x=co. 

logx j l-J? + log.77 , - 

\-x l-^/(2x-x^) 


6 . 


tan.r-j7 , tan - w tan .a? , ^ 

and — 7- -r— when .r= 0 . 


(^*) 


n sin X - sin 7ix 

tan X and x tan x-^ sec x when ^ 

2 2 


9 . log (1 + ax) I log (1 + bx) and (e** ~ e““*)/log (1 + 6.77) whea .r;=0. 
10. ’ +‘^) when x= 0 . 


11 . (rt* - 6 *)/((r® - ^*) when x==0. 

log tan 0.17 , lo g tan ax — log tan bx , ^ 

log tan 6.77 log sin 007 -log sin 6 ^ ^ ena;« 

13. when ^= 0 . 

sinho 7 -sino 7 , cosh .77 -cos 07 . . 

14. . and 5 when 07 = 0 . 

or x^ 


15. (cos and (cos when 07=0. 

16. If the equation of a curve is 

' «2 + W 3 + W 4+...=0 

where W 2 , ^ 4 , ...» are homogeneous of degrees 2, 3, 4, ..., in the 

coordinates, show that when the factors of U 2 are real, the equation 
^ 2=0 gives the tangents at the origin. 

Put J 7 =rco 8 ^, y=rsin^, and let W 2 > •••> become 7 ^ 173 , ... ; 

then two values of r are zero since is a factor of Wg + ^.7 + II> then, 

0 be chosen so that •tends to zero, another value of r will tend to 
zero. The equation — is a^ quadratic for tan $, and therefore when 
^its roots are real and different iVe get two gradients ; when they are 
real and equal we get ‘one gradient ; when they are imaginary the 
values of tan imaginaryf and the origin is then an isolated point. 
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Definition. A point on a curve at# which there are two distinct 
tangents is called a node, • • 

• At a node two branches of the curve cross each other, iiiteiseoting 
at a finite angle. In Fig. 61, p. 312, and in Fig. 63, p. 313# the origin 
is a node. * 

17. If + =0, find the value of dyldx, when 

.r = 0, 

18. If, when x becomes infinite, </>(.r) converges to zero, show that 

when X becomes infinite converges to a finite limit at all, 

will converge to zero. 

Suppose has the limit A different from zero ; tlie ecj nation 

<li(x) = <f)(c) + (x-(‘)<li'(x^\ {c<Xi<x) 

shows that </>(.r) must tend to infinity, because the term (.r — c)<f>{xi) 
tends to {x-c)A^ that is, to infinity. But this is contrary to the 
hypothesis that <j){x) tends to zero, so that if A is finite, it must be 
zero. 

19. Show that the seiles 

(log2)“ (log3)“ (log4)“ 
is divergent for every positive value of a. 

• Compare with 1 /2 + 1 /3 + 1 /4 + . . . ; the limit for n = oo of 

— r-, that is, of (wVlog^i) 

(kg.n)^ n 

is infinite (§ 162, ex. 1). Hence the given series is divergent since the 
harmonic series is divergent. The series is obviously divergent when 
a is negative. 



CHAPTER XX. 

DIFFERENTIAL EQUATIONS. 

§ 163. Differential Equations. We propose in this chapter 
to discuss a few differential equations that occur in elemen- 
tary work. Nothing beyond the merest outline can be 
given ; the student will find ample treatment in Forsyth's 
Differential Equations (Macmillan) or Murray's Different Uil 
Equations (Longmans). 

An ordinary differential equation is an equation between 
one independent variable, one dependent variable and one or 
more derivatives of the dependent variable. 

A partial differential equation is an equation between two 
or more independent variables, one dependent variable and 
partial derivatives of the dependent variable. 

We deal only with ordinary differential equations. 

The order of a differential equation is that of the highest 
derivative contained in it ; the degree is that of the highest 
derivative when the equation is cleared ot* fractions and the 
powers of the derivatives are positive integers. 

Thus the equation 

x^y" + ay + (a?2 - r^)y = 0 

Is of the second order and of the first degree. The equation 
xy'--yy'+a^O 

is of the first order and of the second degree. 

By the theory of elimination explained in algebra we can 
eliminate one quantity from two equations, two quantities 
from three equations, n quantities from ( 71 + 1) equations. 
Hence if an equation containing x, y and constants is 
differentiated onpe t^je new equation will contain x, y, y and 
constants, and from the. two equations one constant may be 
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eliminated: the resulting equat^Dn will be a differential 
equation of the first ord^ and will contain one coitstant 
^ewer than the given equation. 

Similarly, if the^iven equation is differentiatedT twice, we 
shall have three equations from which two constants may 
be eliminated ; the resulting equation will be of the second 
V order and will contain two constants fewer than the given 
equation ; and so on. 

The given equation is in each case called the complete 
primitive of the resulting differential e(j nation and we see 
that the complete primitive contains one^ ... constants 
that do not occur in the differential equation when that 
equation is of t\iG first y second ... order. In the process of 
elimination no account is taken of the particular value of 
the constants; these constants may therefore be called 
'irbitrary. 


Ex. 1. Let the given equation be 

y — Ax^+By 

and differentiate twice ; we find 

Dy='^Ax ; . 




The first differentiation eliminates B ; 


(2) and (3), getting 


xI)^ — Dy~0. 


(1) 

( 2 ) 

( 3 ) 

we can eliminate A from 

( 4 ) 


Whatever be the value of By equation (1) represents a parabola 
with a given latus rectum 1/A, and with its axis lying along the 
?/-axis ; hence (2) is the difierential equation of all such parabolas. 
Equation (4) again is the differential equation of all parabolas whose 
axes lie along the y-axis. 


.Ex. 2. Let the given equation be 

(a? - a)'^ + (y - 6)2 = c* (1 

and differentiate twice ; we find 

(a:-(i)+(y-6)7>y=0 ; (2) 

i+(/>y)*+(y-6)/>V=o (3) 

If we eliminate a and 6 from equations (1), (2), (3), we find- 

c*(Z)2y)2={l+(%)2p. (4) 


Equation (4) is the differential equation of all circles with radius c ; 
equation (2) is the differential equation *01 all circles whose centre is 
the point (a, 6) ; equation (3) is that of all circles whose centres are on 
the line y= 6. 

0 . 0 . 


q2 
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§ 164. Complete Integral If in example 1 of last article 
we suppose equation (4) to be givtin, and if we pass from the 
differential equation to equation (1) we are said to integraU 
or solve the differential equation. From this point of view 
(1) is called the complete integral of (4), and A and B are 
called the arbitrary constants of integration. 

Equation (4) is of the second order and (1) contains two 
arbitrary constants. It is proved in works on Differential 
Equations that a complete integral exists for every 
differential equation and that when the equation is of the 
order the integral contains n arbitrary constants. 

A particular integral is one obtained by assigning a 
definite value to one or more of the arbitrary constants in 
the complete integral. Thus y = — y = y = x^ are 

particular integrals of (4) in Ex. 1 of last article. 

Another way of considering the integration of a differential 
equation may be illustrated thus: — Find a function y (i) 
that shall satisfy the equation 


xD^y--Dy = 0. 


{ii) that shall be equal to h when x=a and (iii) that shall 
have its first derivative equal to c when x = a. 

Since the complete integral y=^Ax^ + B contains two 
arbitrary constants A^ B we can determine them to satisfy 
conditions (ii), (iii). These conditions give 

b = Aa^+B; c^^ZAa. 


so that A = cl2a, .5 = 6 — iac, 

4ind the function 


c o . 2h—ac 


.satisfies conditions (i), (ii), (iii). 

For another illustration of a similar kind see § 69, exs. 1 , 2. 


The student should work through the following set of Exercises ; 
rseveral of the differentisfcl equations occur frequently in physical appli- 
cations. The primitive, considered as the integral of the differential 
equation, is in each case the complete integral. It will be noticed (see 
•examples 7, 8) thf.t the one aiiferential equation arise from 
different primitives into which the constants enter in difrerent forms. 
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EXERCISES KXXVIL 

•r * • 

1. li y==Ax-]rB^ then D^y — 0. What is the geometrical meaning of 

the equations Dy — A^ D^y = 0 ? ^ 

2. If y~Ax'^~^-\-Bx'^~^+,., + Kx+L^ a rational integral function 
of degree (w- 1), prove Z>”^ = 0. 

3. If y — A Bx + then Ifiy — 0. Iiitei pr et geometi ically 

4. \iy=^ A x^ + Bx^ -f Cx^ then 

^^B^y — *^x^B^y-\-()xDy — 6y=0. 

5. If ^ = -4 then 

^Dy~-A^ L^y-i-^Dy=0. 

6. If ^ ^ log X + B^ then 

xDy — Ay jy^y+^Dy — 0. 

7. If y = A cos nx + B sin nx or if y=0 cos(nx - £) then 

Z)^y-hn^y===0. 

8. If y — A + Be^"^ or it y—G cosh tixA-E sinh nx^ then 

D^y -n^y^O. 

9. If y = A lx + 15 4- then 

10. If y — J cosw.r4-^sin 7a’4- A'cosjojrH-Fsinj^.r where Ay B are 
arbit rary and n, p unequal, prove 

+ 7ih/ = (n^ —p^) E cospx -f (vr —p^) / sin px. 

11. If y = e~^^*{A cos nx + B sin 7ix)y then 

D^y + k Dy 4 - {n- 4 - \k'^)y =' 0 . 

12. If y = + then 

Dh/ 4- k Dy (w2 - \B)y * a 

13. If y = Ae'^ 4- Be^y then 

D^y - (m 4- n)Dy 4- nmy = 0. 

14. If ?/ = (yl 4- Bx) e'^y then 

D^y - Dy 4- 7i^y — 0. 

((.'ompare 13 and 14.) 

15. 1 f ?/ = (^ 4- Bx) cos ?i.r 4- (/ 4- Ex) sin nXy then 

D^y 4- W D'^y 4- n^y = f). 

16. If ^ cos nx 4- B sin 7ix)/.r, ttiei! 

I^{xy)A-n^xy—0y or D'^y^'-DyA-n^^O, 

' % X 
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17. If y = ( Ae”* + tll;3n 

e 2 *' • 

V 

18. If y—nfix+alm^ m being arbitrary, then 

X {Di/Y —yl>y-\-a — 0. 

19. If + ^) + y^l{h^ '{•k) = \^k being arbitrary, then 

xy{Dyf 4 - 4 h^) Dy-xy — 0 . 

The primitive represents a family of central conics having the same 
foci (confoeal conics). 


20. Show that the complete integral of equation (iii) § 154 is 
f(x) = A sin {a sin~^ x)-\-B cos (a sin“ ^ x). 


§ 166. Equations of the First Order and of the First Degree. 

We will now state one or two types of equations which can 
be readily integrated ; at any rate their integration can be 
reduced to the evaluation of an ordinary integral. So far 
as the theory of differential equations is concerned, the 
solution may be considered to be obtained when the equa- 
tion is reduced to either of the forms 


dx 


=/(*). 


dx 




for these equations give at once 
y=^f{x)dx+C-, 

and the rest of the work is ordinary integration. 

Type I. Variables Separable. The variables are said to be 
separable when the equation may be written 
f{x)dx+F{y)dy=:^0, 

where f{x) is a function of x alone and F{y) a function of 
y alone. The solution is 

^f(x)dx-\r^F{y) dy = G. 


Ex. 1. 
We have 

therefcwe 

or 

or 


n (.r 4 a) 4 ( y 4 6) = 0. 

vdy , mdx 
y+h'^x+a"'^'' 

n log ( y 4 6) 4 w>*log (x+a)= const., 
• log { ( y 4 by*{x 4 cbY *) = const., 

(•y46)”(^4a)”‘=(7. 
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Any one of the last three equatioi)|f may be taken as the solution, 
bjat tye last form is usually lihe most convenient since the integral is 
•algebraic. 


Type II. Homogeneous Equations. An equatioA is called 
homogeneous when it is of the form 

Dy=f(x,y)lF(x,y), 

where f(Xj y), F{x, y) are homogeneous and of the same 
degree in x and y. 

To solve, change the dependent variable by the substitu- 
tion y = vx : the equation becomes 

xDv + v=f{\, v)IF{\, v) = (l>{v\ 
and tlie variables are now separable. 


Ex. 2. 
We find 

whence 

tlierefore, 

or 


(xDv + v) = .^2(1 + 

dx _ 

; 

X \-'V^ 

log tr(l - const. = log (7, 

^.2_ y2_ 


The equation {ax +hy+c) Dy = ax + Uy + c' 
may be made homogeneous by the substitutions 
^=zax+by+Cy f] = a'x+b'y + c, 
provided ab'-^ab is not zero. (See Exer. XXXVIIL, 6, 7.) 


Type III. Linear Equations. An equation is said to be 
livear if tlie dependent variable and its derivatives occur 
in it only in the first degree. The linear equation of the 
first order is therefore of the form 


Dy + Py = Q, 

where P, Q are functions of x (or constants). 
Let li = ^Pdx and multiply by ; 

then since BeA = e^ DPi = e^P, 

we find eADy-\-(APy=^B{eAy'), 

Hence, D{eAy ) = ; 


and therefore 


dx + C. 




CoR. The t‘(juation Dy-\-Py — Qy^^ may be reduced to the linear 
form by putj^ing and taking as the dependent variable. 
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Ex. 3. 

C 

Here 


and 


Therefore 


(1 — 

«. 

ax 

^ %+rr^.y=ri-^’ 

-Pi =/j^= - i log (1 -^®)=l‘>g 
e'’' = l/^/(l -a?). 


1 


1 _ ( axdx 






and 


y^a+€J{\ -x^). 


Ex. 4. When an electric current of strength x is flowing in a circuit 
of inductance L and resistance R subject to an extraneous electromotive 
force the equation of tlie current at time t is 

^ L'jt+Rx=E, 

First suppose E constant, equal to E^^ L and R being constant. We 


have 


. R Ef^ 


and therefore e^x =-^J ^ 

and x^^^-Ce 

When <=0 the current J7=0, and therefore 0= -EJR ; hence 

f -- 

The part E^e ^/R is the extra or induced current and dies away to 
zero as the total current attains its steady value Eq/R. 

Next suppose E— Eq GO^{pt - a) ; then since 

M 

Le^ 


we find 


r 

Je‘- coa{pt-a)dt= It cos {pt- a) +pLBm(pt- a ) }, 
*** E 

Rcos{pt-a)+pL^a{pt-a) 


x^Ce ^ + 


As t increases, the term becomes of less and less importance ; 

the other term gives the steady oscillation. The steady oscillation 
may be put in the form 

where tanai=joZ/A. The quantity ^{R^+p^U) is called the im~ 
pedarm of the circuit. i, 
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Type rv. Exact Equatipns. Vtie equation 

M+NDy — 0, or, Mdx + Ndi/==i)y 
where if, N arc functions of x and y, is- callefl an exact 
equation if Mdx-\- Ndy is a complete differential, that is, if 
'dMI'dy is equal to 'dNjhx (§ 94). in this case there exists a 
function u such tliat 

and, obviously, the integral is 'it = constant. 


Ex. 5. + — = 

Here if = 2xy - + S./-, N~ x^ ~ 2xy + 2y, 

and 3 M j'dy ~ 2x —2y= 'dNj'dx, 

so that the equation is exact. Knowing tliat the equation is exact, 
we can readily arrange Mdx+Ndy as a sum of complete differentials ; 

we find (^xydx + x^dy) — (y^^dx + 2xydy) -f 2xdx -|- 

that is, - d(xy'^) -hdix ^) + 

BO that u=x^y — xy^+x’^-\‘y\ 

and the integral is x'^y - xy"^ + — C. 


Ex. 6. — 4- 2xyl)y — 0. 

This equation is not exact, but it becomes exact wJien multiplied 

w.« 


and the iategral is (a;^+y^)/a:2= O', 

The factor which makes the equation exact is called an rnte- 
grating factor ; when an equation is not exact it may be possible to 
guess an integrating factor and thus integrate it. 


§ 166. Equations of First Order but not of First Degree. 

Let Dy be denoted by p; the equation, when of the 
degree, will have the form ,• 

+ ... +A>+i = 0 (1) 

where A, B, are functions of x and y (or constants). • 
If possible, solve for p ; there will be in general n values 

and each of these equations when integrated will give a 
relation between x and y that will satisfy (1 ). 

Ex. 1. 4-^=0. 

Therefore P~yl^ or •p^xjv^ 

and these equations have as integrals 

y—Cxy y*--a^^C» 
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Ex. 2. Clairavi’s Equatimi, *’ , 

y=^+f{p) r.....(i). 

This equation is of a special form and is integrated thus ; 
Differentiate (i) as to .r, and we find 

or {^+fip))%=^ (ii) 

Hence either dpIdx—Oy that is, jt?= constant = (7 ; or 

■®+/(i>)=0 .’.(iii) 

The substitution of C for p in (i) gives the complete integral 

y = Cx+f{C). (iv) 


On the other hand, if p is eliminated between (i) and (iii), we shall 
get a relation between x and y that will satisfy (i). This relation is 
not obtained by assigning a particular constant value to C in (iv), and 
is called a Singidar Solutio7i. 

Tlie singular solution is in fact the envelope of the family of 
lines (iv) ; for if we eliminate C between (iv) and X’\-f\0)~0, we 
clearly must get the same equation as that called the Singular 
Solution (we have simply interchanged 0 and p). As we have seen 
(§ 145), the gradient of the envelope is the same as that of the family 
(iv) at their points of meeting. 

For example, the complete integral of y=xp + a!p is 
y = Cx+alGy 

and the Singular Solution is given by 

y^ = 4ax. 

§ 167. Equations of the Second Order. 

Type I. D^y = /(cc), a function of x alone. 

Integrate twice with respect to x ; two constants will be 
introduced. 

Type II. Dh/ = f{y), a function of y alone. 

Multiply by Dy ; then since Dy B^y^D{h{DyY] . 

\{Dyf = ^f{y)Dydx+ C=^f{y)dy + C. 

It may now be possible to integrate this equation of the 
first order. 

Ex. 1. The equation of motion of a simple pendulum of length I 
is l$— -ysin 6. To integrate, multiply by 6, then 

cos 

When ^=0, let ; then 

47* -.</ cos a 
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t 


and , -/^^^^^(cos0*-cosa)= 

the negative .sign being taken because 6 decreases as t incjf^ases. 

If we put ^in^O — siinhaf^in <f>^ we get after reduction 
dt l(l\ 1 

dffi \ \<r// V(l - 

The integration cannot be carried further by means of the elementary 
functions, but t may be expressed by an infinite series. The value of t ' 
for the (quarter period is I\J{llg) b^6, ex. 3]. In general, 



• dil> 

/y/(l — siii^ia sin^</))’ 


T 3 rpe III. iy^ji=f{Dy), a function of Dy alone. 

Lot Dymv and we get I)v=f(v) and it may be possible to 
find V, and then y. 

Kx. The equation c/)‘“^== {1 gives (p. 276) 

X = cvi{ 1 + + <i (constant). 

Then = ±(x^a)IJ{e^-{x’-af), 

y — ^ ^/{ — (.p — rt)2} + h (constant), 
or {x — a)‘^ + ( ?/ — hY — v^. 


§ 168. Linear Equations. 1"he typical equation of the 
second order is 

Dhj + PDy + Qy = 2? (1) 

whore P, Q, R are functions of x alone (or constants). 

The complete integral of all linear equations is the sum 
of two functions : — 

I. The Cow,plementary Function (c.F.) which is the 
complete integral of the equation when R (or in general the 
term independent of y and its derivatives) is zero. This 
function will cohtain two (when the equation is of tlfe 
97^^* order, n) arbitrary constants. 

II. The Particular Integral (p.T.) which is any solution 
whatever of the equation as it stands. This function 
contains no arbitrary constant. 

Wo prove the proposition for equations of the second order, but it 
is easy to see that tne reasoning is general ; for the equation of the 

order there will be n functions Ifke «, v, and n constants. 

If y — u and y = v satisfy 

, ,, ( 2 ) 
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so does y=^Au-\-Bv where A, j5*are consjiants. For if 

* FDu+Qu—<)^ DH-\- PDv-\’Qv==0^ * ^ 

then also l)XAit-{-Bv)-\- Pl){Au-\‘Bv)-^Q{Au+Bv) — 0, 
ahd therefore Au^-Bo satisfies (2), and since it contains two constants 
it is the complete integral of (2). 

Next, if y~w is the particular integral, that is. if w verifies 
equation (1) and if Aii + Bv is the complementary function, then 
Au-\‘Bv'\-w will satisfy (1). For when y — Au + Bv-k- 

D^y + PBy + = D\Au -f Bv) + PD{A u -f Bv) + Q{Au f Bv) 

+ D^w + PDw + Qw. 

The first line on the right is zero, ^nd, since w satisfies H), the 
second line is equal to R. This value of y therefore satisfies (1), and 
since it contains two constants it is the complete integral of (1 ). 

The only equations we consider are those in which P, Q 
are constants. 

§ 169. Complementary Function. The equation io be 
integrated is j)iy ^ + ^ 3 / = 0 ( 3 ) 

I. Let y — (X constant); then 

{}?+a\+b)e^ = 0 . 

If therefore X is a root of the equation (the auxiliary 

equation) \^+aX+b = 0 (4)' 

will satisfy (3). The two roots Xp Xg of (4) are 

Xi= - Ja + V(ia2-6), X2= 

and are two solutions of (3) Hence the complete 

integral of (3) is 

y = (o) 

where n = fj{\a^ — h). 

We must however consider special cases. 

II If a2 = 46 equation (4) has two equal roots, namely 
Xj = X 2 = In this case (5) becomes 

y = {A+B)e-^^^ 

and there is only one distinct constant, for we might 
obviously replace A -{iB hy C. 

When a^=46 let yr=e^^^^u and (3) becomes, after reject- 
ing the factor c- if, , i )%=0 

of^ which the qoinplete integral is u=A+Bx. , 
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Hence the complete integral tof (3) when the auxiliary 
equaMon has two equal riots, each = — Ja, is • 

y = {A+Bx)e-^^ ^ \..{6) 

III. If a^<46 the roots of (4) are imaginary. Again, let 
and equation (3) becomes 

l)^w+in?u=0 ( 7 ) 

where J-a^ — &=— and m is real. Now (7) is satisfied 
by K = cos v//M^, u = smmx\ its complete integral is thus 
u = A cos mx + B sin mx, 

and tlierefore the complete integral of (3) when < 46 is 

y = e~^*^^(A cos mx+B sin mx) (8)' 

We shall now show how to write down (5) and (8) when 
the roots of (4) are known. 

Let i denote as usual x/(“" !)• When the roots of (4) are 
real let the roots then are 

~-\a+n, —4a — 71, 
and the solution is y = 

When the roots of (4) are imaginary let Ja^ — 6=— 
the roots then are 

— la+niy — |a — Tii, 

and the solution is 

y = e~ cos nx + B sin nx), 
so that instead of we have costjx, sin??^;. 

It should be noticed that the auxiliary equation is ob- 
tained by replacing i) by \ and rejecting y. 


Ex. 1. 

/)2y+7Z)y-8?/=0. 

Aux. Eq. 

\3+7A.-8=0; Xi = l, \j=-a 

Solution 

i/=Ae‘+Be~^. 

Ex. 2. 

D^y + 2/)^ + lOy = 0. 

Aux, Eq. 

\2+2X + 10=0; X,= -l+3?; Xjj=-1- 

Solution 

y = e~^(A cos 3.^; 4- sin 3a’). 

Ex. 3. 

/)*y — 2 D^y + f>Ifiy -%Dy-\- Ay = 0. 

Aux. Eq. 

A^-2X''+5X2-’8X+4=0;’ 


A, = 1=A-., K==-2i, 


The equal roots Aj, A 2 give {A ; the imaginary roots 2?, ~2i 

give cos 2^7 + /’sin 2.^7. Hence the • » 

Solution ^ = (A + + ^cos.ga7 + /’sin 2a;. 
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§ 170. Particular Integral. The most important practical 
cases are those in which i2 is a Ann of terms of the •form 
Le^l Zsinaaj, Zcosao;; the simplest method of finding a* 
particular *solut ion is by substitution. Equation (1) is now 

Dhj + aDy + by = R (0) 

I. R = Le*^. Let y = Ce*^ and try to find C so that ecjua- 
tion (9) shall be verified. We find 

C(a^ +aa+ h) = Le^, 

and Ce^ will satisfy (9) if (7 = /V(a‘'^ + aa+6). 

There are exceptional cases, however. 

I. (tt). If a is a root of the auxiliary equation (4) then 

a^ + aa + 6 = (), 

and the value of G is infinite. In this case try Cxe^' or 
Cx^e^ according as a is a .single or a double root of the 
auxiliary equation. 

Ex. 1. 

Aux. Eq. - 2A. + 1 =0 ; A = 1 twice. 

To find p.i. take e* and separately ; that is, since the coefficient of x 
in is 1, and 1 is a double root of Aux. Eq., try for r.i. corre- 
sponding to e*, and Ee^ for p.i. corresponding to e^. Hence we put 

and the equation becomes 

26V-f 

SO that (7=^, i?=l, and therefore 
P.I. 

The part corresponding to may be obtained at once by direct 
.application of I. The complete integral is now 
y=c.F.-f-p.i. 

II. i2 = i sin aa;+^ COS aa?. 

Take as trial solution 

y = Emi aaj+i^ cos acc. 

We find 

. {--a^E’-aaF-^hE) sin\ia;H-(--ci^^+aaJE'-}-fejF’) cos uX 

• • 

= X sin cue + if cos aa;, 
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and the equation will be ^atisfiefl if 

(b-a^)E-aaF=L-, aaE+(b-a^)E=M, * ' 

or + j,_-aaZ+(6-a2)ilf 

(b-aff+a^a^ ’ ' (b-^+a^a^ ' 

If a=0 we get 

E=LI{b-ay, F=MJ{h-a^)- 

but this solution fails if a?=h, that is, when the com- 
plementary function is A cos aa;-f jB sin ax. We have then 

II. (a). If a = 0 and ar = b it will be found on trial that 

L , M , 

P.l. = — ^ a) cos ax + ,r-x sin ax, 
la la 

when /i = // sin ax + M cos ax. 


Ex. 2. The etpiation 

,v-\'kx,’\'ixx=a c,o^{nt -a) 

is typical in dyiianiical and electrical theory. 

c.F. i.s easily found. To find p.t. try 

.V — Ecos(nt - a) *f /’sin(7i^ - a), 

and we find by substitution in (i) 

( - n^E+ knFi- fiE) cos(w^ - a) 

+ ( — n^F— knE ^F)^m{nt — a)=a cos(w^ — a). 

Hence (ii) will satisfy (i) if 

(/X - n^) E+ knF=^ a ; - knE+ (/x - n^) F— 0. 

Tlierefore (ji-nif+kV ’ 

Heiuc r.i.- - ■ 

= a cos{?it -a- ai)/V{(fi - 71^)^+ kH^} 
wh ere tan = ^•?i/(/x ~ n^). 

If /r=0 and n^ = iL, we have II. (a). In this case 


..(i) 

.(ii) 


r.i. ^ sin(w^ - a). 

Jilt 

ITT. If ii is a rational integral function of x we may put 
for y a rational integral function and try to determine the 
coefficients so as to satisfy the equation. 


§171. Simultaneous Equations.* We will illustrate, by 
solving one or two examples, some me'thods of integrating 
simultaneofJbs ordinary differential equations, ^he number of 
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equations being equal to tke number of dependent variables 
We take t as the independent variable and restricf oui^-. 


selves to two dependent variables, x and y. 

Ex. 1. x—-~b>y; (i) 

(ii) 

Differentiate (i) and substitute for y its value w.r given by (ii) ; we 
thus get an ordinary equation with one dependent variable, nanu^ly, 
.r + a)% = 0, of which the integral is 

07 = A cos sin mt or x — C cos (a>^ - E) (iii) 

The value of y is now found from (i) ; we get 

y—A (Jit — B co^ bit or y — Csin{bit- E) (iv) 


It should be noticed that although A and B are arbitrary, yet the 
constants in y are determinate as soon as those in x ai’e chosen. If, 
however, (i) contains x alone, and (ii) y alone, the constants in x do 
not condition those of y. Thus the equations 
X + bih: = 0 , ?/ + bih/ = 0 

give 07 = A cos bit-\-B sin (o^, y = E cos a>^ + si n (u^, 

and there is no relation between A , B and A', F, 

Ex. 2. X 4“ 5.r - 3// = 0 (i) ; + 1 ho7 - 7// = 0 (ii) 

Differentiate (i) ; + 5x - 3y — 0 (iii) 

From (i), (ii), (iii) we can eliminate y and y ; we find 

07-2x + ]0.r=0, (iv) 

of which the integral is 

07=e*(A cos 3t+B sin 3^) (v) 

Equation (i) now determines y, namely, 

y=e*{(2A +i?)co8 3^+(2A- A)8in3^} (vi) 

If (i), (ii) had each contained both x and ?/, we should have ditt'er- 
entiated both (i) and (ii), and from the four equations we should have 
eliminated the three quantities y, y, y. 

Ex. 3. As the last example we take the equations 

• Lx+My^lLv^I\ ! : (i) 

Mx-\-Ny-\-Sy^Q, (ii) 

which connect two mutually influencing electric circuits, x and y 

denote the currents, L and N the self-inductances, M the mutual 
inductance, R and 8 the resistances, and P and § the extraneous 
electromotive forces. Tire product LN is greater than 

We may proceed as in example 2 by differentiating (i) and (ii) and 
eliminating y, % y ^ but we will ilhistrate another method. The prin- 
ciple of complementary 'function and particular integral evidently 
holds for simultaneous linear equations ; P, Q are either constants or 

A • 
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functions of and we may apply th^ principle to (i) and (ii). The 
complementary function is thi^s obtainea from 

• (iii) 

Mx-{-Ny + Sy~0 • (i v) 

Let y~Be^* where B are constants, and substitute in 

(iii), (iv). We find ^ + jazj=0 ; (v) 

MXAHNX+S^B=0 (vi) 

If we eliminate the ratio A : B from (v) and (vi) we get the condition 
that (v) and (vi) should be simultaneously satisfied, namely 
{LX 4- n){NX +&)- - 0, 

or {LN- AP)X^HJ^S+NR)X + R^^---0 (vii) 

The roots of (vii) are leal ; for 

( LS -f i\Rf - 4 {LN - i/2) RS=^ {LS - NRf + 4 J/2/25', 
so that the discriminant of (vii) is positive. Also, since LN>M'^, the 
roots of (vii) have the same sign ; both arc negative. If we call them 
-Ai, — ^2 constants as Aj, Ay and we get for 

the solutions of (iii), (iv), 

.»’ = A + A./ “ y — Bye " 4- B.,e “ (viii) 

Bi is connecteil with Aj, and B.^ with A.^^ by equation (v) or (vi), that is, 
By=A^{R - LXy)!MXy, /iy- A2(^- LX.j);Ji/X2- 
If iP, Q are constants, the particular integrals are clearly 
x^P/R, 

and these added to (viii) give the complete integrals of (i), (ii). 

The only other important case is that in which P= cos(7i^ — a) 
Q~Q^ and the particular integral is found by assuming as a trial 

solution, x'= E coi^{nt - a) 4- /^sin(w^ — a), 

y~(jf cos {nt - a) 4* ^sin {nt — a\ 
and determining the constants E, F, (7, H. 

The equations x + + y-kx + c^y = 0, 

are the equations for the small motions of the bob of a gyrostatic 
pendulum (gyroscope axis along suspension), and also the elementiuy 
equations of niotionof an electron in a magnetic field in tl e theory of the 
Zeeman etlcct. (See Gray, Afagnetism and Ehrtru'ity^ Vol. I., § hfij. 
In Chapter X of this work will be found stn eral instructive examples.) 

EXERCISES XXXVIII. 

Integrate equations 1-16. 

1 . {\+x^)l>y=\A-f-. 2 . 

3. y-x By --- />/ (y- 4- /h/) ; 4. ipj 4- x‘) By -\-if = 0 ; 

6. xBy-y~J{x'+y-)\ B. (2.a;4'18y-14)7>y-6.r-h5y — 7 ; 

7. {ax-\‘hy+c)By = m{ax->rhy)A‘g ; ^ Replace y by the 
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substitution r)~aa;+ hy, 

8 . {ax+hy-\‘c)Dy = fx-ay^-g \ Dy+y^e^* \ , 

10. xDy -\-y—x\ 11. (1 - x^ Dy - = 1 ; 

12. (1 + Dy -f 2xy = x ^ ; 13. Dy ay — cos {hx + c) ; 

14. X Dy +y = ; 15. x- Dy + ?/ = xy ; 

^ 16. y {x^ - y^ - h ') Dy + x{x^ +y^ - a-) = 0. 

Find the complete integral and the singular solutions (where they 
exist) of equations 17-19. 

17. (y — px)'^ = ; 18. , y — px -f ; 19. x^ (y - px) —ypP'. 

Solve equations 20-27. 

20. Uhf — {a + h) Dy 4- ahy = 0 ; 21. - bD^y + QDy — 0 ; , 

22. n^y — 6 + lOy = sin 2.r ; 23. D'-y — 3/)y + 2?/ = ; 

24. D^y + 7ih/ = a cos n.v + h sin nx ; 25. D'^y ~ = ae"* 4- ; 

26. />‘^^-6i5y4-13y=ji^ ; 27. />*y4-2Z)^;^4-;/=0. 

Integrate the simultaneous equations 28-31. 

28. x—lx+y—0^ y — 2x — 5y^0; 

29. i*4-.y4-2.r4-y=0, y-hbx-hSy—O ; 

30. ,v+2x-8y = tf y-8x + 2y—e‘^*; 

31. iF--3^“4y=0, y+x-hy=0. 

32. Integrate the equations .r=0, y= determining the constants 
so that ^=0, y =0, i;= K cos a, fj— Tsin a when ^=0. 

33. Integrate the equations x^—yuv^ yz=z^jxy^ choosing the con- 
stants so that x — a^ y = 0, £t=0, y = b^fp when t=b. 

34. Integrate the equation ir>= choosing the constants so 
that x=a, x—0 when t—0, 

35. The equation BD*y=w occurs in the theory of the bending of 
beams, B being the flexural rigidity and w the weight per unit length ; 
integrate the equation under the conditions : 

(i) y=0, D^y—0 when a =0 and when x=l ; 

(ii) y=0, Dy=^0 when ^=0 and when x=l\ 

(hi) y—0, />?/=0 when a;=0 and D'^y—O^ D^y—0 when x^l. 

36. The plates of a charged condenser of capacity C are connected 
by a wire of self -inductance L and resistance R\ if at time t the 
difference of potential between the plates is F, then V satisfies the 
equation 

CLV+RCV-\- r=o, 

and the current y is -Cy. Show that the discharge will be oscil- 
latory if CR^<AL^ that the period T is given by 

T=47rE/y/HLIC~R% 

and that the logarithmic decrement of the potential is RTj^L, 
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37. Integrate the equation Dy+n^—0 by changing the 

•dependent variable from y to n where u=xy, 

(live the complete integi'al, and also the integral wAich remain? 
finite as x converges to zero. 

38. Show that the complete integral of 

x^Dhf + ax Dy + hy — 0 
is y — ^ 

where Aj, A 2 are the roots of the e(j nation 

A(A~ l)+<iA "1*^—0. 

Take as trial solution y=.v^ and proceed as in § 169. 

39. Integrate 

(i) X jy^y -)r^Dy = i\x ; (ii) D^y ~ ^x^D^y + /)y - 6y = ; 

(iii) x^nh/ - 2;</ — x. 

40. Integrate the equation 

x^D-y + X by H- n^y — 0 

by changing the independent variable from ^ to ^ where j?=e®. The 
e<piation for A, corresponding to that of example 38, has in this case 


imaginary roots. 


41. I ntegrate 

42, Integrate 

d ‘^r ^ dv 

dr-'^ r dr 


43. Find Dy from the equation 

44. If ^ where u, r, are functions of x, show that the linear 


equation 

Dhj+PLy+Qy^R (i) 

becomes, the accents denoting .^'-derivatives, 

• W' +(2t'' -t- +(v" + 7V + Qv)u =[i (ii) 


It follows that if v is any solution of (i) when /f=0, the value of u 
( and therefore of y) can be found ; for the coefficient of u is zero, ana 
(ii) is linear, and of the first order when 21 ' is tlie dependent variable 

46. Integrate xW^y-\-xDy-y=a^, 

ruty=.rw. 



CHAPTER XXL 

DEFINITE INTEGRALS. OPERATIONS UNDER THE 
SIGN OF INTEGRATION. 

§ 172. Continuity of an Integral. Froin the definition of 
an integral as the measure of an area (§§82, 110, 131) it 
follows that when the integrand F{x) is continuous for all 
the values of x in question the integral 

zms{ F(x)dx==[ F{u)du (1) 

Ja Ja 

is a continuous function of the upper limit x, its derivative 
being Fix). 

The definite integral 

u;=j' J Fix)dx (2) 

is a function of its limits a, b, and the derivatives of tv 
with respect to b and a respectively are, by the definition 
of an integral, 

<”) 

If, as frequently happens in physical applications (see 
§ 44 and § 69, example 6), the integrand has a finite dis- 
continuity of the type shown in Fig. 87 for tlie value 
OE—c of Xy the integral when x^0M> 0E> OA—a is 
defined by the equation ^ 

z— \ F{x)dx= [ F{x)dx+ f F{x)dx. 
f Ja * Ja Jc c 

€ » € 
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The integral z is still a continuous function of x, but 
dzjdx^m discontinuous fo? x = c\ in the notation explained 
*in § 44 we have 

The discontinuity is measured by the limit, for e and e' 
converging independently to zero, of F{c + €)--F{c--~e) and 
is equal to GH\ it is said to be finite since GH is finite. 
A discontinuity such as that of ll{x^c) for x = c is said to 
be infinite because the limit of the difference 1/e— l/(--e') 
is infinite. 



In § 126 the definition of an integral is extended so as 
to include cases in which the integrand has an infinite 
discontinuity and the definition is such that the integral 
is continuous. When the integrand has an infinite discon- 
tinuity, or when the integral has one or both of its limits 
infinite, the integral is called an improper or an infinite or 
a generalised integral. Before beginning the consideration 
of the special subject of this chapter we must discuss 
briefly the improper integral ; in the discussion the ideas 
and terminology of Chapter XVII. find frequent applicatio#i. 

§ 173. Infinite Limits. If F{x) is continuous for 
then by definition (§ 1 26) 

[ F{x)dx= L [ F{x)dx- L f{x\ (1) 

Ja • x=oo 

provided the limit for x = oo is a^lefinite quantity. 

Now, by § 148, Theorem III.*, the nc^pesj^ry and sufficient 
condition that the function should tend to a definite 
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limit when x tends to infinity is that the difTercnce 
should converge to zero when b c«nd c tend in any manner 
towards infinity. In this case 

/(c0-/(6)= [F(x)dx^ \'F(ce)clx== [ F(x)dx, (2) 

J a J a Jh 

so that the integral (1) will exist if the limit of the last 
integral in (2) is zero when h and c tend in any manner 
towards infinity. When the limit exists the integral (1) is 
often said to be convergent. 

Similarly, if F{x) is continuous for x^a, the integral 

[ F(x)dx (3) 

J -00 

will be convergent provided the limit of the integral 

Y'F{r)dx (4) 

is zero when the positive numbers 1/ and d tend in any 
manner towards infinity. 

When the limits are — oo and +oo the integral is con- 
vergent provided the limit of each of the integrals 

J F{x)dx and | F{x?}dx (5) 

is zero when the positive numbers c, h\ d tend in any 
manner towards infinity. 

Obviously tlie convergence of the integral (1) depends 
solely on the behaviour of F{x) for large values of x 
(compare the Note, p. 380). When the indefinite integral 
can be found the convergence can usually be decided with 
facility; the following theorem will be useful when the 
indefinite integral can not be obtained. 

Theorem. Suppose that for large values of x, say for 
x>N, the function F{x) can be put in the form (j>{x)fx\ 
If, for every value of x greater than JV, </>(x) is numerically 
less than a finite number A, then the integral (1) is con- 
vergent provided lol; but if, for every value of x greater 
than N, <p(x) is^ ei^ier al\frays greater than a positive 
number B or else always less than a negative number — G 
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{B and C not zero), then tlie integral (1) is not convergent 
when ^ 

• 

The proof follows at once from § 124, Theorem VII. ; thug, numerical 
values alone being considered, if F{x)<:iAjx^ when V, we have 

When h and c tend to infinity the limit is clearly zero if /:> 1. 

In the same way the case for divei'gence is proved. 

A similar theorem holds for the other cases of infinite 
limits. 


Absolute and Conditional Convergence. An integral is said 
to be absolutely convergent if it remains* convergent when 
the integrand F(x) is replaced by its numerical value 
|i^(a;)|. if a convergent integral ceases to be convergent 
when the integrand F{x) is replaced by its numerical value 
\F(x)\ the integral is said to be conditionally convergent. 


Ex. 1. Tlie integral f is conditionally convergent. 

Jo ^ 

The theorem given above cannot be directly applied in this case 
(though it may be af^r integration by parts) ; but by example 23, 
p. 308, we have, if mr ^ 6 < (w + 1 )7r, 


f* 


* 8in:r(T^.r_ 

X 


= — ... -f-( — — l)"~^Wn-l + (— 1)“W6, 

where w*=j^ (^-=0, 1, n-1), «j=jf 


Sin t4 aw 
u-\-mr 


The integrand of w* is never negative and, since ii + lcTr is less than 
w + (^-fl) 7 r, is greater than ; it follows therefore, as in the 
example on p. 379 or as in Theorem II., §ir)0, that the integral is 
convergent. The convergence is however conditional ; because 


ri 


* I sin .r I 


(Jx = Wo -f Wj 4- . . . "h w„_i + Wft 


, sin udu ^ _ 2 

SO that the integral is greater than 

• • 

and therefore tends to infinity when b does so. 
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Ex. 2. If c: >0, the integral ( — is conditionally convergent. 

Ex. 3. If a > 0 and r > 1, each of the integrals , ♦ 

f” co8^c?.r 

« ’ L ^ 

is absolutely convergent. 

Example 2 is proved like example 1 ; the examples in 3 follow from 
the theorem of the text, since |sin.rl and jcos^’l never exceed unity. 

§ 174 . Infinite Integrand. If F{x) is continuous from 
ii5 = a+e(e>0) to a; = 6, but the limit of jP(tt+e) for e 
tending to zero is infinite, then (§ 12G) 

[ F{x)dx= L f F(x)dx== L f{x) (1) 

Ja t!—OJa+e x=^a 

provided the limit is a definite quantity. 

f{x) will converge to a definite limit as x converges to a 
provided the difference f(a 4* e") ~/(a + e') converges to zero 
when the positive quantities c', e" tend in any manner to 
zero. Hence the integral (1) will be convergent if the 
integral 

ra+«" Cb C' 

F(x)dx = F{x)dx ^ F(x)dx ( 2 ) 

Ja+e' Ja+t' J a+e'' 

converges to zero when e', e" tend in any manner to zero. 

In a similar way the iiitegi*al is defined when F{x) 
becomes infinite for x tending to b or for x tending to c 
where c lies between a and 6. (See § 126, with example 3, 
p. 305.) 

Theorkm. If from a;=a to x=b the integrand F(x) is 
of the form ^(a;)/(a;— a)^, where <f>{x) is continuous from 
x^icito x=^b, the integral (1) is convergent provided /l<1 ; 
but when is not zero the integral is not convergent 

A similar theorem holds for the other cases of discon- 
tinuity. The proof follows at once from Theorem VII., 
§124. (Seepp. 305,306.) 


Ex. 1. The integral f — ?>>0, is convergent if r<2. 

Jo ^ 

We may take </>(A*)=sina7/,r, ^nd the integrand is then 
Tlie integral is theijefor^ convergent if ?• - 1 < 1 or r < 2 , If we take 
the limitation that ^(0) is not to be zero comes into play. 
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Ex. 2. The integral f — , b >^0, is convergent if r < 1. 

In this case — 

The discussion of improper double integrals is much 
more difficult. When the integrand becomes infinite at one 
or more isolated points, or at every poii)t of a curve within 
or on the boundary of the area of integration, that area 
should be first contracted a little so as to exclude these 
points ; the integrand, being continuous over the area thus 
contracted, will yield a finite integral. This finite integral 
tnay possibly, when the contracted area is extended so as 
to coincide with the original area, tend to a definite limit ; 
if so, this limit is taken as the value of the original 
integral. We give two examples, but the detailed treat- 
ment is quite beyond our limits. 


Ex. 3. I' dy jf “y.. ^ « all positive. 

The integrand is infinite for .r— 0, y =0, hut at no other point in the 
area of integration. We therefore exclude the origin from the area of 
integration by a small rectangle of sides c, c'; the integral over the 
area thus contracted (Fig. 88) is 




dx 


{px+qy)” 

1 _ _ 

(l -n){^-n)pq 


{ {pa + qhf-" - {pa)--" - {qhf-" + {pef-'' 
-¥{qif-"-{pt-\-qt'f-"}. 


Y 


O ^ 


Fig. 88. 


If w<2 this expression converges to a definite limit when €, c' tend 
in any way to zero. If 7i = 2 the integral cpntains logarithms which 
do not tend to a definite limit, while if 7i>2 the expression becomes 
infinite. The given integral is therefore convergent if m< 2. It is 
obvious that if the integrand were and if 

were continuous, the integral would still be convergent. 




TWO IMPORTANT INTEGRALS. 


^449 


Jo 'a; ‘^”2* 


In example 1, § 173, let b==(n + l)7r ; this choice is aclmij^sible since 
b may tend to infinity in any manner. Hence • 

f L + ... + (- l)"w,}. 

Jo n=« 

T ^ 

M — f'" _ f^fiinuciu j'^ sini^d/t 

o\v iijt u + hir Jq u + ^tt Jo (^ + l) 7 r- u 


because 


/"' sin u du _ p sin v dv 
J^ u-hl:7r Jo (^-hl)7r — v 

by the substitution u = 7 r-v. Hence 

— / -ri— sinwc?M= f 
Jo sin?4 Jo 2 

It will be observed that we have assumed that 


The assumption is legitimate because, as may be very easily proved, 
the integrand last written is a uniformly convergent series. 


Corollary, 


Jo X 


ax j w T _ /X 
dx—- if a>0 
2 

=* if a<0 

=0 if a = 0. 


If a>0, the substitution ax—y reduces the integral to that just 
evaluated. If a < 0, the integral is equal to 

/** sin o!x j TT 

-j, 

where a' =- a = positive quantity. ^ If a=0 every element of the 
integrand is zero, and therefore the integral is zero. The integral is 
therefore a duccmtinuous function of a. 


o.a 
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* B. f if 0</)<L 

f Jo 1-ha; ainpir^ 

The integrand may be written in the forms : 

( 

‘ near :r=0, ~i near ^=oo, v-Ai 

’ I -ha; l + l/a; 

for convergency therefore we must have 0<jt)< 1. 
Denoting the integral by /, we have 

< r x^-^dx 

1 -hx ji ’ 

In the second of these integrals let 1/w, and we find 
Cx^~^dx f^u~^dti f^x~^dx 


f'°x^~^dx_ C^vr^du_^ x~^dx 

Ji ~l-hx ~'Jo \+u ~ Jo 

and therefore I— f dx. 

Jo 1+^ 

1 A:=sn ^n-fl 

but 

1< - '>* (tip-^ITT^) *< - 

As n tends to infinity the integral last written converges to zero, 
because it is less than . 

— - — -+ ! jr. 

Jo ^ ' n-hp+l n-p + 2 

Hence, /=‘f°(-l)*fE:^+rr7 )=-•—• 

\k+p k+l-p/ ampir 

§ 176. Gamma Functions. On paf^es 349, 350 some of the 
simpler properties of the Gamma and Beta functions are 
stated ; we now give two important results. 

A. If0<2?<l, r( 7 ?)r(l --/>) = 7r/sinj>x. 

In examples 20, 21, p. 350, let n=p, m = l— n, so that 

r(m+7?) = r(l) = l; then 

r(rtr(i-y)=«(p,i-p).f;?'-;g5.j^ 

by § 175 B. 

a r(p)V(p+i)=^T(2p). 
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Let^us consider B{py p\ • 

B{py.p)^ \ \ — 

Jo Jo 

The second integral Is easily seen (compare § 125, 
Theorem III.) to be equal to 

Jo 

which, by the substitution \-x^Uu, leads to 

Ji{p, p) = 22 J ; u- *(1 - uy - Hu = , p). 

Expressing the Beta functions in terms of the Gamma 
functions, and noting that r( 2 ) = s/tt, wo find the equation B. 

§ 177. Second Theorem of Mean V^ue. This theorem has 
been referred to in examples 30, 31, p. 308 ; as it is of fun- 
damental importance in the discussion of definite integrals 
we shall now prove it. It is convenient to have a word to 
describe a function which, as its argument increases, either 
never decreases or else never increases; such a function 
will be called monotonic. 

The proof of the theorem depends on tlie following simple lemma, 
usually quoted as Abel’s Inequality. 

Lemma. If for all values of r loss than or equal to n, where n is 
any integer, A>n,+u.,+ ... + Ur> B 

where Wi, ••• w,* are any rejil quantities, and if ai, a-j, ... is a 
non-increasing sequence of positive quantities, then 

a-i A > UiUi -t- a>2U2 + . . . 4- it„u„ > B. 

The numbers Ui, ... «« form a non-increasing sequence if eadh 
number is greater tlian or ccpial to every number that comes after 
it ; the sequence would bo non-decreasing if each number were less 
than or equal to every number that comes after it. Now, to prove the 
lemma, let -f-w,. ; then 

= U2 = S2~Si, ?/3 = 53 — 5*2, ... “* 

Denote ai?-ti4-a2W2+ + by aS and substitute for Wi, Wo, ... in 
terms of «i, .s’..,, ... ; therefore , • 

>S^==al5l-h^^2(.S2~5^) + ^y3(•^3~«2)+ ... 

^ («! - a2)si 4- (a.j - a3y> 4- . . . 4r {«„_i - a„)s,,_^4- ^ 



452 \\N ELEMENTARY TREATISE eON THE CALCULUS. 


The differences (ai-Oy), ... are all positive or zero, and each 

of the [quantities si, ... is less than A and greater than B ; bjnce 

B<C{ (cti — <* 2 ) 4- (<*2 — ci>‘^ 4- . . . + (®«-i ~ CL„) 4- ^ 
but . >{(ai-cj2)4-(a2-as)4-...4-(a„-i-a«)4-a«}^, 

that is, aiA >S> aiB. 

If M is some mean value between A and B, we may write 

S=aiM. 

Theorem I. If, throughout the interval a^x^by the 
function <l>(x) is continuous, positive and non-increasing, 
and if the function \lr(x) is continuous, then 

[ (fi(x)\fr(x)dxs=:^(a){ \l/'(x)dx 
Ja Ja 

where a ^^^6. 

Divide the interval (a, b) into n parts (a, a?,), (x^y x^y ... 
b)y and, for symmetry, let a^x^y 6= a?,/, then 

. f (f>(x)^(x)dx=: ^ f d>{x)y}/^{x)dx (1) 

Ja 

In the interval Xr) put 4>(xr-i)-- [<f>(xr^i)’—(f>(x)} 

for its equivalent <f>{x)y and write the integral froip Xr^i to 
Xr as the difference of two integrals ; then 

f <l>{x)\lr(x)dx^ 2 ylr{x)dx—R (2) 

Ja r=l J^r—l 

r=»n 

where R~ ^ I ' {<l>{xr.i)—<l>{x))\lr{x)dx. (3) 

r=sl J^r-l 

^ In the lemma let and 

Mr = |’^ yJr{x)dXy SO that \fr(x)dx, 

f* 

The integral \fr(x)dx is a continuous function from 

• a 

x==a to x = by and therefore tjio mean value M of the lemma 
will be given in^this case by a value of the inte^al for 

some value (or values) of x in the interval (a, b) ; let ^ be 

• < 
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one such value, so that a fc, then the first sum in the 
night-hand member of (2) is of the form • , 


0(a)j^ 


\Jr{x)dx. 


We shall now show that R tends to zero when n tends to 
infinity, each interval {Xr-\, iJbr) at the same time tending 
to zero. 

In the interval Xr) the difference 0(xv-i) — 0(x) is 

either positive or zero and (§ 124, Theorems VL, VII.) 

f' Wa^r-x)-</>(x)}lir(x)ldx 

r = l J^r-l 

< 2 \ylr(x)\dx. 

r=l 


Now we can choose n so large (and each interval so 
small) that for cvciry r the integral 

f” \yl'{x)\<lx 

J«r-1 

shall be loss than any given, arl)itrarily small, positive 
number e ; we then have 


I |<€ ^ {0(r,.-i) <l>(Xr)] 0(^)}* 

Hence the limit of R is zero and Theorem I. is established. 

It is not hard to see that the proof holds even if <f)(x) 
and \Jr(x) have a finite number of discontinuities of the 
kind referred to in §§172-174 provided the discontinuities 
of {/)(x) are finite. 

Theorem II. If, throughout the interval thef 

function 0(a;) is continuous and monotonic and the function 
'i/r(x) continuous, then 

I <f}(x)\lr(x)dx— ^(a)^ ‘^(x)dx + (f>{b)j \lr(x)dx ....(IL, 1) 

= 0(a)[ \lr(x)dx+{(J>(b)--\f>(a)}\ ^(x)dx ....(IL, 2> 

Ja • 

where a 6. , 
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This theorem follows at^once from Theorem I. For if ^(cc) 
doos<iiot increase but is either 'positive or negative, thei? 

— ^(5) does not increase and is positive; similarly, if 
<j>{x) does not decrease, then </>(b)-‘(/>(x) does not increase and 
IS positive. Tlio substitution of <f>{x)‘-^(p{b) or ^(b)^^{x) 
in place of ^(a;) in Theorem 1. gives after a slight trans- 
formation the equation (IL, 1); the equation (IL, 2) is 
merely another form of (II., 1) which is sometimes useful. 


Ex,l. If 

Jo Jo 


^majcdv 

of 


Jo Jo 

show that u is convergent if 0<r<l, and that v is convergent if 
0<r<2 (rt$0). 

Both integrals are convergent at the lower limit hy the Theorem of 
§174. When x>0 the function l/x'^ is in both cases a decreasing 
function ; hence 

r* 


i 


*003 00?, I _7 . 1 r* 

aj(j= r: I cos ax ax + r^ I 

k 


CQ^axdx 


sin - sin ah sin ak - sin 
alf akf ’ 


and therefore less numerically than 2/04**+ 2 /ol:^. The limit for h 
and h tending to infinity, is therefore zero if r>0. 

In the same way we see that v is convergent. 


Ex. 2. Apply Abel’s Inequality to prove examples 14, 15, p. 389. 
Take example 14 and let 


In Abel’s Inequality let 0 ^= 1 /(»+r), ?v=cos(w+r)0 ; 


then 


. rO ( , r + 1 
,s,.=sin Y cos ( W+-Y- Oj +1 


9 


If 6 is neither zero nor a multiple of 27r, .sv is finite for every value 
of r, say |5r| less than c. Hence is less than c/(7i+l), and 

therefore converges to zero, for every value of p, as w tends to infinity, 
so that the series is convergent. 


EXERCISES XXXIX. 

1. If a and h are both positive show that the integral 
r” ^si n ax cos hx 

is equal to ir 1 2 or zhro According as a is greater or less than &, and is 
equal to irj^ita^h* 
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2. Show that 


/.X sin2;r , IT . /..V r” sin' 

(0| (n)| - 


, Ztt 


,3. Graph the curves 


(0 y=/ 


' sin 0 sin xO 


dd; (ii) y= f 

Ji\ 


’ sin26^8in.r^ 


4. Show that, n being a positive integer, 

Jn X L 2.4,b,..2n 2 


2.4.6...2^i 


5. Show that if 0 < ;; < 1 


/ — ajc— 2 I - - d:c 27 r cot ;>7r. 

Jo 1-./7 ^ Jo 1“-^* 

J^Pioceed as in § IVo, n, using the result (§ 193, example 1 (v)), 

rcot^ = T )]. 

6. Establish the following values, which are all obtained hy trans- 
formation from § 175, b, or from example 5 : 


0<a<l, 

0<5<1. 


/.X TT m, n positive integers 

271 

I — j— ^<ir=ir(cotan--cot67r), o<6<i 

/X /** e”* - e~”* , TT . TITT _ ^ ^ T 

(v) 

ttTT l)Tr 

/.oo 1 17 TT COS — cos 

r cosh au7 cosh 6^ , 2 2 

(vi) / aa:= — — , ~l<adb6<l 

Jn cosh 07 cos aTT + cos ?>7r ' 


cos aTT + cos hir' 


1 <adb5<L 


7. Show that if 0 </? < 1, 

r + x-p) log (1 +x) - X. 

Jo ^ ® 0 ? psmpTT 

8. Prove that (see § 193, example 2,«(vi)) 

/** sin 007 cfo7 a 
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9. Show that (see example p. 332), if n is a positive integer, 

• /•«» * • i> 

. / .rlog(sin2u7)rfd?=:7iV21og(^). « 

I ^ 

Examples 10-18 are all reducible, by an appropriate substitution, to 
Gamma functions. 

io n-a^’v" »sm^' ’ A (l+ 9 ^)(l-x)"”(l+a)» 8 i 

12 (1 - ^ ^ B{m, n) 

Jo + a"(a+6)”‘* 

13 c os^***~\r sin^"”^^* fir _ ^(m, 

./o cos'-^.r + 6 sin‘'*;r)’" ~ 2a’*6** ‘ 

» y TTsec^ 

14 tan*4:T flip 2 

Jo a cos-.r + b sin‘'*.r *" _ In* ,1±^‘ 

2a 2 0 2 

15 r - 2”-^ oAi n\ 

Jo (a + ftcos.r)« Vl’ 2/* 

/»« g2mx I g-2fnx 

I «-w). 


19. If each of the integrals (a> 0) 

'“-Pd+j)'-*** 

is convergent, show that P=s^loga. 

20. Trace the curve (a > 0) 


9=r/(£+2)^ 

Jo \a X/ X 


V 



^\tixQ^\n%ad j a 
‘"TsinaO^ 


§178. Operations nndor the Sign of Integration. Let 

F{x,y) be a continuous function of the two independent 
variables x, y throughout 1;h« ranges 

. * a'^y^b’ ; (r) 
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the function f(y) defined bjr the integral 

Ay)=\'‘F(x,y)dx '..-(I) 

will be a continuous function of y (sec below). 

A property of a continuous function tliat we have always 
tacitly assumed — its uniform continuity — plays a pro- 
minent part in the proof of this and other theorems. If 
.x*!, 2/i be any given pair of values in the ranges (r) we can, 
by the primary definition of continuity (§89 and §45), 
always find a positive number fj such that the difference 

\F(oc2,y2)-F(xi,yi)\ ( 2 ) 

sluill be less than any given e (where e has the usual 
meaning) when and | 2 / 2 "* 2 /il Ci\c\\ less than 

If, however, we choose another pair x\ y' instead of y^ 
we shall usually have to choose a new value of Now 
the uniform continuity of F(x, y) consists in this (compare 
§ 151), that when e is given we can always find one such 
that the difference (2) shall be less than e provided only 
that \x 2 ^Xj} and lyo^Vil each less than rj, however we 
choose the pair x^j We shall assume that continuity 

is uriiforni. 

We can readily prove the continuity of f(y) ; for 

f(y+h)-f(y)= f {F(x, y+h)-F(x, y)]dx (3) 

Ja 

Whatever value in the interval (a, h) x may have, we can 
always choose h so small that |^(ic, y — F{x, y)\ shall be 
less than c and therefore \f{y+li)—f{y)\<e(b--a)\ but 
this shows that f{y) is continuous, and that for every y in^ 
the interval (a', ft'). 

We now prove the theorem, a and 6 being supposed 
independent of y : 

Theorem L If F{x^ y) and the partial derivative 
Fy{Xy y) are continuous functions of the independent 
variables x, y throughout the ranges (r) tlie derivative 

♦The necessary modifications when x^—a or h ^nd = or U we 
leave, in this and similar cases, to the students own inderment. 

0.0. 92 



458 V AN ELEMENTARY TREAflSp ON THE CALCULUS. 


f\y) of the function /(jr) defined by (1) is given by the 


equation 




y) 


dx. 


.(4) 


This theorem is usually quoted as that of differentiation 
under the sign of integration, and the variable y is often 
called a parameter. 

By the mean value theorem of §73 we can write 


F{x, y+h)-F(x, y)=liFy(x, y^) 

= hFy(x, y)+h{Fy(x, y^)-Fy(x, y)} 
where is some value between y and y + h. 

Substituting in (3) and dividing by k we find 


/(y+M , y^-Fy(oe,y)]dx. (5) 


But \Fy{Xy y^'-Fy{Xy y)\ can, by taking h small enough, be 
made as* small as we please whatever value in the interval 
(a, h) X may have; the last integral in (5) therefore 
converges to zero with h and we obtain equation (4). 

Suppose now that a and b are continuous functions of ?/, 
the conditions of Theorem I. holding and the derivatives 
dajdy, dhjdy being continuous; the total derivative of 
f{y) is (§90) given by 

dy dy^ ?h dy'^ 'dy 

<«) 

where 'dfl'da, df/db are found as in §172 (3) and df/dy is 
^given by the integral (4) above. 

The following theorem has been proved in § 135, but it is 
instructive to establish it apart from the considerations of 
rhat article. 


Theorem II. If F(x, y) is a continuous function of the 
independent variables .t, y throughout the ranges (r) and if 
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?^<j, _ 


= F{x,y) 


'dy^' 


..( 8 ) 


.(!)) 


^en 

• Moy 

and the integrals • 

P=\ (ly\ F{x,y)<kc, Q=[dx\ F{x, y)dy 

J a' J a J a J a! 

are equal to each other. 

The double integrals P, Q arc really repeated or successive 
integrals, just as the derivatives in (8) are successive ; we 
make no use of the results of § 135. ' 

Let v) — 1 F{Uy v)du, <j>{Xy 2/)= [ v)dv ; 

Ja Jfl' 

then ^(oj, v) is continuous and 

= f (», y)du. 

Again by Theorem I 




so that equation (8) is established. 

Next, in the integrand of P put d'^€l>ldxdy for F{Xy y); 
then 


[ F{x, y)dx^ 

J a 

~'d(t>{x, y)l^ _'d(l){h, y) 'd(j>{a,y) 

. 'dy X 3?/ Sy 

and P = ' 

L' 3a! ^ 




= ^{h, h')-<f>{h, a)—<t>{a, h')->r<j>{a, a'). 

In the integrand of Q put d^(l>ldydx*loT*F(Xy y) and we 
get for Q the value just found for JP. 
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Taking the function ft[y) defined by (1) we may write 
the (Squation P—Q 'm the form ‘ * , 

. ' I f{y)(h= \dx\ F(x, y)dy. (10) 

Jo/ J a J a* 

The theorem expressed by equation (10) is usually quoted as 
that of integration under the sign of integration. 

It must bo specially noted that throughout this article 
the numbers a, 6, a\ h> are supposed to be finite. 

The methods illustrated in the following examples are 
often useful in the evaluation of integrals ; other examples 
will be given later. 

Ex. 1. Evaluate f . 

Consider the equation 


/. 


1 J 1 i. 1*^ 

—J — ^du = - tan"^- ; 
'o O' o 


we may take a as a parameter and differentiate with respect to a. 
We thus find 


f * - 2a du I 


or 


i 

r. 


V VVW El . I 1 


■ ( a* )’ 


du 


1 . .X , 1 


2a3 




0 {u^+a^f~ 

The value just found is that integral of which vanishes 

when.r=0; we have taken was the variable of integration to make 
the process quite clear, but in finding an indefinite integral we may 
obviously dispense with the change of the variable. 

Ex. 2. Calculate / log (1 - c* cb, e^<\, 

Jo 

Denote the integral by u and differentiate with respect to e ; we find 

* f^'~ 2^sin^a?c^ _7r 2 dx 

de Jq 1 - sin*.r e e Jo I- sin V 
The integral may be found at once by the substitution 7?=cot .r ; then 

TT 

de € ey/{\ - 

Integrating with respect to e and noting that w=0 when e=s0 we 
get the result 
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The in^gral is continuous up^to and tncluding e=l ; putting e=l 
UK find * « 


jf log (cos 07 )=! log log(siri:r)c?^. 



§ 179. Uniform Convergence of Integrals. When the limit 
h (or a) of the integral (1) of §178 is infinite the theorems 
of that article require further examination ; in the dis- 
cussion to be now given we follow closely the lines laid 
down by Ch. J. dc la Vallee Poussin in his memoir £tude 
des inUgralea d limites injinies (Annales de la society 
scientifique de Bruxelles, Vol. 16 (1891-2), pp. 150-180). 
Reference may also be made to an article by Professor 
Osgood, Prohlams in Infinite Series and Definite Integrals 
(Annals of Math. (2nd series), Vol. 8, pp. 129-146). The 
student should compare the following discussion with that 
of §§151, 155. The conditions stated for the validity of 
tlie various theorems are merely sufficient, not necessary. 

Note. — Unless the contrary is explicitly stated the 
integrand, usually denoted by F{x, ?/), is a continuous 
function of the two independent variables x and y for all 
the values considered. An interval or range, denoted by 
{a!, 5'), is, unless the contrary is explicitly stated, a closed 
interval (p. 89). The symbol e Mull alM^ays represent an 
arbitrarily small positive quantity. These conventions 
Mull save tedious repetitions. 

Definition. The integral 

f oo 

F(x,y)dx (a) 


is said to converge uniformly throughout the range 
a'^y^h' if, € being given, there exists a number M inde* 
'pendent of y such that for every N greater than M 


1 £ 


F{x, y)(Dc 


< e. 


.(B) 


The following remarks may be useful. If th*e integral (a) converges 
at all we can choose M so that the inequality (b) will be satisfied 
if Jf ; but Jf will usually depend not onjy oi^ e but on y. If M 
is a function of c alone when the integral (a) converges 

uniformly throughout (a', b'). 
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It may happen that ar function of c alone for every in 

this ^se the intej^ral (a) converges unfformly throughout the 
interval But it may also happen that is a function of € 

alone whatever definite value (no matter how large) is assigned to V 
and yet not a function of € alone for e^Jeri/ y ; M may tend towards 
infinity along with h\ the convergence therefore becoming infinitely 
slow (compare § 188). In this case the integral (a) is said to converge 
uniformly throughout an arbitrary interval («', 6'). 

The integral / e~^*dx converges uniformly throughout the un- 

jo r® 

limited interval y S o! > 0, but the integral j only throughout 

an arbitrary interval, Q<a'^y^y where U is any definite number 
but as large as we please. 

Theorem. The integral (a) will converge uniformly 
throughout the interval {a\ 6') if there exists a function 
^(x), independent of such that for 

(a) <p(x)^0 for x^a; (/S) \F(x, y)|g0(a3) for x^a ; 

f oo 

<j>{x)dx converges. 


The proof is simple ; we have 

I poo If*! 

I F{x,y)dx\^\ \F{x,y) dx<\ d>(x)dxy 
Jn Jiv( Jn 


and by condition (y) we -can choose M (manifestly inde- 
pendent of y) so that if N> M the integral last written will 
be less than €. 

This theorem is analogous to Theorem III., § 151 ; the 
interval {a', I/) may be limited or unlimited. 


Cor. 1. If throughout the interval (a\ 6') 

• ' 2/)=/(«)'A(®. y) 

where \fr{x, y) is finite and I f(x)dx absolutely convergent 

Ja 

the integral (a) will converge uniformly throughout the 
interval (a', b'). 

If \yfr(x, y)\< G, a constant, we have only to put 
. . </>(‘»)=C\f{x)\ 

and the theorem is applicable. 
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CoR.^ 2. We may write F(!h, y) — x'^ y)\ if 

•Jb^F{x, y) is iinite for all values of x and y in question the 
integral (a) will converge uniformly provided h>\ (§173.) 

^00 <• 

Ex. / x^~^<r^dx converges uniformly throughout an arbi- 

Jo 

trary interval (1, //) ; because *) and is 

linite. 

If 0<y < 1 the integrand is discontinuous at the lower limit ; but, 
integrating by parts, we see that 

r ( y ) = ” f 

yJo 

and this integral converges uniformly throughout the range 

§180. Continuity and Limits. We shall now consider 
some theorems that are of fundamental importance. 

Theorem. I. If the integral 

f(y)= 1 ^(‘>^> y)dx 

Ja 

converges uniformly throughout the range it is a 

continuous function of y throughout that range. 

The proof is similar to that of Theorem I., § 151, and may 
be left to the student. 


Theorem II. If ylr(x) is continuous for a:~a and the 

poo 

integral I = 1 ’^{x)dx 

J a 

convergent, then if y>0 the integral 

poo 

/(i/)=| e~y^\}r{x)dx 

J a 0 

is convergent and L f{y) = L 

y = 0 

Since is a decreasing function we have, when b is 
positive and 


[ e-y^\/r{x)dx = e-y^ [ '^{x)dx+e'’y^ f \f/{x)dx. (1) 

Jb Jb ^ 

The factors e~y^ are finite, and, feineb the integral I 
is convergent, each of the integrals in the right-hand 
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member of (1) tends to cero as b and c tend to infinity. 
The integral fXy) is therefore convergent (as is otherwisff 
very obvious). 

No\y let c tend to infinity, h remaining finite; from (1) 
we find, since tends to zero, 

I e'y^\lA{x)dx = e~y^^ \lr(x)dx, ^'^6 

(the value of ^ in (1) will usually vary with c) ; and 
therefore 

y(?y)=j e-y^\lr{x)dx + e~y^\ \}r{x)dx (2) 

J a Jb 

Next we may write 

/=[ \l/^(x)dx+{ ^(x)dx, (3) 

Ja Jb 

SO that, 

{e‘y^^l)\{A(x)dx+e'y^^ \lA{x)dx--^\lr(x)dx. (4) 


Now, since I is convergent and e^y^ finite, we can choose 
b so large that the second and third terms in the right-hand 
member of (4) shall each be as small, numerically, as we 
please. Choose such a value of b and then keep it fixed. 
We can now take y so near zero that the remaining 
integral in the right-hand member of (4) shall be as small 
as we please, numerically. Hence we can take y so near 
zero that \ f{y) — l\ will be as small as we please; that is, 
the theorem is established. ^ 

This theorem is of great service in the evaluation of 
integrals. The next theorem is more general and is of 
srpecial importance in the case of double integrals, though 
it may be passed over for the present. 

Theorem III. Let /(a?, y) be a continuous function of 
X and y for the ranges x^a, y^a'. If (i) the integral 


V'(y)=£/(®. y)^ 

• , 

converges uniformly ^for every y^a\ and if (ii), as y tends 
to infinity, fix, y) converges uniformly to a definite limit 
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^(x)tor every x such wliei-y h is any given 

nuniher (as large as we please), then * . 

^ f /(!«. y)dx= [ <i,{x)dx= f r L fix, y)\dx. 

v/ = ooJa Jrt Ja Ly--'® J . 

We first show that ^( 2 /) tends to a definite limit. Let 
y\ y" be any two values of y ; then 

= f {/(«. yl-fO^:. y'')}d^+ f /(*, y')dx- f f(x, y")dx (5) 

J « Jh J 6 

= X + )U — I/, sa}^. 

By condition (i) we can choose h so large that, whatever 
be the values y\ v/', we shall have |/x| and |i/| each less than 
e/3 ; choose such a value of b and tlien keep it fixed. By 
condition (ii) we can choose Y so that, whatever value in 
the interval {a, b) x may take, we shall have the difference 
V")\ — (t) if only y' and y" are 

greater than Y ; this is simply the condition tliat f(x, y) 
sliould tend uniformly to a definite limit as y tends towards 
infinity. When Y has been tlms chosen |X| will be less 
than e/3. Hence if y' and y" are greater than Y the 
difterence \'^{y')--'^{y")\ ’vsriH he less than e; in other 
words, as y tends to infinity, ^(y) tends to a definite limit, 
which w^e may call P. 

We luive now to show that 



Let us write, b being at present undetermined, 

[ ^(x)dx-P= \ {<f>ix)-fix,y)]dx 

J a J a 

+[j Ax, y)dx-^f{x, 2/)cfo]+[j/(a5, y)dx-F^ 
= a+|8+y, say. ^ ^ 

Since P is the limit of -^iy) we can clftwse F, so that if 
2 />Fi we shall have |y|<e/k , By condition (i) we can 
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choose B so that»,if 6>jB we shall »have |j9|<e/3, wha|ever 
be the value of y ; having chosen a value of h to satisfy this 
condition we can by condition (ii) choose so that if 
y>Y^ we shall have |a|<e/3. Hence if y is greater than 
and Fg, and h any number greater than 2?, we shall have 

<l>{x)dx-P <e (0) 

I J a 

Since this inequality does not contain y we may say more 
simply that, however small the given e may be, we can find 
B so that if h>B the inequality (6) will be satisfied. In 

other words, as h tends to infinity the integral I (f>{x)(Jx 

Ja 

converges to P ; the theorem is therefore established. 

§ 181. Operations under the Sign of Integration. We now 
extend the theorems of §178; the student is reminded of 
the note in § 179. 

Theorem I, If the integral 

, /(.!/)=( F{x,y)dx (1) 

Ja 

converges uniformly throughout the range a'^y^b', then 
^ Ay) fh = f F{x, y)dx=: [ dx [V(a:, y)dy . . .(2) 

J of J a* J a J a J a* 

where y is any fixed number in the interval (a', 6'). 

When the limits of integration are finite constants the 
order of integration is indifferent ; we therefore have 

I dx ^F(x, y)dy = ^dAj [ F{x, y)dx 

J a J of J a' J a 

' « Cy r* fy 

= \dy\ F(x, y)dx - 1 dy \ F(x, y)dx. 

J a' J a J a' J /i 

« 

Let b tend towards infinity ; then 

( dJi F{x,y)dy=^ f{y)dy- L [ dy \ F{x,y)da:. 
t ^ Ja Ja' ^ Ja' « 6=00 Ja' Jb , 
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But since the integral (1) ccm verges uniformly through- 
out the interval (a\ b') we can choose M (mdependefti^ of y) 
so that if fe>ilf 


poo p, px 

F(x,y)dx<€, dy\ F(x,y)du 

Jb J a' Jb 


<€(y-a'). 


Hence, as b tends to infinity, the integral last written 
converges to zero ; the theorem is therefore proved. 

It should be noted that the new integral obtained by 
integrating under the integral sign is itself uniformly 
convergent througliout the range a'^y^b'. 

An extension of this theorem is given in Theorem II., 
§182., 

Theorem IF. If the integral | converges 

uniformly throughout the range a'^y^b' it is the deri- 
vative of the integral (1). 

For. it 

we have by Theorem I. 

that is, \ <t>(y)dy=^f{y)-fiay 

J a! 


Differentiating with respect to y we find 0(y) =/'(?/)• 

We shall now apply these theorems to the evaluation of 
some important integrals ; when the proof that an integral 
is uniformly convergent is not given, the student should 
liave no difficulty in supplying it. The mean value 
theorems and the process of integration by parts will often 
be useful in testing for uniform convergence; change of 
variable is also sometimes effective. (See also the remark 
at the beginning of § 183.) 

Ex. 1. Let u— { X>0. , 

h 

DiRerentiate with respect to y ; ^therefore 

du r . • A* 

« ^ Aft 



'468 elementary TREATISE ON THE CALCULUS. 


Integrating this equation with Vespect and observing that m= 0 
when^=^0, so that the constant of integration is zero, we obtain* 

« M=tan->(y/A). (1) 

When A.^0 the integral is convergent ; therefore by Theorem 11., 
§180, 

f !»L?^d^=Ltan-i(f)=±?, (2) 

Jo X X=0 \A/ 2 

the + sign being taken when ^>0, the - sign when y<0. If ^ — 0 
the integral is zero. 


Ex. 2. I d:r=lofr~ i>f/>0. 

Jo ^ " 

Consider the integral, y^c>% 

k y 


If where c is a fixed positive number, 
respect to y from y=^a to y^h> a \ therefore 

/•« ^—ax ^—bx 7. 




O 


r 


aa7=log-. 

‘ s ° a 


■ Ex. 3. f" g), 6>0, a>0. 

If A>0 we have j 

Integrate with respect to y from y=a to y=h \ therefore 


fe 

Jti 


COS — cos hx 


d.v 


1, 

= 2^‘’s(p+^> 


It may be easily shown that this integral is convergent when X=0 ; 
putting A,=0 we obtain the value stated. 

What would be the value of the integral if either a or b or both a 
and b were negative ? 


Ex. 4. 

% 


du 


xamcuvd,v 


~ ~ _ r 

da^ ” Jo 


0 i 
xamaxdx 


1+^ 




..(I)* 


provided the integral v is uniformly convergent, and it i.s so if 
a^oO. For if x^h>\ the factor xfi} is a decreasing function 
of JF, and therefore 

f^XBinaxdx h coso^-coscr^ , k cos aj - cos ah 


f 




80 that 


■"l+P 

\k 1+^^. 1 = 


'+1+^ 
2A ^2 
(i+A*)c'^Ao' 
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But 2//zc is independent of a and can by choice of h be made as small 
as wei|)lea8e. • • , 

* The integral obtaining by differentiating v is not convergent, 'but if 
in example 1 (2) we take y—a^oO we get 

and we can now differentiate. Thus 


/ 

JQ 


’ sin a.r g?.?; * 
;r(l +a^)' 


dv _ r® cos ax dx _ 
da~ Jq 


From (1) and (2) we get 


dhi __ dv_^ 
dd^~ da^'^'* 


m 


and the complete integral of this differential equation for u is 


Now u is finite (not greater than 7r/2) for every a ; therefore A = 0 
since, if ^*1 were not zero, u would tend towards infinity when a did so. 
Again n is continuous for every a; putting a=0 in the integral we see 
that n is then 7r/2, so that B=7rl2, Hence 


If rt<0, u 


^ A du TT « 

“=§« ««=0; a>0. 

if a=0, »=0. 


Cor. 


L 


* COS « ^ __ g-a6 « = 0 

fq b^+x^ ~~2b ’ b>0 


■' f- 


sinaxdx ir ^ab a>0 
“2* ’ 6>0’ 


/•« /— 6* 

Ex. 5. I e''^^cos2bxdx=^^€ 

Jo 2a 

Denote the integral by u and differentiate with respect to b ; thus 
■" sin 2bx dx 

r 2—— sin 2bx~\ - ^ 2bx dx 

L Jo a Vo • 

by integration by parts. The integrated part vanishes at both limits, 

.1 , du 2b ' 

so that jT= — qU; u=Ae 

db a^ 

But when 6=0, 

M=jf ^ e-»*rfy=^ (§ 136, ex. 3). 

Hence and 

2a 2a 
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Ex. 6. a>», 6>0. 

. ' 1 2a ' ’ 


This integral may be evaluated by differentiating with respect to 6, 
but it is more instructive to use a change of variable. Let us put 


y=cu:+6/jr, so that .r={?/± ^(y2-4a6)}/2a, 

1 ^ 

dx ^ 


dx x^^ dy 2a I V0/‘^“4a6)J 

The variable y is a minimum when x—J(bla). As x increases from 
0 to »J{b/a), y decreases from qo to 2J{ab ) ; for this range of x the 
minus sign must be taken in (1) and (2). As x increases from ^(b/a) 
to 00 , y increases from 2 »J{ah) to oo ; for this range of x the plus sign 
must be taken in (1) and (2). 

Again a^x^+b^fjfi^y^-^ab^ so that the integral is equal to 
f e-^dz 

2a Avia*) N/0^^“4a6) a Jq 

bv the substitution z^^y‘^-4ab^ from which the given value is at once 
ODtained. 

The student may also evaluate by the substitution v—ax-hjx; as x 
increases from 0 to oo, v increases from - oo to oo. 

Ex. 7. U—( e~'^ x^~^ iioshx dx^ r= f x^^^ sin hxdx 

Jo Jq 

where a>0, n>0. 

Make the following substitutions : 

a=r cos 0, &==rsin^ where -Trl2< 0<7r 12^ 

rx=y, Ur^=u, Vr”^v (1) 

The integrals then take the form 

U= f e~^ ^ 9yn-\ QQQ ^ ^ _ r g-y cot 9 yU-l g| g^j^ 

Jo Jo’ 

l4ow differentiate u with respect to 0 ; therefore 

^=y* y'* sin 0 cos(y sin 6)dy - j eos 6 sin{y sin 0)dy, (2) 

provided the integrals are uniformly convergent, as they are. For, if 
c is positive but as small as we please, then 1 S cos c, and each of 
these integrals is numerically less than 

r" -cy '’njA r(/*4-l) 

80 that each is uniformly convergent when -7r/2<0<7r/2. 
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We may write equation (2) in the^form 
and, integrating by parts, we get 



- 71 j e.-y sin (y si n 6) dij = - nv. . , . 

( 3 ) 

Similarly^ 

dv 



( 4 ) 

and therefort 

^ from ( 3 ) and ( 4 ) 

$ 


= 0 ; n — A cos nO-\‘B sin nO, 


AVhen 

(!J= 0 , w- ^ fl -*y”-»rfy=r(M), ^ 1 = 0 , 


so that 

.i=r(»), 7J=(), ■ 


and therefoie (i — r(7< ) cos w t? = - i = F ( 7 ^) sin 71 O 

( 5 )' 

We therefore tibtain the results 





Jo ^ 

(6) 


r* « 1 • 7 ^ r(?e)sin 7 i^ 

1 ^ 

Jo 

( 7 ) 


where ^=tan'^ (6/(i), r=(a“4-6“)‘‘. 

By specialising the constants in (6) and ( 7 ) several important results 
are obtained. 

When a=(), h>0 we get, if 0<l-7i<l, 


« . , t (n) cos 

f cos hr d.v 2 

in />" 


/’®sin hr dr 

Jo 


r(7i) sin - 


The second equation holds if 0<1 -n<2. 

In these integrals let 6= I, ;i = i ; then, since B(^) = N^(7r), 




..( 8 ) 

•/ 9 ) 


and, by substituting for .r, 

co8(.r*)rf.r=|>y/^|)= ^ sin(x2)£^r. (10) 

Again in (6) and ( 7 ), let and substitute for x ; then 

where 6 and r have the same values as before, 
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§ 182. Order of Integrationcfor Infinite Limits. Theorem I., 
§ 181, shows that under certain conditions the order of Inte- 
gration is indifferent even when one of the limits is 
infinite; Theorem III. of §180 assigns conditions that 
enable us to extend Theorem I. of §181 to the case in 
which the upper limit y is also infinite. 

Theorem I. If the integrals 

• f F{x,y)(lx (1), [ F{x,y)dy (2) 

J a Ja' 

converge uniformly throughout the arbitrary intervals 
b') and (a, b) respectively, and if the integral 

[ dx\ F{x,y)dy (8) 

J a J a* 

converges uniformly throughout the unlimited interval 
then 

fiOH fiCC ^00 ^00 

dy\ F{x,y)dx- \ dx\ F{x,y)dy (4) 

Ja* Ja Ja Ja' 

Let the function /(a;, y) of Theorem III., § 180, be defined 
by the equation 

/(«. y)=\ ^(.^>y)dy; 

J a* 

the integral (3) above will then be the function yfr(y) of 
that theorem. The convergence of the integral (2) above 
satisfies condition (ii) and the convergence of the integral 
(3) above satisfies condition (i) of the theorem, while the 
convergence of the integral (1) above enables us to apply 
Theorem I. of § 181. We thus have 

poo poo Py poo 

I c/y F(x, y)dx= L cfy F{x, y)dx 

J a' J a * ys=»Ja' J a 

= ^dx f -^(as, y)dy (Th. I., § 181.) 

yssooJa Ja' 

= fda; r F{x, y)dy. (Th. III., § 180.) 
* J tt J a' 

The student may be inclined to suppose that the last of these 
integrals is merely another way* of writing the second last^ but this is 
not so. In the secohd l&st integml the order of operations is (i) 
integration as to ;/, (ii) integration as to x and passage to the limit 
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;r=a) ; (iii) passage to the limit y = cx) » In the last integral the order 
is (i) integration as to (ii)p passage to the limit .y = Go ; (iy) inte- 
^gration as to x and passage to tne limit oo . The reversal of order 
requires justification, as the following simple example sh(^ws. If a>0 


L ^ dx [ cos{xy)dy= L f ?} I !S'^^) .dx= L f = 

yz=vj'a •'0 y^v^ay 

but j dx I cos (j:?/) % is not a definite quantity 


We may also state the position in this way. I^et us write 
L i dxj’'F{x,y)dy=f dx f F{x,y)dy- L f dx f F{x,y)dy, (5) 

y—x>>ra Jaf J ti Jn' y=aD-a •’'y 

we must prove that the last of these integrals tends to zero as y tends 
to infinity. For the above theorem this proof is contained in 
Theorem III., § 180. 


Uniform Convergence in General. It may happen that the 
integral (1) is only uniformly convergent throughout the 
intervals (a', c — i;), (c + iy', 6') where a'^c^b' and i/, fj' are 
arbitrarily small positive quantities, the convergence thus 
ceasing to be uniform near c. If there is only a finite 
number of such values as c the integral is said to converge 
uniformly in general throughout the interval {a\ V). Of 
course, if c = ct' we take i; = 0 and if c = 6' we take i/ = 0. 

Theorem II. If the integral (1) is only uniformly con- 
vergent in general but the integral (3) a continuous 
function of y for the range then 

W F{x,y)dx^ \ dx?F{x,y)dy (6) 

Cl J a J a’ 

where the upper limit y is any number in the interval (a', V\ 
This is an extension of Theorem I., § 181. Suppose there 
is only one point c and that a'<c<y ; if there are more 
points than one the reasoning can be repeiited. Denote the 
integral (1) by f(y)] then (compare § 174) * 


\ ''f{y)^y+^^ f(y)dy (by definition) 

Ja* ri=0Ja' VssOJc+i?' 

t= L [ dx\ ^F{x,y)dy+'L{ rfaiT F(x,y)dy 

,n=oJa ^ d' yf —0^ a Jc+V 

(Th. I, § 181 .) 

= \ dx\ F(x, y)dy+ \ d^\ F(x*y)dy, 

J a J a' Ja _ Je 
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because the integral (3) iS contiijuous and we may ^there- 
fore liiake 17=0, 17' = 0. This proves the theorem since the* 
sum of the last two integrals is the integral on the right 

It should be noted that (3) will be continuous if it con- 
verges uniformly in the interval (a\ 6'). 

Theorem III. The equation (4) is still true if the 
integral (1) is only uniformly convergent in general, 
provided the other conditions 01 Theorem I. are satisfied. 

This ISieorem is an immediate corollary of the preceding 
one. 

Theorem IV. If the integrals (1) and (2) are only 
uniformly convergent in general throughout the arbitrary 
intervals {a\ 6') and (a, h) respectively, but if the integral 
(3) and the corresponding integral 

[ dy f Fix, y)dx (3') 

J a* J a 

converge uniformly throughout the unlimited intervals 
y^a' and x^a respectively, then equation (4) remains true 
provided one of the integrals in (4) is determinate. 

Sujppose it is the integral on the right of (4) that is 
determinate and denote it by ; then (compare §173) 

L [ cZajf F{x,y)dy^0. (7) 

By Theorem II., the integral (3) being continuous, 

dy\ Fi!>>,y)dx=\ dx\ Fix,y)dy=A- \ dx\ Fix,y)dy. 

d' J a Ja J a' Ja Jy 

Denote the integral last written by J2(y); we must show 
(compare equation (5) and the remark on it) that Li?(y) = 0 
for y = co. Now R(y) converges uniformly for y=a'; 
because 

J OO poo poo poo . poo Py 

^ ^ =a-^,8a,y. 
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By (7) we can choose M' so»that |a|<€ if h>M\ and 
pbecau.'le the integral (8) converges uniformly for y^a[ we 
can choose M" so that |/3|<€ for every if b>M", 

Let M be the greater of the two numbers M'* Mi' \ then 
|a — /3|<2e for every y=a' if l»M and therefore It{y) 
converges as stated. 

poo poo poo 

Next, R{y)=\dx\ F{x, y)dy -]r\ dx\ F{x,y)dy 

J a Jy Jb J y 

/<oo p poo poo 

= 1 dx\ F{x,y)dy, 

J y J a J h J y 

by Theorem II., since the integral (S') is continuous, 

= y+(a~i8), say. 

Now let 6 be a fixed number greater than M (as found 
above); then |a--j8|<26. Further, since the integral (3') 
converges uniformly for x^a we can choose B so that 
|y[<e if y>N, Hence |jB(t/)|<36 if y>N\ in other words 
L /i(j/)=0 for 2 / = 00 , The theorem is therefore established. 

Cob. If F(Xyy) is always positive the convergence of 
the integrals (3) and (3') can be deduced from the fact that 
one of the integrals (4) is determinate. It will be a good 
exercise for the student to establish this statement. Hence 
when F{x, y) is positive. Theorem IV. is considerably 
simplified because the integrals (3) and (3') may be 
disregarded. 

Note. Tlie conditions stated for the validity of the 
various theorems givenin §§181, 182 are merely sufficient, 
not necessary. It must also be always remembered that 
the functions considered are supposed to be continuoua 

§183. Other Improper Integrals. When the integrand is 
a discontinuous function a change of variable or integration 
by parts will sometimes remove the discontinuity and make 
possible the application of the preceding theorems. 

For example, if 0<m<1 both an(f .r are discon- 

tinuous for and we cannot directly apply Theorem II., § 181, to 
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find dr(n)ldn, integration by parts gives r(w)=r(w + l)//j, 

and thC;n •’ 

^r(^^+ipc-*:B«logarc£r= ^ V*^-i log .» rfa;. 

This is the integral that would be obtained by directly applying 
Theorem II., § 181. (See also example 5 below.) 

The theorems of § 178 may be extended to the case of an 
integral with finite limits in which the integrand becomes 
infinite at one of the limits by applying the following 
definition. 

Dkfinition. If F(Xt y) is continuous throughout the 
intervals 

a<x^b, a^y'^b\ 


but becomes infinite for x^^a^y — y, the integral 

/(2/) = f F(x,y)dcc (1) 

J a 

is said to converge uniformly throughout the interval 
a'^y^b' if there exists a number X, independent of y, sucli 
that when a<x<a+X 


j| F(x, y)dx 


< e. 


( 2 ) 


If F(x,y) is infinite for x = b, y = y the limits of the 
integral corresponding to (2) will be x and b where 
6 — X<a;<6. 

The student should have no difficulty in proving that 
Theorem I., § 180, and Theorems I., II., § 181, are valid (with 
the proper changes) for the improper integral (1). ’ 

< We conclude with some examples. 


Ex. 1. Show that 

Qiange the variable from « to .r by the substitution u—xy\ then 

t A=: f er^^^ydx, 

•/o 

Multiply by er^ and integrate ^from y =0 to y = oo ; therefore 
h c' h ^ 
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Change the order of integration ; w* thus get 


i rcn /•« '* /•oo 

^ 2 = / d.v / / 

•'0 •'0 *^0 


r 71 - 

t 2{\+a^) 4’ 


To see that we may change the order of integration let 

Now j F(x,y)clv=e~^“f /* e~^*dz. 

Jy •'a Jyy 

If y'^a'>0 we can obviously (since \ e~^^dz is convei-gent) find i/J 

*^o 

independent of y, so that when N>M 

I jf A’(r,y)<f.r[<t. 

Hence / F{x^y)dx converges uniformly for the range y~a'>0 ; 
•'0 ^ 

it converges uniformly m general for the range and a fortiori for 
an arbitrary interval (0,6'). The other conditions required for the 
application of § 182, Theorem III., are manifestly satisfied ; the change 
of order is therefore legitimate. 

Ex. 2. Show that if a>0, c>0, w^l, 

r co8 2o.r rf.r^ A 
Jq (a^-f 1 (w)io 

We have (ex. 17, p. 349.) 

Multiply by cos2cr, integrate from ^=0 to ^=qo, and in the 
repeated integral change the order of integration ; therefore 

r(n)f f e~*^^^y”~^dy f e'"^co^2cxdx 

Jq {d^-\-3r^Y Jq Jo 

(e*. 5, p. 469.5 

=x/t 

by the substitution We have still to show that the change of 

order of integration is admissible. The integrand being denoted by 
F(.ry y\ we have ^ * 

j j y) dx I 6“®®® j ^ e~^ cos 2ca7 dx j < j e^^dx* 
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I ‘ 

If a'>0 the integral / is smrll for every y^a' wl^^n N is 

, -N ' rv> I 

large. Also is finite for every y^a\ Therefore / F{x^y)dx 

converges uniformly in general in an arbitrary interval (0, U), ^he 
other conditions for the application of § 182, Theorem Til., are stilJ 
more easily seen to be satisfied, and therefore the change of order is 
legitimate. 


Ex. 3. Show that if a > 0, c>0, n 1, 

By putting Xjx for x the left-hand member becomes 

and this, by substituting an integral for r(n)/x^^ as in example 2, 
becomes 

=|V’' % dx 

“ 2'”"* 27^+^) (®*-. P- 

Ji) 

by the substitution yf{c^’hy)=c-\-x. 

We must omit the justification of the change of order of integration ; 
the proof however is easily given by means of § 1 82, Theorem IV., Cor. 
This example, along with example 2, gives an interesting result. 

Ex. 4. If and 0<??<1, find 

Jo sin":i’ dn 


dn~ 


/•^^Jo g(sin £^ (i) 

L 8in”r 


provided the integral converges uniformly. Now, putting y^sino;, 
^ we find 


that is, 


P - lo g (sin x) . J ^ - log y dy 1 P»»^ -logy , 

Jo sin"r Jo » y^ gosxJq y^ 

* 1 * ( sin^~”.r 8in^~"jr log (sin j?) ) 

COSO? \(1 -nf 1 - n j ’ 
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Since sin' log (sin a) converges tc^zero with x, we can manifestly 
satisfy JJie conditions of the definition in § 183. Hence the integral 
«n (i) converges uniformly and equation (i) gives dujdn, * • 

J.» •> 

0 

If n>l we can apply § 181, Theorem II., because (log a)*** con- 
verges to zero with a* if n — \ and m are positive (ex.* 10, p. 99) ; we 
take this limit ^ the value of the function when a= 0. If n^l write 

r(?i )= j e~*x^~^dx+ ^ dx=u-hv say. 

Then find the derivatives of u as in example 4 ; the derivatives of n 
can still l)e found by § 181, Theorem 11. We thus get 

r e~*x*^~^logxdx ; f e~^x*'~^(\ogxfdXf 

cLfh dll 

and so on, combining into one integral the sums , etc. 

dn dm ^ 


EXERCISES XL. 

Establish the following equations 1-20 : 

1. ( log (a^ coe^A? + 8in%) dx—Tc log a >0, 6 >0. 

*0 2 

2. • f (^- „2), 0<a<^. 

./q cos a 2\4 p ~ 

o r^i /a4-ftsinA\ dx . , /6\ ^ 

3. I log I — =7rsin-' I - ), a>6>0. 

Jq ” \a-osin a/ sinA \a/’ 

4. / f**^cir=log(7i-|-l), yi + l>0. 

jo log A 


a^-h^ 

AC~"* cos bx dx = o>0. 


8 . 

9. - ‘ ‘ 

jo «*-«'* 4 
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r" cos - cos ?>a7 , ir‘, ^ 

10. / dx=^{b-a), Aa>0, 6>0. 

' Ja -* 


11. j^]S'A^^:^^dv=Tlog(a+\), a>0. 

12. jf'*£g(l±«g>i-:)f^f=2Ws/(l+a)-l}, «>-l. 

13. ■ LA-.^ a-T. 

14. f cosli 26:r cLt‘ ?= ^ 

Jo 2a 

/*• co8flwrfl?ar_ x ( a. I \ ah 

A (6H.tr2)2“’l.22VF'^F/ ‘ 

1ft /** C08«M;dlr_ TT ( ^Za ^ ^ \^-ai 
1,7 /** .i?sma.a?clt’ tt a^^a6 

A (6^+.^^)" "1.22 6 • 

io /** ^sin a.r ir ^ ^-«fc 

A '“Orys vf*** W * 

I (F+'^T=^V-— ‘^ /• 

f «“**'* sin 26 j;—=^^ /" e “‘dor. 

A X a 


/** //<»• 

21. Transform the integral J substitution 

y=ec.r+a/j?, the constants a, ft, c being all positive, and show that 
the value of the integral is 

Vtt r(n - ^)*7- c' {6 + 2 xf(af^) F (w). 

^ 22. If <ff(u) and its derivative <//(«) are continuous for every wsitive 
value of M, and if (/)(u^ converges to the finite numbers J/ and when 
u tends towards infinity and zero respectively, show that (b>a>0). 

(i) f dxf (f>X^)d^=:= Tdj/f ^\xy)dx. 

(ii) r N) log t 

Jo ^ ® 

[Note that is**a function of the product xy. Theorem (ii) is 

known as Frmlm^t Thwmni^ 
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** ^ ) 

23. Show that, h>a>0^ ^ 

, • (J) r tj mi H fetQ- h; 

/(, X 2 ^ a 

(ii) f ■ , 

Jo X a 

24. Establish the following results : 

(') I (~ - ^) '^■= ^ ■ ’"8 ^• 

(ii) 

= (,i-|)log«-(»-0. 

25. Establish the equation of example 27, p. 407, by differentiating 
the integral (ii) of example 25, p. 406. 

26. If t/o(a’)==^- f cofi(xco&d)d$y show that (/>>0) 

^ -0 

27. If 0<»i<l, prove that 


j:*-" 


28. 




show that 
a 


29. 


r 

Jq 

i If .-??r 

(i) <'•) **= '=®> 

1 r* 

I. If 1 ;=:-— I /(w)e-«®rfa where 4- 2ai^(K<), show 

VTT j—ao 


that 


(i) ^ = (ii) »=/(^) when <=0. 

[Note that 

'df{n)_ df{u) . rUA^ 

Sf du 'dt ^ ^ ' ^Jt ’ J ^ ' 2^(k<) rfo 

and assume /"'(it) to be finite when i4= ± oo.] 


30, If 7J=»^ prove that 

VTT Jo 


o.c. 
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^ o . 

' x-x du du Zu 1 

(ii) 

(iii) -!«. 

,.= re-C08g)cir, .=j^.-*«8ing)<to. 


32, If 


show that 

and then prove that 


d'^u . cPv . 


u=^^^~'"^’‘coa(a,j2), v=‘^e~'“''^in(a^'S). 


33. Show that 

f J* :ff8in2aa:dxj e’^^^'sin i/ dy 

and then, by reveraing the order of integration and using example 32, 
prove that the value of the integral is ^7re-^^in(as/2). 

Deduce the following results : 

<“> f 

(iii) 

Jq J:-’* + 1 2 

34. Derive from § 181, example 7, equation (10), the following : 

(ii) £^8in(a**+26«)<£r = -y/(^){co8(|)-8in (^)}, 

(iii) I co8(c«;*)cos«6T<fo=l^(i){co8(^-)+8m(^)}. 

(iv) 8in(aj:»ico8fi6^-c£r=iy(£){co8(^)-8m(^)}. 
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35. If A>0, A+/i+v>0, 1 >!» >w), show that 

Jo (i+^^+yJo sinwr(X+,*+Vr(A+./) 

[Schlomilch]. 


36. Show that, if m > 0, n>0 


(i) [“ e-^d^ Jl" f e^sinxydy, 

(ii) r-e-”>d^ 

Jo Jo ^ Jo X Jq 


and deduce the values of the integrals in example 4, § 181. 

37. Plot the curve y=r(.r)= f e-^M*'^du ; show that it has a 

Jo 

minimum between x=\ and and that it is always convex to the 


38. Show that 



1, f 


e~^''cosxdj: 


and from this and the corresponding integrals with sin.r in place of 
cos a; deduce the integrals in § 181, ex. 7 (9). [Apply § 182, Th. IV.] 
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FOURIER SERIES. 

^84. Fourier Series. Suppose that for the range 
— the function f{x) can be represented by the 

infinite series 

00 00 

/(a5)=Ao+ S -4„co8'»ia!+ 2 BnSaxnx. (1) 

n=sl n~l 


Assume also that the integral of f{x) may be obtained by 
integrating the series term by term ; it is then possible to 
express the coefficients A^y Bn as definite integrals. 


It may be first noted that the integrals (m, n positive integers) 


£■ 


coBmxco^nxdx. 


’■ L 


^mmx^mTixdx 


aie each zero if m and n ai'e unequal, but are each equal to ir if 
m=^n; the integral 


/: 


cos mo? sin 7107 


is always zero. These results may be easily proved by expressing the 
products as sums or differences of sines or of cosines. ' 

Now, integrate each member of equation (1) from — tt 
to TT ; every integral in the series vanishes except the first, 
and we get 

j f{x)dai=2.'7rA^; f{x)dx. (2) 

Next, select anjf vajue of 'A, multiply each member of (1) 
by cos nx (n having the value selected), and integrate from 
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— TT to TT ; every integral in the^series vanishes except that 
^ of th^term containing cos nx, and we obtain ^ 

I f{^) cos nxdx = A n,\ cos- n x dx] • 

J -n J - JT • /0\ 

I Cn " ^ 

An—- 1 f{x) COS nx dx 
TT J _ IT 


Lastly, multiplying by sin nx we find in the same way 


= M f{x)si 
“TT J -IT 


sin nx dx. 


If in (3) and (4) we suppose n to take in turn tlio 
values 1,2,3,... we get the coefficients A^, A.yy A.^, ...y 
B^y B^y B.^y ... and the series in (1) is completely determined. 

The series in (1) is called a Fourier Series, and it is to be 
observed that the series is a periodic function of Xy the 
period being 27 r. If therefore f(x) is not periodic, of 
period 27 r, it is impossible that the series in (1) can repre- 
sent f(x) outside the range ( — tt, tt). In fact we are not 
in this discussion concerned with the nature of the function 
f(x) outside the range ( — tt, tt), and the student must 
always keep this limitation on the range of the function 
before him. 

We shall work one or two examples to illustrate the 
method of determining the coefficients ; the examples will 
also show that the assumption that a function can be 
represented by a Fourier series is not always applicable 
even to the complete period. 

Ex. 1,* 

An easy integration shows that 

j xdx=Oy j xcos7ixdx=0j 
and therefore Aq—O, A n=Oy for every value of n. 

. . /*' . 7 27rcos9i7r 

Again, I xsiii nxdx=^ , 

J—9 

SO that Bn— -2cotinirln. We thus find that the aeries k 
^/ainx sin 2x * sin 3x sin 4^ , \ 

2 -+- 3 — 4 +•••> 
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Note that\/(7r)=7r; /(-7r)= -tt, but that when 0 ?= iTr the value of 
the series is zero ; Jhe series thefefore d^es not represent the function 
either vhen a?=7r or when -tt. It should be further remarked 
that the series is only conditionally convergent. 

Ex. 2. , 

In this case we find 


^0- 3* 


« j _4cosnjr „ 


o ^ jt / cos .V COS 2r , cos 3:r cos 4^ \ 

42- + - j- 


Both when ^=7r and when -ir the value of the series is (see 
example 22 (ii), p. 406) 

y+4(^+^+^+-)=3 +4(~)=^, 

so that in this case the series does represent the function both when 
*.r;=7r and when x=—Tr. It should be noted that the series is a 
continuous function for the range (Theorem III., p. 386). 

The series is indeed continuous for every value of Xy but it does not 
represent outside the range (-ir, tt); from x=7r to .r=37r, for 
example, it represents (x - 


Ex. 3. jf(x) — 0 from x= -tt to .r=0; x=ir. 

The function f(x) has a finite discontinuity (§ 172) for x—0; what 
value will the series have when x=0? It is by no means clear before 
examination that it will have any definite value. 

An=- ( f(x)QQBnxdx—^ r 0dx+- f I cosnxdx=0y 
' irj-^ ttJo 

« IT',. , l-cosnir 

/ lain 7107007= . 

TT Jq mr 

Hence we find that 




A^) 


1 , 2 /sino7 , sin3o7 sin5o7 . 



We now see that when O7=0 the series is equal to When 07=7r 
the series is but /(tt) = 1 ; when o?= - tt the series is but X ~ 7r)=0. 


J il86. Statement of 4ilie Problem. The work of the pre- 
ing article is based on the assumption that it is possible 
to represent a function *by* a Fourier series, but that 
assumption is not an easy one to grant; it was, in fact, 
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STATEMENT OF THE PROBLEM. 

■ • 

long asserted to be untenable The simplest method of 
, proviifig the assumption f alid is to show that as oi tends to 
infinity tlie sum ^S^n+i 27^+1 terms of the snries 

(1), with coefficients determined by (2), (3), ( t), actually 
does converge to the value /{x). * 

For greater clearness take u as the variable of inte- 
gration in equations (2), (3), (4) of last article and let 
^^ 2 n+i ^he sum 

2 (i4 „ cos Tia; + jB„ sin nx). 

r=l 

We may write this in the form 

= - r { i + 2 (1) 

TT J -TT r=l 

or, when the series in brackets is summed. 


S. 


2n+l 


-l\'m 


sin (271 + 1) 


u — aj 


•du. 


2 sin 


u—x 


Let v,‘-x = 2v and we get 



2 


Finally, divide the range of integration into the parts 
( — K^r+xi), 0) and (0, ; in the first of the integrals 

thus obtained write — t; for v and we find for the 

sum of two integrals, namely « 

ir~x • 

o 1 f * jT/ I t) ^8in(2n+l)v , 

ir+jc 

+1 r’7(»-2.)*i(si±i>A.. (8) 

ttJo smt; ^ ^ 

We now state the restrictidns on tjie function f{x); these 
are merely sufficient, not necessary. 



488 AN ELEMENTARY TREATISE ON THE CALCULUS. 

i I 
4 

Restrictions on the Function. (1) The function is to be 
finite, having an upper limit, G say, to its numerical^ 
values ; (2) it is to be in general continuous, but it may 
have a finite number of finite discontinuities of the kind 
illustrated in § 172 ; (3) it is to have a finite number of 
turning values (it must not, for instance, be sm(l/cc^). 

If >7 is a small but fixed positive number the interval 
{c'-tiy c + rj) will be called the neighbourhood of c; we shall 
often speak of the point c instead of the value c (§ 5). The 
notation f(x±0) will be frequently employed (§§44, 172). 

The problem before us is the following: — to show that 
when n tends to infinity S^^+i converges, if x is not equal 
to ±7r, to the value 




but, if X is equal to either tt or — x, to the value 


i •/("”'7r+0)+/(7r — 0)} ; 


further that, if x is not in the neighbourhood of a point of 
discontinuity, the convergence is uniform. 

When/(£c) is continuous S2n+i converges to f{x)y because 
in that case/(a!J+0)=/(a!;)=/(a3— 0). If c is a point of dis- 
continuity converges to H/(c+0)+/(c— 0) }. If /(tt) 
and /( — tt) are not equal the points tt and — tt are to be 
reckcmed among the points of discontinuity. 

0^86. Dirichlet’s Integral. Consider the integral, usually 
called Dirichlet's integral, 

[ sin mvdv (1) 

4 ? Ja 


where m is any positive number, integral or fractional, and 
^(v) satisfies the conditions specified for f(x) in the pre- 
ceding article. The limits a, h and the function may 
contain a parameter x ; for example may be f(x+2v). 

Let a,, aj, ...ap be the values of v {p in number) for 
which ^(v) either has .a turning value or is discontinuous, 
and suppose |^(v)| less tjian a given number G. The 
function ^(v) is m^noipnic in 'each of the intervals (a, O j), 
(a,, Oj) and therefore the second theorem of mean value 
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may Ije applied to each cd the fjP + 1) integrals into which 
• the integral (1) may be divided by the values ag/... a^. 

Now » 


<p(v) sin mvdv / 

= ^(ay)[ sinmvdv+0(«r+i) f mvdv 

— cosm^ , ^ ^cos7n^— cosmar+1 

m ' V^V >*+1/ » 


— 0 (^^r) 

and therefore 


cos mc^y 



sin mv dv 


2 

m 


^{Ur) 



0(ar+i) 


4G 

l< — 
m 


and 


[ <p(v) sin mvdv 

Ja 


4(y + l)(T 


7/1 


(2) 


The quantities j7, G do not depend on the parameter x;* 
hence as vi tends to infinity the integral (1) converges 
uniformly to zero. 

In the same way it may be shown tliat the integral 

[ ^(v) cos mvdv (3) 

Jrt 

converges uniformly to zero as m becomes infinite. 

Next suppose 0<a<6, the values being therefore all 
positive ; we shall prove that the integral 


! 


^(v) 


sin mv 


V 


dv 


.(4) 


converges uniformly to zero as m tends to infinity. For, 
.sinmv , ,, .f^sinmv, , .f®'+isinmVj 

— 1)- - "1^' 


f Or 

J’^sin.u, •, .f**^+>sinuj 
= ^(«>-) -—du->r<f,{ar+^)\ -z—du. 

J man ^ J mt ^ 


( V 

f**®'+*sinu 


fmar§ 

*£ven if p depends upon x we can assume* thaf there is a finite upper 
limit to its value independent of x. 


0 . 0 . 


Q2 
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But since a^, arei all positive and the integral 

f^sin *16 * * 

J \Zi(. is convergent, we can choose so that for every 

m greater flian M each of the two integrals in the right- 
hand member of the equation will be less than any given, 
arbitrarily small, positive quantity e. In the same way 
therefore as the inequality (2) was deduced we find that for 
every m greater than M 

SO that the integral (4) converges as stated. Obviously the 
same conclusion holds if 0>6>a. . 

A special result of this investigation is that the limit for 
n = oo of the coefficients of the Fourier scries is 

zero, because these coefficients have the form of the integrals 
just discussed. The order of smallness of and is 
however, as the inequality (2) shows, in general that of 
1/n, so that if the series converges at all the convergence 
will, in general, be conditional. 

§187. Summation of the Series. Take the first of the 
integrals in equation (3), §185, put m for 2n+l and 
write the integrand in the form 

, 'V sinmv .sinmv 

f(x+2v )- — . — F(x,v) , 

so that F{x,v)^f{x+2v)(vl^\xi v), F(x,0)=f(x+0), 

Let a be any number such that 0 <a^l( 7 r—x ) ; then 

ir-J 

{ ^ o xsinm'y , 

«• w-x 

’ f“Et/ vSinmv , , f * r,/ .sinmv, 

Jo t'' J a V 

If X is not equal to — x the last integral in (1) satisfies 
the conditions imposed on the integral (4) of the preceding 
.article. Hence 

— • . . 

T • f ET/ X sin mv , ^ 

LM F(x,v)——dv^0, (2) 

msBooJa V 
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and the integral converges uniformly to zero. Tims 

T ( j^/ . o vSinm-?; , T ,sin7>iv , * 

L f(x+2v)--^dv= L F(x,v)—j^-dv. . (3) 

in — ooJo ^ 7tt=coJo , 

Next, suppose a to be very small; we may then assume 
F(Xy v) to be monotonic (see end of §191) as v increases 
from 0 to a and therefore, by the mean value theorem, 
we find 

vsinm'#; , 

~F(x.O) 

* Jo ^ V 

or, substituting u for mv and putting \Jf(x, a) for 
F(x, (i)-F(x, 0), 

.sinmv , 

F(x,v)——dv 
0 . 

j-/ . A\ f"*" sin , , , , . , .. 

=/(a:+0)l —— du+\l/^(:x, a) \ ——du (4) 

Jq a J vi^ to 

where /(oj+O) has been written in place of F(Xy 0). 

Suppose now that x is not in the neighbourhood of a 
point of discontinuity— a case that will be considered in 
§188. We can choose a so small that for ev^eiy x in 
(juestion \\[r{x,a)\ will be as small as we please. Having 
chosen a to suit the re(|uired degree of smallness we can 
then choose m so large, but finite, that the integral 


shall differ as little as we please from its limit 7r/2, and at 
the same time the integral in (2) as little as we please from 
zero. Since the coefficient of yj^ix, a) in (4) is certainly 
finite (not greater than tt) we can therefore choose m so 
large that the right-hand member of (4) will differ from 
i7r/(a;-|-0) by as little as we please, no matter what value 
X may have (the excluded values alone excepted). 

We thus finally obtain the result that 

n-x , 

j^\‘^f(^+2vfJ^dV=V{x+0) 

„=«Jo ' smv 2-'' 


.( 5 ) 
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In exactly the same way we find that, if x is not equal 
to TT npr in the heighbourhood of ti point of discontirfhity, c 

• n+x 

\ L f (6) 

m^ooJo ^ Sinv 2*''^ ' ' 

and therefore 


^ ®2n+l“’ i{/(x+0)+/(x-0)}. (7) 


the convergence to the limit being uniform. 

It should be observed that by equation (3) the limit of 
^ 2 n+i ^ given value of x depends only on the behaviour 

of f(x) in the neighbourhood of that value. 

The value of the limit of when x==ir or — tt is 

easily settled. If a; = 7 r we find irom (3), § 185, 


xJo I smv 


as will be seen by dividing the range (0, tt) into the parts 
(0, Jtt), (Jtt, tt) and substituting tt— v for -v in the integral 
from jir to w. The limit for n=:oo is found exactly as 
before and is 

H/(^-0)+/(-t+0)}. 


The same value is obtained when x= --Tr- 


§188. Discontinuities. Suppose now that x is in the 
neighbourhood of a point of discontinuity; let Fig. 87, 
p. 443, represent the graph of f(x), 0E=c, AE-Em — ri, 
OA^x^OE. If x^OK the ordinates f{x) and f{x + 2v) 
will lie on opposite sides of EH unless 2v is less than KE, 
so that the function yj^ix, a) cannot be small unless a is less 
than ^KE. Now if x is very nearly equal to c, that is, if 
is very small, a value of a can be found to make 
\\lr(x, a)\ small and then a value of m to make the integral 
of (2), § 187 small and the coefficient of /(a?+0) in (4), § 187, 
differ but little from 7 r/ 2 ; but as x is taken still nearer to 
c the required value of a becomes smaller and smaller and 
the required value of m larger and larger, so that the con- 
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vergence becomes extremely s)^)w. For any given x the 
tconvei^gence exists, but iff is not possible td find a lyimber 
M such that \lm>M the difference 


.. , ^ V sin mv , tt ^ I 

/(* + dv — 2 /(a: + 0 > 


will be less than a given e for every x in the interval 
(c — )/, c); in other words the convergence ceases to be 
uniform as x approaches c. 

When X lies in the interval (c — c) the convergence of 
the integral (6), § 187, is uniform ; on the otlier hand, when 
X is in the interval (c, it is the integral (6) that con- 
verges non-uniformly. When x — c there is no peculiarity, 
and iSaji+i converges to i{f(c + 0)+f{c-0)}. 

The value of the series at a point of discontinuity is 
illustrated in examples 1 and 3, § 184. 

§189. Change of Origin and Period. Up to this point 
the range of x has been from — tt to tt, but we may equally 
well take the range from 0 to 27r. Graphically considered, 
this change of range is equivalent to changing the origin 
to ( — TT, 0); analytically, we substitute x — tt for x. If we 
denote f(x — 7 r) by F{x) we find for the coefficients the 
values 


= F(x)dx An = -\'F{x)cosnxdx, ...{2) 

-ttJq 'ttJo 

Bn = ~ I F{x) sin vx dx (3) 

TT jQ 

The value of the series both when a; = 0 and wlien 
® = 27 ris J{i?'(0)+J'(2,r)}. 

We may also suppose the period to be any given nuinl?ei, 
2a say ; we have merely to put irxja in place of x. It we 
denote fiTrxja) by F{x) we obtain for tlie coefficients the 
formulae 

^„=7f F{x)cos'^dx, (4') 

4 =i[ J’(a:)co8— - Sa; ,....(4") 

" aJo ' ' 0/ ^ ' 
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f 

with corresponding values ,tor Aq and The formula 
(4') implies the •range { — a, a) while (4") suits theVange., 
(0, 2(e). 

There is nft need for committing these formulae to ineiiiory ; it is 
simplest fn ])ractice to multiply by the sine or cosine of the appro- 
priate angle, nx or mrxla,, and integrate over the proper I’ange. 

§ 190. Sine Series and Cosine Series. Suppose f{x) in § 184 
to be an odd function so that/(— a;)= In this case 

f(x) cos nx dx = I f{x) cos -wa; cZaj + I /( — x) cos nx dx = 0, 

J ~ir Jq >^0 

SO that ; Aq is also zero. But for we find 

1 r»r 1 fTT 

= — I f{x) sin nx dx 1 /( — ^) sin nx dx 

IT Jq TT Jq 

2 

== — I f{x) sin nx dx 

We thus obtain a sine series for /(x), namely 

/(»)= ( 2 ) 

»» = 1 

where is given by (1). The series is zero both when 
a; = 0 and when a; = 7 r, and therefore will not represent the 
function for these values unless /(O) and /(tt) are zero. 

On the other hand suppose f{x) to be an even function 
so that f(’-~x)=f{x). In this case B^ is zero and 

-do = “ [ f{x) cZa3 . . .(3) ; -d,^ = ~ [ f{x) cos nx dx. . . .(4) 

ttJq ttJo 

We thus have a cosine series for f{x), namely 

. /(®)=^o+2^ ^coanx (6) 

• n=l 

where and A^ are given by (3) and (4). The cosine 
series represents the function both when x — 0 and when 
x = Trl because 

H/(+0)+/(-0)}=h/(+0)+/(+0)}=/(0), 

H/(’r-0)+/(-7r+0)} = H /(^-0)+/(x-0)} =/(,r). 

It is easy to s^e what tHe above formulae (1)...(6) 
become wheh the period is 2a. 
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§191. General Remarks. Wl^en the range of O' is' a com- 
plete period, 27r or 2a, there is only one Fourier se/ies for 
f(x), the coefficients being given in the preceding 

articles. The case is altered however when the® range of x 
is only a portion of a complete period. Thus, suppose J(x} 
to be given for the range (0, tt) ; then to obtdin a function, 
F(x) say, given for the complete period we may choose any 
function <p(x) for the range ( — tt, 0) so that F{x)=^<l>{x) 
from 07= —TT to 03 = 0 but F(x)=f(x) from x = () to 03 = 7 r. 
There is only one series which will represent F(x); the 
series will represent </)(x) in the range ( ~ tt, 0) and f(x) in 
the range (0, tt), but the coefficients will depend both on 
0 ( 03 ) and f{x). We may thus find any number of series 
to represent a function over a portion of a period, but the 
sine and cosine series alone are of practical importance. 
In these two cases f(x) is given for the range (0, tt) and 
the function 0(o3)( — 7r=03^0) is defined by the equations 
^(«)=/(|a:|) respectively. 

The Fourier series has been shown to be in general 
jiniformly convergent ; by an easy extension of Theorem 1., 
§ 155, it may be shown that we obtain the integral of the 
function by integrating the series term by term. As a rule 
however we do not obtain the derivative of the function 
by differentiating the series term by term ; on the subject 
of differentiation of the series reference may be made to an 
article in the Froceedings of the Edinburgh Mathematical 
Society, vol. 12. 

Another remark may be made. The proof given in § 187 
may seem to be inapplicable, as regards uniform conver- 
gence, if f(x) is near a turning value. The difficulty is 
however easily removed by observing that if f{c) is, say, a 
maximum value, then between the two adjacent mintma 
that include f{c) we may put f(x) in the form (f>{x) + \l/^(x) 
where 

4>{x) \Jr(x) =/(fl3) -f(c) for x^c. 

Evidently <f>(x) is not decreasing and \fr(x) not increasing, 
so that the mean value tl^eo?em is applicable to each. 
Turning values are thus of the same mature as ordinary 
values of the function (see the article just referred to). 
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§192. Examples. We sh^ll now work some examples; 
the student should always speciaKy test the values the ^ 
series lor the points of discontinuity. 

Ex. 1. .. Find a sine series for wlieny(A*)=.r from ^=0 to ;r=7r/2 
and j{x) = TT - ^ from x = tI 2 to a: =Tr, 

The graph of f{x) is a broken straight line. To obtain we have 

f X sin dx-h f (ir—x) sin ?i.r dx = sin 

Z Jq 71“^ I 

■Jf 

Therefore 

. 4/sin.r sin^r sin5r sin7.r. \ 

^+-> 

The student should plot a few terms of the series, say the first four, 
in order to see the nature of the approximation to the broken line. 

The series is a continuous function for every x. 

Ex. 2. Find a cosine series for the function of example 1. 


4 cos - 


In this case 






and 




COS 2x , cos 6.r cos 10.?; 
~r~ - M + 




22 ^ 62 ^ 102 

This series is also a continuous function for every x. 

Ex. 3. Find (i) a sine series, (ii) a cosine series for the function 
f{x)=l. 


/•\ jy \ 4 /sin X . sin 


3x . sin 5.r , 




(ii)Xa?)=l. 


The student should explain why the cosine series reduces to its 
absolute terra. In (i) the range of validity is 0<.r<7r. 

Ex. 4. Find a sine series for f(x) when f{x)=x from .r=0 to x—j/, 
f(x)=y from x=y to x=Tr-y,f{x)-=Tr-x from x^T-y to x^tt. 


^ X8in7ixdx+ I y8innxdx+ (7r-x)8m7ixdXf 

■“ Jo Jv-jf 

Bn = 2(1 - COS rnr) sin nyln^Wy 

- V 4 /sin ^ sin V , sinS^rkinSy . sin 5a? sin 5?/ \ 

r^+ — p— — p^+-> 
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m 


Ex. 5. Find a cosine series for ax-^w^ from .^=0 to x^cl 
• In this case the form of the series is * 

a • 

Integrate from 0 to a ; then Jo=a76. 

Multiply by cos {mrxia) and integrate from 0 to u ; then 


Hence wo find 


.d rt = - 2( 1+ cos mr)a^lnV. 


o 4a^ ( 1 27r.?; , 1 47r.r \ 

ax - x- •/ 1 H cos + . . . . 

6 TT^ \2- a 4*^ a ) 

The expansion is valid for For the range the 

series represents {-ax-x^\ 

Put a — 2c and subtract c^ fnuu each member ; we then get 

. 4c‘^ / TTX 1 ^TTX 1 ^TTX \ 

(«-^)2=- + - (^cos - + ^cos cos-- + ...j 

valid for 0^.r^2c. 

§ 193. Some Standard Series. We shall deduce some well- 
known expansions ; they are usually established by more 
direct processes, but they furnish interesting illustrations ot 
the subject under divscussion. 


Ex. 1. Find a cosine serie.s for cospx where p is neither zero nor 
an integer. 

sin pTT . . _ , 2/> sin pir . 

PTT ’ {n^-p^)ir^ 

sin pTT 2p sin w * , , v„_i cos nx ... 

cosp^-—^ ^ (0 

The expansion holds for 0^.r^7r; but since cospx is au even 
function it is valid for -tt — x’^tt. 

In (i) let :r=0, and we find 

-l.y/ nn-i 

sinpTT p «?i ' n^-p^ • 



In (ii) put z for pir ; then if z is neither zero nor a multiple of 
TT we get 

sin 5 2^n=i ^ nhr%-z^ 


..;g^ .IY(-1- + L_LV 

jSj' ' \W 7r+z^(n4-l)7r-^:/ 
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In (iii) put ^TT — z for z ; tVen if z is not an odd multiple of 7r/2 
we find * 

* _i_ — a V ( - 1 P?L . . (iv) 

. COS2 (2w-1)V2-422 

Agaih in (i) let ^=7r, and we obtain 

ircotj9jr=-- i -- 2 -^^= s(-4 -XT V 

^ «=o\w+jo n-^-l-p! 

In (v) let ; then, if z is neither zero nor a multiple of vr, 

’ . 1 “ 2^ ^ / 1 1 \ / x 

z - z^ «=oVw7r+z {n-{-\)Tr-zl 

In (vi) put ^TT-^z for z ; then if z is not an odd multiple of ^xr 

((2n + l)ir-2^f (2w + l)7r + 22) 

Now write (vi) in the form 

coti: -- 2 ^^ 2_^2 Rn-, 

The limit for z=0 of (cot 2 — 1 / 2 ) is zero ; we may therefore integrate 
from 2 = 0 to 2 = ^ < TT. Hence 

A* (.) 

But r^Tr^-z^>{r-\)rTr^, so that 

ff^22r 1 1 I ^ 

” i?\7i(u-V-l) (n-Vl)('a-V-2) *'*3 uir^ 

and rR^dz<^^^^0<e<\. 

Jo 't\Tr 

We may ‘now write (a) in the form 
, log~Ylog(l-^,)+loge-^, 

and, passing from logarithms to numbers, we find 

sin^=^(l-g)(l-24,) 

When n tends towards infinity the factor e tends to unity. 
Hence we obtain for sin 4 : the,in/m^e product 

8mi=**(l-5)(] (ix) 
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In the s^me way we find from (vii) t^je infinite product for C08.r, 

• ■ ^■■■■<«) 

Formulae (ix), (x) are valid for every value of x though th^ proof 
does not show this. 

Ex. 2. Find a oosine series for + or coshajr. 


A,,= 


sinh UTT 


’» Afi 


2a sinh qtt cos mr 
TT -f n 


2* 


Therefore, - tt x ^ tt, 
eosli a.v—- 
In (i) let x—Oj then 

s 

In (ii) put z for (Ctt ; then, z not zero, 

J 

sin 

In (i) put x=^Tr ; then 


, sinh azr . 2f«smh«7r ^ , ,v„cos??.r 

:;oshfM.*= + S (“ -rr^^r 

air TT ^ a^+v/ 


- - ^ =1.4. V ( — ly* - . 

sinhaTT a 


— 1-L y . 


xi- 1 . ^ 2a 

TTCoth a 7 r=-'+ ^ -o- — 


In (iv), put z for aw ; then, z not zero, 

1 

Z ' n^lZ^ + d-w' 
aw 


COth 0 =-+ i 


..(ii) 

.(iii) 

.(iv) 

,..(v) 


Again tanh ^~=coth aw - 1/sinh aw ; therefore from (iv) and (ii) 

2a 


TT X. x, aw ® 

-tanh_=2^^--_-iy„ 


.(vi) 


or, putting aw=2z, 

00 ♦ 8-2^ / • • \ 



As in example 1, we may easily derive the infinite product formulae 
sinh (l+~) (1 +2^2) (l +3^) - > 

coah0 = (l+Ji)(l+^^)(l + 5ty •••• 

§ 194 Fourier’s Double Integral In. § I/i7, svippase that 
F(x, v) is a function /(x+v) which satisfies the conditions 
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of § r85 ; we may in this case take any number 6, greater 
than a, instead of ^(tt — a)*d8 the^upper limit of themtegral 
in (1)) § 187. We then obtain the following result : • 


h ff{x + v)^^dv=0, if fe>a>0 

u — CO J a ^ 

= g/((r + 0), if b>a = 0 


...( 1 ) 


Similarly, corresponding to (6) of § 187, we have the 
result 


I — 00 J a' 


Sin mu 


u 


du = 0, 


if 6'>a'>o| 
= ^/(a: — 0), if &'>«'= oj 


• ( 2 ) 


In (2) let 'iJb= —V, —a'^hy — &' = u, so that a and h are 
negative and a algebraically less than b ; we then have 


L {' f(x+v)'^^^dv^0y if a<b<0 

7)1— to J a 


■ (3) 


= g/(.r — 0), if a<h = 0 

We can combine (1) and (3) into one formula, namely 

L (4) 

is i{/(«? + 0)+/(aj-0)} if b>0>a, 
is ^f(x + 0) if b>a = 0y 

is ^f(x^0) if 0 = b>a, 

if b>a>0y 
or if ()>6>a. 


IS zero 


If in the integral (4) b is positive and a negative we may, 
without altering the limit, substitute for 5 any greater 
number b' and for a any (algebraically) less number a \ 
because that limit is zero when the limits of the integral 
are fe, 6' or a\ a. Assuming that we may extend the upper 
limit of the integral to and the lower limit to — x 
yre find • • 
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Mi = CO « J - 00 V 


or, substituting a for x + %\ 

L ^ P f( ^ 

Mi = <» TT J “ <» Q X 


da = J { f{x + 0) +f{x — 0)} . 


( 5 ) 


But sin 2 >?.(a a:) _ f 

a X J Q 

and therefore, by substitution in (5), we obtain 

1 r 

I {/(a;+0)+/(a:-0); = L - /(«)<ia cos ^(a-x)d^ 

m=ooTr J -00 Jq 

1 fwi 

. =L — I dj3\ f{a) cos ^ (a — x)da 

lU z= CO "TT J Q J — QO 

1 poo poo 

= — 1 d^\ f{a)cos 8(a — x)da, ...{S) 

TTJq J-oo 

provided the various transformations are valid. We have 
not the space to discuss the validity, but the student will 
perhaps have little difficulty in proving that the formula 
(6) holds if, in addition to the restrictions previously im- 
posed on / (x), the function is such that the integral 

J X 


converges absolutely as x tends to -f x or — x . 

The integral (6) is known as Fourier’s double integral ; 
of course when f{x) is continuous the value of the integral 
is/(ir). 

The following special cases are easily deduced. 

If /( — 0 ?)= — fix), then for a?>0, • 


fix) = ~ f sin d/S f /(a) sin a/3 da, (7) 

TT Jo Jo 


but if /( — x) =f(x), then for x S 0, 

/(a;) = - [ cosa:;Sd/3f f{a) cos da, (8) 

ttJo ,Jo* 

with the usual convention as to the*vaftie at a point of 
discontinuity. 
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Ex. Find a solution of the Squatioi^ ^ valid for ^^0, ^*>0, 
and siich that v~0 for .r==0 and v=^f{x) for ^=0, ;i7>0. 


It is easily verified that satisfies the differential 

equation whatever be the value of (3 ; further, that e^’^ry expression 
of the form '2{vp x function of f3) will also satisfy the equation. It 
will then be seen that 


^ = ~ f I /(a) sin a/3 da 

satisfies all the conditions. It satisfies the equation, because it is of 
the form 2 ( x function of 13) ; the integral is zero when .r = () ; and 
the integral is equal to f(a:) when ^=0, a-> 0 by ecpiation (7) above. 

§ 196. Empirical Functions. A problem that frequently 
occurs in practical work is that of representing by a 
Fourier series an empirical function. The student who may 
have occasion to solve such a problem will find a sketch of 
a graphical solution in the author's Treatise on Graphs, 
pp. l.S9~143, and an analytical solution in his Introductioyi 
to the Calculus, pp. 130-139. For the analytical treatiiKuit 
the most thorough discussion will be found in articles by 
Professor C. Eunge, in the Zeitschrift fur Mathematik uvd 
Physik, vol. 48, ipp. 443-456, and yol. 62, pp. 117-123, and 
in the Elektrotechnische Zeitschrift,' 1905 (Heft 11). 

§ 196. Eeferences. The literature of the Fourier Series 
is very extensive ; a brief account of the more important 
memoirs will be found in an article in the Proceedings of 
the Edinburgh Mathematical Society, vol. 11. The student 
should however read the epoch-making treatise of Fourier 
himself, Theorie analytique de la Chalenr (edited by G. 
Darboux. Paris: Gauthier-Villars) ; there is an English 
translation by A. Freeman (Cambridge : University Press). 

An excellent text-book containing numerous applications 
to problems in mathematical physics is An Elementary 
Treatise on Fourier's Series and Spherical, Cylindrical, 
and Ellipsoidal Harmonics, by W. E. Byerly (Boston, 
U.S.A. : Ginn & Company). 


EXEBCISES XLI. 

Find Fourier series for the functions in examples 1-10 : 

L f(r)— - 1 from - w to ^=0, fix)— 1 from ^=0 to r—ir. 

2. /(^)= from —a to a?=0, /(^)=c from ^=0 to 
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3. f{x)=ir-\rx from -ir to x— -^tt, f{po) — \'n‘ from ^=»= to 

JF= Jtt, /(.»)=7r- X from x—^tt (» x—tt, “ • 

4. The same as example 3 but with tt everywhere replaced by a! 

5. f(^x)=^a — x from x— - a to f{x) — a-\-x from ^-=*0 to a;— a. 

6. f{x)~cx from :r=0 to a, f{x)—0 from a to x=^'ia. 

7. A cosine aeries for sill. 

8 . A cosine series for f(x) when f{x)—^^-x^ from = 0 to x=ia, 
f(x)=0 from x=\a to x^ a: 

9. A cosine aeries for (tt — .r) sin x, 

10. A sine aeries ior f{x) vthon f{x)~hxl a from x=0 to x^a and 
f(x) =h{c — x)l{c - a) from x—a to x= c. 


11. If f(x) is continuous from x~-Tr to x = tt and if also /(- tt) =/(^) 
show that the derivative of f(x) may be obtained by diffei*entiatin^ 
the Fourier aeries fovf(x). 

12. Obtain (i) a cosine series, (ii) a sine series for e***. Examine 
whether each series can be derived from the other by differentiation 
or by integration. 

13. If /(O is an even function of x show that, under certain restric* 
tions on /(x\ 

* f (•^’) ■b ■!"••• 

+/(^ - 2 A) +/(^ - 4\) + . . . , 

that is, 2 /C^’+^rA) 


may be represented by the series 2 -d„cos^^^ where 

/I— 1 A 

I 1 Tv/ X ’ -<2 r , mru , 

[See the Am^oers^ 

14. By means of the theorem of example 1 3 show that 

(x+2wA)fi X , «. 71 ^ 


(*+2ii^ 


(ii) 2 (-1)”-^ 


A n=0 


2X~- 


15. lif{x) is periodic with period 2ir show that 

r F{x)f{r)dT= C’f{v){F{x)^-P(x4^ir)-irF{x+4:ir)-\-...)dx. 

JQ * • 

[Schlomilch.] 
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16. If in example 15 show that 

• 0 «— 1 ^ J ^ Jo n~0 

f'' 

Deduce by putting F(x) = e-^^ that 

1 “ 2A X 

T + 2/ TT . ^ "x “ - X - = tt cotn Att. 

The values e-^-^cos /ju?, e-^-^ain fjuv for give interesting series. 

17. Deduce from example 14 (i) that 

l+2 2e-«-'>2=il2:h+2Ve--2 k 

«»*i ^ V. )i=.i 1 

c!i,..w 1 , 1000 ■ /looov , /loooy , 

Show that +^__j +... 

is equal to 28*03196 [Schlomilch.] 

18. In equations (7), (8) of § 104 let /(»r)=e"’”* (m>0) and deduce 
the values 

» Jo + 2 » ’ 

rco8.r^ ^ 

Jo m^+/3^ 2m* ’ 

19. Show by means of the integrals of § 194 (7), (8) that 

[Let /a)=l/Va.] 

20. If /■ /(«) COS xada—y^ 

then ^ <{} (a) cos xada—^ /W- 

^ There is a corresponding relation when the integrand has sin.va 
instead of cos jca 

21. Show that if 7i>l and ^20, or if 1 and .r>0, 


(i) I sin nO sin (.r tiin 6) cos”~® 0 dO — 

Jn 


2r{n) 




w 

(ii) j coanOcoa(xta.rtff)fOB"~^0d6=-^^^e~*j^K 

[Use § lf»l, ex. 7 *and § 194, (7) and (8).] 
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22. Using the results of example 21., show that if m>\ 

• ir » • 

^ sin sin ~ ^ 


• (i) 

•'0 


(ii) / m$ 
Jo 


cos nO cos”* 0d6= 


2”*^” r(m)r(?i),* 

TT r(m4-y«'— 1) 
2^ f (7w)r(n) ■ 


[Multiply both members of the equations in example (21) by 
and integrate with respect to x from 0 to x.] 

23. Deduce from example 22, 

(i) £oos(m-.o0cos-»-^0rf0= 

ir 

(ii) cosjjOcoaP^dO^^^ —iy 

(in) r(P)vo-p)-^^- 

[Equation (i) and equations (i), (ii) of example 22 hold so Ion 
»?, n and are all positive; equation (ii) holds if p-f 

positive.] 

24. Show that if m>l and l>7i>0, 

(i) [ CM IS 7fi 0 cos”*“"“' 6 sin”' ^ 6 iios 

^ Jo r(^») 

(ii) J sin 0 cos”*“””^ 6 sin”-^ OdO — ^ * 
and by taking the limit for ?i“l, prove that (wj>1) 

T 

(iii) f cos mO cos”*~^ 0dO—O, 

Jo' 

rf „ 1 

(iv) j sin )nOcoa”*~“ OdO 0 

25. With the same restrictions on f{x) as in § 185 show that if 

where c converges to zero through positive values. • 

[See Exercises XXXIII. 13.] 





APPENDIX. 


NOTE ON DIFFERENTIALS. 


In §90 the differential dn of a function of two or more 
independent variables is defined to be the principal part of 
\ for three independent variables x, z we have the 


equation , 

du — -~ dx + ;:^dy+ ~dz. 
oy^‘ 


'dx 


'dz 


..( 1 ) 


It is important to notice that du is still expressed by 
equation (1) whether the variables aj, y, z are independent 
or are functions of two or more independent variables, all 
the functions and their first partial derivatives being con- 
tinuous. 

Suppose that x, y, z are functions of two independent 
variables a and t\ u is therefore a function of the inde- 
pendent variables a and t and the differential of u is given 
by the equation 

( 2 ) 


ds 


dt 


^ Now X, y and z are functions of the independent variables 
8 and t\ their differentials are therefore given by the 
equations .Jttj.l 
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But, by equation (i^) of § 90, 
'• du 


'dz 

'ds ^ 0.s‘ ?)y 3s ‘dz 3s ^ 


du 

di~' 


du dx du dy du dz 
'3i ^^d^j~^~^^dt’ 


(In regard to the notation 3?t/3s instead of du/dSy see the 
remarks near the foot of p. 219.) 

Multiplying the first of these equations by (hy the second 
by (It and adding, we obtain 




ds 


dt 


du/dx, , ,dx j. 




dy\ds 

dufdz 


dz \ds 


dt 


ds+^^^dt) 


du j ,du ^ ,du j 




by applying equations (3). 
(4), we see that 


Comparing equations (2) and 


^ du , . du j . du j 
du=~" dx+ — dy + ^ dz. 
dx dy ^ dz 

Thus the expression for d'u in terms of dXy dy, dz is of the 
same form as when Xy j/, 2 ^ are independent.. 

The proof obviously holds whatever bo the number of 
variables of either set, Xy y, z or s, t. 

In § 98 the second differential d^y of a function yy, or f(x)y 
of one independent variable x is defined to be f'\x)dx^ ; in 
this case d^x is zero or dx is constant. If, however, another 
variable, t say, is the independent variable so that 2 / is 11 
function of x and aj is a function of ty then d^x is not zero, 
but we have ^ 2 ^ ^ ^^ 2 ^ (Py y 

whore the dots indicate differentiation with respect to t 
But ij =f\x)(xf+fXx)Xy 

so that ydf' —f\x){xdtif’i'f\x)xdt^ 

or dj^y=f"{x)dx^-\-f{x)Sx. ! (5) 
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t ♦ 

The form of the expreqeion for is thus no longer the 
same as when*® is the independent variable. • , 

Wl may obtain (6) by taking the differential of the 
product /'(«). da: which is the value of dy\ thus 

d^y = d(dy)=dx.df{x)+f(x).d(dx) 

= dx.f"(x)dx+f(x)d^x 
= f"(x)dx^+f(x)d^x. 

Similarly, we find 

(Py = d(d^y) = f'"(x)dx^ + Sf"(x)dxd'-x +f'{x)d?x. 

These expressions for second and third differentials arc 
often required in analytical geometry. 

The higher differentials of a function of two or more 
independent variables are somewhat complicated. If 


we have 


, 7 , du , 

dv. = ^da! + ^dy. 


ilru=d{du)=dxd(^^+dyd(^ 


w 




dxdy 


3% 


3% 7 0 , o J n I J 2 / 0 \ 

* ■' < 

If in equation (11), p. 411, we put dx, dy, dz for h, k, I 
respectively and 8f for f(x+h, y+k, z+l)—f(x, y, z), that 
equation may be written 


Sf=df+ld^f+^d^f+.... 


If cc, y, z are not independent variables, then dx, dy, dz 
are not constant, and the form of the expression for d^u is 
different from that given above. To the terms on the 
right side of (6) we should have to add 

. 'dn 



ANSWERS. 


CHAPTER 1. 

§ a, p. 6. 1. 3i ; 2 ; -3 ; 4 o6. 3. (i) + ; (ii) - 

§ 9, p. 9. 2. The locus in each case is a straight line : in cases (i), (ii), 

^ (iv) the line is perpendicular to the axis of abscissae, and in (iii) the 
line is the axis of ordinates. When the ordinate is given the lines are 
parallel to or coincident with the axis of abscissae. 

4. (i) -f ; (ii) 

5 7, p. 10. a. (i) V5 ; (ii) V17 ; (iii) ^/5 ; (iv) 2^13 ; (v) Sjr^/2/2 or (i) 2-24 ; 
(ii) 4*12 ; (iii) 2*24 ; (iv) 7*21 ; (v) 6*66 

Set L, p. 19. 

1. 1, 1, 1. 2. (ax4-5)*-(aa? + 6)-2. 

a. a;^-5a;®+l; a;®-5a::*+l; sin^ar-Ssinir+l ; -2*94. 

а. ay^ + hyx + c ; ax- -i- hx^ + c ; ay® + 6y® + c. 

• 

CHAPTER II. 

Set II , p. 29. 

1. Ay Of D on curve ; By E not on curve. 

2. Y'OY is an axis of symmetry for (i), (iii), (vi), (vii). Point (1, - 1) lies 
on (i), (ii). a = 0. 

8. Turning points, (i) (0, -1); (ii) (0, -1); (iii) (0, 1); (iv) (j, ^) ; 
(v) (-i, f); (vi) (f» 1^). Abscissae (i) -1, 1; (ii) 

(^'0 (iv)0, ■§; (v) y( ” 1 » (vi) !• 

•• (i)» (ii)> (iv). In (iii) y is imaginary when x is negative. 

Set III., p. 32. 

1 . (i) -1,2; (ii) I, -1; (iii) - -|, -1. 8. (7 lies on line. 

б. (i)a?+y=3; (ii)a:+y=l; (iii)a;+y=0; (iv) 3a:- 2y + 6=0. 

7. y=2x-5, 8. y ■-h~c{x-a), \0. (1, 1), (-3,9). 

SetIV.,p. 4i. * • • 

a. (i) -2*84, -44, 2*40; (ii) -3*14. ^ 8. -1*98, - *06, 2.06, 3*98. 
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CHAPTER IIL 

t 




V., p. 64; 

ll’ (i) 3 V 15 . 

X5. Th3 equation is equivalent to y + 1 = ± - 3). 

Set VL, p. 60 . 

12 . (i) an ellipse, (3, -4), 2a=6, 26=4; (ii) a hyperbola, (-11, 5), 2a = 4, 


26=2^3. 


... (DiiODj-j. 


20. (i) o6/(v/(a’*sin^d + 6^cos^^) which may be written 6/<^(l - e*cos^6^) when 

(ii) (1 - c cos 6) {ablsj{a^sin^6 + h^cos^d) = 6 ( 1 - e cos ^)/\/(l - e^cos^B) ; 

(in) 6(1 + e cos e)/j{ 1 - e^cos^B). ^ 


CHAPTER IV. 

§ 32, p. 67. 4. The values of SyjSx^ are in order 331, 315*25, 303 01, 
300*3001, 300*030001. « 

5. The values of Syjdxi are 

(i) *015038, *015077, *015100, *015107; 

(ii) *008594, *008661, *008701, *008713. 

6. The values of Sy^dx^ are 

(i) *001332, *001334, *001335, 001336; . 

(ii) *005950, *005990, *006028, *00603. 

§87, p. 74 . 1 . 0, 517 , p, 2gi, a. -a/V 


CHAPTER VI. 


§ 63, p. 106. - 10, - 4, 0, 2, 8. 

§ 67, p. 111 . a. St*, - 4 /< 3 , 3 l%Jt, - 2 «"i 
4. i,Jx, - 1/a:, - SjiX*. 


Set VIII., p. 116 . 

1 . 21ar*+10a: + 4. a. 112a: -10. 


8. 3a;2~4a;-5. 


4 . l/(5-2a;)2 


1 1 




^7. - a:"""^). 8. 77i{aa;”‘"^ -60?"*""^). 

9. 5a;^ + \ + h'x~ * - ’i-x~ lO. 2 (a: + 1 ){xi^ - 1 )/ar\ 
11. (aU-hc)l{ct + df. 12. -acl{b + ct)^. 

18. 2{(a^ - 6^ ) ^2 + {aa- cA)t + [hC- + 2Bt + C)\ 

(7t S(<+2)» - 

17. Abscissae of turning points (a) ^ » (6) ±1, (c) 0, ±1. 


18. (i) a;2-a:+(7; (iy fa^+^ + C;*(iii) + + 

18. y = _ .|a .2 ^ 21 , Vt- \gi^ feet. 
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Set IX., p. 119. 

1* 2 ai * * 

“-iirrfjr S. ^(4x-3)M2a;+lH*i’2r- 

4. a®(a2-a:*r^- 5. + 6. {ax + l-b)ls/\ax^ + bx-{-Ti), 

-2x ■ ( ag-fe^)a;^>l-(a(7-c^)a: + (& < 7-c/:?) 

(i®- 1)* * {Ax^ + 2Bx+C)jJiax^ + 2bx-hc)y/(Ax^ + 2Bx^Cfy 

^ (a? 4*7)(3f + 1)® -Q [mx - nx + mh - na){x + 

{x-\f ‘ ‘ (x + fe)”-*-! 

**• -2*/3y> • I i -i i 


15. -(2a; + 2y-5)/(2a;+2y+l), grafl. = l. 16. a, 6 -c< ; tan0=f6-ce)/c. 

r- 


... x-a .,..A-{-2Bx ..... c? .. . my 




18. 


80. ^/(«)- 

iv 


Set X., p. 12 s. 

3. 3^i=2a(ir+*i); (y-yi)2(i+(a:-a;,)yi=0. 


CHAPTER VII. 

Set XI., p. 131. 

1 . 3(co83a;-8in3a;). 8. ^cos—(x+h). 

3. m cos TTu; coH na; - n Bin mo; sin year. 4. xcosa;. 5. a? sin or. 6. sin^o?. 

7. cos^a:. 8. cos^x. 9. sin^x. lO. (sin 3x+cos3x). 

11. ^sin(flw; + 6). 13. -tan(aa:+6), 18. ia: + Tsin2x. 

Of Q, 

14. 'Ja:- J-sin2aT,. 15. - cos 6ar ~ J cos 2a;. 

16. -•2acos(aa?+ 6) sin (aa; + 6). 17. tan(ia; -f- l)seC2(ia -f 1). 

18. co8 2a;/Aysin 2x. 19. sin a; (3 - cos®a')/cos^jc. > 

30. sin «/( 1 + 008 x)^. 31. 2 sin x/i 1 + cos x)^ 

33. (co8a?~sina:tan^)/(l + tana:)®. 

35. (i) <=i{(iV'+i)ir+€}, 8=0; (ii) <=i(A7r + e), 8=±a where N" is any 
integer. 

36. - a sin <, 6 oos ^ ; tan 0= - (6/a) cot t. 

38. h tan {x/h ) ; {a^l2b) sin {2xlb). • • * 

86. For cos a; the inequalities are not changed ; for sin a; put >>- in place of < 1 . 
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Set m, p. 134. 

3 


^ v^r-9^j- 

*• ^(•2+a!-a?‘)- 

-1 

- . , X 

Vl2^-ar2)- 

5. 



Set xm., p. 

1,39. 

1. 1 + loga:. 

8. ar“‘^(l+wloga:). 


6 1 /sin flj. 

8. al(a^-x)fjx. 

11. £c’*"^(a:+n)e*. 


6. 2/cosiP. 

1 

12. -2e"*sina:. 


3. 


6-2x + 2x“ 


6. tan"’.i; + 


1+a:^ 


8. sin“* 


m 


cotar. 4. -tana;. 
7. 2/sin ar. 

lO. (a:+l)e*. 


13. 


(1+^ 


14. ^log(3x+4). 15. 

17. log(ar+Var^ + l). 18. ^e®*. 

/ * _2\ // * -€\ / — 

88. ay'^ + e /) -e ®/> y®/a. 


1 , 2a)~3 

T2‘“82?^3- 

2 ?f 

aa. a; ;e“. 


Set XIV., p. 146. 

1. 28*’-6a:*; 84a?-12a:; 168a:-12; 168. 
a. (ar®+l)“^. 3. 12ar®~ 12aar + 2a® ; 12(2a?-ay, 

4 . y'=-(a:-l)-3-(ar+l)'*+(a;+2)-2; 
y''=2(ar- l)'-3 + 2(a;+ l)-3-2(ar+2)-» ; 

y{n) = ( - l)«(7i !) (a; - 1 ) " ”■ ^ + two similar terms. 

5. = - 2" “ ' cos (2a: + iJ7r/2). 

3. = a:^ cos ^ + 277ar sin ^ - w (n - 1 ) cos ^ where ^ = a: + nir/2. 

7. y = ;J- sin 2a: + sin 4a: ; y('*^ -== 2" sin (2a: ?i7r/2) + 2®" ‘ ® sin (4a: + nir/a J. 


i, (~ ir(n-2)! 

' * X* ar**'! 

lO. e*{a;*+2?ia:+n(M- 1)}. 

13 . y"=Owlienar= -‘ 1/^5 or +l/<^ 3 . 


3. e*(ar+70- 

18. Ex. 1. ; Ex. 2. a:=0. 
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CHAPTER yill. 

« 70, p. Ts?. - 67 X 10- «, 50 y lb"®. 

Set XV., p. 159. 

1. aVjOP^. 8. -dpidx — gp. > 

4. -dNjdt is the time-rate of decrease of the number of lines that pass 
through the circuit ; or, the time-rate at which lines tire wit hdr atm 
from the circuit. 

6. E—RC+LdCjdt. 6. X=~dEldx. 

7. (i) k\og{vJv^) ; (ii) -v^^'y)l{\ ~y) or (^jr, - P2^’2)/(7- !)• 


CHAPTER IX. 


Set XVI. a., p. 176. 


• 

1. 

X - 1, max. ; a: = 2, min. 

a. 

.r = 1 , max . : ar — 3, min. 

8. 

a; = 0, min.; x— -4/7 max. 




4. 

a?= - a, max,; io 

, min.; a 


max. 


5. 

a?- - 1, min.; .r=l, max. 

6. 

x= 1 , max. ; .r - 

min. 

7. 

x= - 1, min.; x= 1, max. if a> 

0. 

8. a?— - 1 min. 

; x = 

9. 

X = |a, max. 


lO. 

x— - min.; .r=^, 

max. 

11. 

£c=c, min. if /;>0. 


la. 

No max. or min. 


18. 


> 

15. 

{a-{-h)'^lc l AabJc^, 


16. 

(wjjaTi + ‘ 

...). 

19. 

M>r. 


ao. 

abcIS^S ; 3cP/(o6<;)’^ 


ao. 

2ab. 



Set XVI. b., p. 177. 





1. 

tan QAB — bla^2. 


a. 

■}{a-b\^^ 1-86*). 


3. 

J (a -f fe - \/ or - ah -f- 6-’). 


lO. 

a’= ; x — }ia. 


11. 

12. Jd; 


13. 

na 


14. 

0/^/2. 16. AP 

: PR = a 

'.h. 



Set 

XVI. c., p. 179. 





lO. 

ZJZ 


la. 



18. 

(i) tan«=.y/Q^; (ii) 


(Pi) 

1- ”• 7 «• 

a 

1 

e‘ 


ao. 


2«- 




h\a^h. 

a) 


3L0. e. 
O.tJ. 


B 
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Set XVIL, p. 182. 

1., Origin a point of inflexion on (i), (iii), (iv). 2. a;* ± * 

8. X for ^ints of inflexion (i) ±aj^Z\ (ii) 0, ±ax/3; (iii) ^ajnjh^ 
(ivyO, ±asj'^, 

». The origin. 7. (i) 0, v ; (ii) ^ ; (iii) 0, r. 

9 . (i) ar=2, (ii) aj= lO. a;=^log(^). 

H. bx+c-20=nr (§ 75, Ex. 4). 


CHAPTER X 

Set XVIII., p. 201. 

•. (l)i<i=(V-«i»); (2)^a=(^--^)! (3)^o»logJ’; 

(4) (6) |a®[60 - 8 sin 6 + sin 29]^. 

lO. V. 


CHAPTER XI. 


§ 91. p. 218. 2. axjx+hyiy + cziz=h (a7-a:i)/aa?j = (y-yi)/6yi=(z-2i)/oa;j. 

3. byiy + cziZ =x + Xi; - (a? - Xi) = (y - yi)/6yi = (z - 2i)/c2i. 

4. ax^x + hy^y + cz^z = 0 ; (a; - x^yaxi = (y - yi)lby: = (z - z{)/czi. 


Set XIX., p. 2.39. 

2. ^+2{Z)er)2-r2>|r=0. 


1 +7 tC08< 

a 8in’< 


CHAPTER XII. 

Set XX., p. 253. 

1. 2 137812. a. -226074. 8. 2-188920. 

4. 2-588968. e. -057014; 1-46765. 8. 1 -895 494. 

7. -7.39085. 8. 1-165 6 ; 4-6042. 8. 91 964. 

lO. (i) 4-73004; (2) 1-8751. 11. 5 600257, or in deg., 320" 52' 10, 

18. *=1-996, y=-909. 

Set XXI., p. 260. a. 1-67 in. 


CHAPTER Xin. 

§ 111, p. 266. 3. faij ; T(<(a:-4)^; fn/(3*-4); •in*’^. 

a. 2; 0; 1; log(6*/o>); -logi 
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Set^XIL, p. 269. ^ • 

t . + 51a; + laC log (x - 3). 

8. log (*>-30! +2). 4. 

8. ^ten->(a;^|). 7. Jsin- 


3. .r+log(2a7- 1).> 


5. 



v/7-.y^/;r ■ 



8. ^log(2x' + */^2 + 3). 

lO. sin 3a; + ^ sin x. 

12 . |-ar - ^ sin 2a; + sin 4x. 

14. icos(a;4-l)~TVcos(7a; + 5). 

16. t/4. 17. t/4. 

30. T log (if)* 31. tt/G. 

SetXXIII.,p.m 


3. ^a; V I' sin 2a;. 

11. ix-i-^8in2(ax-hb). 

13. i sin a; - xV 7a;. 

16. J sin 2a; + Y sin 4a; + 

18. tt/S. 19. xlog3. 

33. 7r/2. 38. (iii) 47rafjc/S. 


4. 8. ■ylog(a^+a?“). 8. ^(a® + a^). 

Tlog(^-r+i ]• «• ;73ta"‘’( ;^3")' 

lO. log sin.r. 11. log ( 1 + sin a;). 13. log (a; + sin a;). 

18. taiv^ a; - tan a; + a;. 14. ^ -J- cot^ a; + cot^ .r -h log sin a;. 

15. ^tan-^^^tana;^* 16. ~cosa; + cos®a;--Jcos''^a;+xco8'^aT. 

17. --J-cos'*a;+f cos'^a;-^cos®a;. 18. tan a; -cot a;. 

19. xsec^a;. 30. 2«y(a-a;){ § (a-a;)®- Ja(a -a;). 

31. -f (a;+2a)^y(a-a;). 33. log(a; + \/a; - 1) ^ 

33. (i) 8/15; (ii) 8/315; (iii) ir/ab ; (iv) xlog3; 

(v) ^log2; (vi) 5r/3V3: (vii) 27r/3v/3 ; (viii) x/2. ^ 

1 / 2a; + 1 \ 

34. •2-log(.x2+a?+l) + -/3tan"^^'-^|^y- 35. a;-2tan-ia;. 

36. :^(a; - l)8+21og(a;2 + 2a;4-3). 37. ^ log (a;^- 2) + ^ log (a;® +2). 

38. a; + 4 log(a;- l)-4/(a;-l). 39. sin’'a;-^(l -a;®). 


30. l) + log(a; + \/5^ 1). 

33. ,^(ax - a;®) + g sin-^ 


31. ^(«®4-aa?) + glog Irs/x^^a^), 

88 . 
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84. 

N/(a;'“-l) 

g+l 

• 36. 

-vi-?! 

.r- 

zll . 

1 


87. 

-m) 

38. 


■■ *» \ 

99 

^J{x^ + 2x-\’3)‘ 

40. 

-J-aJ + 1 log (sin x + cos a:). 


•*1. 

it 5 

log (sin a? + 2 cos x). 

42. 

(i) 5r/4; (ii) 

9r/2; (iii) 

ir/4; (iv) 7r/(l-r2) 

or 7r/(r2~l) according as 


< 1 or 

*>1 ; (v) 

/sino; ( 

Ivi) 7r/2J(\ - 

*“); (vii)ilog3. 

43. 

(i)>r/2;(ii) - 

- 7r/2. 46. 

8aV15. 

4e. Each 

= 2a73. 47. -J(2rt2 + ?,2)T. 


Set XXIV., 

p. 288. 




1. 

-(a;+l)c--'. 

2. 

-(ar> + 3a^* + 6a: + 6)e 

" *. 3. sin a? - a? cos a?. 

4. 

a; sin a? -1- cos a?. 


6. - X cos 2a: + J sin 2a?. 





.y.n+1 


8. 

- a?* cos X + 2; 

a? sin a; + 2 cos x. 

(w+j)2 

8. 

-J(loga?)2 



9. -ie~^+-i()e~^{coa2x-2s\ii2x). * 

lO. 

e'/(l+a?). 


11. - 


12. .Tsin~®a: + /^/(l - a:*). 

13. 

a: tan"® a; - i 

log(l +a:2). 


14. -|a?®sm" 

*^3? ~ sin ~ ® a? -f J a\/( 1 -x\ 


15. "a" ( 1 1«. i (a: - 1 )\/(3 + 2x ~ x^) + 2 sin * ' 

17. -J- (a: + 1 )v/(a;2 + 2a: + 3) + log (a; + 1 + slx^ + 2x 4- 3). 

18. (a? - a)^[2ax - x^) + -j/a^ sin"® ~'~* 

19. \ {x + a),J{^2ax + x^) - log (a: -f a -H sl'lax + x^). 

20. lsui-^x-lx^/{l-x^). 21. aa. -^(4sm4a:-3cos4ar). 

23. i (cosh a; sin a; -f- sinh x cos x). 24. | (cosh x sin x - sinh x cos x). 

26. 35tI25G, 57r/16, .3ir/256, 4/35, 77r/256, 13/15 -7r/4. 

28. 7ra*/l6, ira?l2, 5ira*IS. 27. ( 7 r- 2 )a 2 / 4 , 

28. ml nl I {m-hn-\-l)l. 83. ml n 1 1 {rn 7i) I 

34. 9ra732, (2‘:7r/32- 28/15) a«. 88. 32^2/15. 37. Tra^. 

89. 4a(l-co8 0/2). W. \ad^{\-\rd‘^)+\a\og{B + sl\-¥0'^). 41. (r- a) sec a. 


• Set XXV., p. 296. 

1, log (a; -I- 2) - ^ log (2a; -f- 1) - ^ log (.3a? + 2)- 

2. 15a;2-51og(a:2~l) + 801og(a;2~4). 8. --a). 


• *^2 1 1 Or -1 

8. ^log(a?+l) + ^log(a:®-a7 + l) + ^tan"®^;^^. 


8 + i + log^ 


11, a?-l\ 

aj+X^^a;- ^®a; + l/ 


^ 1 1 1, a?-l 

■§5Tr'^i^‘’Sj+T 

. 1—1 1 1 .8/ 

*• 16 (* 717 “ 10 ( 7 ^"^ 16 \ 


_ 1 1 

7. -4(;^ari)2- 
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9. tan'^a^^. lO. x H-log (a;^ - a: + 1 ) + tan ~ "» 


14- Q "12 ( tan'^ - ~ 6 tan* 
- ?r V tt 


11. i^tan-^^ + l log|^. la. ^,(Jtan-if-Jtan-‘ 5 ): 

1 , *“+6“ 1 / . .,a! *., 

16. jl()g(j:-l)-ilog(ar‘ + l)-iton->a: + i~. 

T) _icc-l-l 1 .r+1 

17. j^jtan -^ + j.s^:2i + 5'-s;r?T2a+5‘ 


I U <1- u , < 

■ Si?* ■'■ 2A»a# " fr'x ■'■ 65 “8 


18. j^tan '- . 


1 , 2 + COS .r 1 , 1 - cos X 

ao- 1 0 H o.caa; + 6 ^°g 1X7^ a 


*"• 12““ 4 12“»2-c(,sa;"6‘ ®l+co8®- 

21 - * ^+‘* _ JL „.£±2_ . _ taj, -i£j: 2 

8 (a;‘'^ + 4c + 6)‘*^ 32 a;- + 4a; + 6 64 ^2 

1 , x^-ax + a^ 

2a x^ i-ax + a"^' 

**• i («; + 1 ) + log (a?* + 4) - ^ log (4*2 + 1 ) 


8 . 1., 1 * -il 

+;=gtan ‘i«-j3gtan >^x. 


I 1 X ;i ., 

. _ ^ - tan ^ X. 

X 2 1+a;2 2 


2 6. 2ijx - 2 tan ' '^^x. 21 

ae. 2 V(x-l)|x+|(.r-l) 3 +i(x-l) 3 | 


26 

’ (a -?))"*+« "V '»t"‘ 

27. 2a;^ - 3a;® + 6a;® - 6 log ( 1 + a;®). 


2 2a + 6a; 
v/{a + 6a;)* 


V(a:®+l) + x^ 


1 , , , xV2 1 , V(x*+l) + Xs/2 

31. — ,^tanh ' — sv ~ o“;o log /, s Tu ' in' 

X* x,,/(x= - a) , 1 , , , ,-s , 

33- 5 ;: Hr l-i 5 log(x + Vx--n). 


(2x«-l)V(l + a^)/3x». 33. -(o- x)^/(a+x)t 

' iogi±t5il£Z-f^+ 1 ta,-.(V2toSi-l) 

-V- 1 4*tana;-hv'2 tana; 

1 * 

+ ^2 M 1 )• 
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% 

CHiiJPTER ,XIY. 

S^XXVL.p. 306. ' 

1. a/(o*+V*). a. 6 /( 0 ? + 6 »). 8. w. «. 3ir/16o» 

5. 6ira®/16. 6. va, 7. ir. 8. ir(6-o)®/8 

9. lO. T/2a6. 11. ir{a^+b^)l^a%^ 

12. (6-tan'i6)/e8. la. ^v^(l+e2)-^log(6-f Vl+e®). 14. 0. 

18 . -1. 16 . -1/9. 18 . «! 18 . tV4. ao. 


Set xxvn., p. 312. 

1 . 2jroA“; ^^o[(a + 6 )^- 0 ^]. a. Th^^{be). 

«. T{b-a)Hb + a)l8c. 5. ir(a*+62)/2. 

8. (4-»-)o*/2; (4+ir)o»/2. lO. 3ira“; 2jr®a». 

la. {r-2)o*/2. 18. ira=>(10-3)r)/6. 

18. 3iro*, 4o(l - co8o/ 2), 6jr%*, ir®a’. 18. a6c/6. 

aa. 


P/ « 1 ,a\ 

^ tan 2 + j tan® ; 


8. |o6 ; 4)ra6*/15. 
7. o5/30. 

11. JTO®; )r%>/2L 
16. 2 . 
au. 5roc®/2. 


aa. Ta®/12. 


^ / !HL® 4. 2 , 

2(1 - e?)\ ■ 1 + € cos o eV(l - «*) 

84. iro®/4, «(®/2. 85. (3-21og2)c74. 



ae. (4-T)a®/2. 


BetXXVin.,p. 322. 


8. 16a®/S. 8. llT. 


_ 5 .. /fs! 

*■ 2»i»\OT®^n®/' 


« CHAPTER XV. 

Set XXX., p. 347. 

1. (i) (ai®+Oj®+ ... +a^/2. (ii) (6,®+6j*+ ... +b^)l2. 

a. (ojA j "t" 6 jRj 62 jff 3 )/ 2 . 

7. (i) 3A/6, Sit/S. (ii) 26/5, it/2, (iii) faain®a/(a-8inacosa), 0. 

(iv) »=4 o(1+oobo). (v) 6^/6, 0. 

lO. (i) 6Jlfo»/4. \ii) 7J/a»/5. (iU) m»/6. 

(iv) 3Ma»/10, 3Af(<^+4A*)/20, 
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CHAPTER ^aX. 

Set XXXV., p. 416. 

6 . (1 -•aM)(l -61/)- are the squares or the feim-axes of 

the conic as^ + 2 hxy + hy^ =1. • 

7. + + \ Mj, ?/2 squares of 

the semi-axes of the conic in which the plane cuts the ellipsoid. 


Set XXXVL, p. 422. 

1. ^w(n+l). 2. l/2a. 

6. 00 and 1. 

8 . 1 and - 1. 

II. (loga-log6)/(logc-loggr). 
•l4. and 1. 


8. a. 4. (ai-fa2+ •••(in)ln. 

6.-1 and - 1 . 7 . 2 and 2 . 

6 . a/b and 2a/ft. lO. 1/2. 

12 . 1 and 1. ' 13 . aia2...a^. 

15. and 0 . 17. ±{a/b). 


CHAPTER XX. 

Set XXXVIIL, p. 439. 

1 . y-x=G{l+xy), 2. sin’ V” sin •^07= (7. 

3. Cy=={l-my){x + m), 4. xy‘^=C{2y + x). 

5. y=C^-ll4:C. 6. {2a’-3y-M)2(x + 2y-2) = a 

7. x^G+j-^drj, where R=^ {a + mb) 7} + ac-\‘bg. 

8. by^+2axy -/x^ -2(jx+2cy=:G, 9. y~{x + G)e-*, 

10 . y=^x+Glx. 11 . y = (sin-^a7 + (7)/V{l-a;2). 12 . (1 -|-a:2)y = ^a;8+ C. 

13. y=(7e"®'4- {acos(6a; + c) + 6sin(6a; + c)}/(a24.52j/ 

14. \ly^= lix? + Gx^. 15. a:/y=(7-hloga;. 

16. a;4 -i-2a:2y2-y^-2a2a;2-262y2=(7. 

17. (y-(7a7)2-=a2(72-i-62; 

18. y=^Cx+G‘^\ 27y2-H4a:^=0. 19. y'^-Gx^-{-G\ 

20 . y-Ae^+Bd*^. 21 . y=A^Be^-^GeK 

22 . y — ^{A COB sill a;) + ( 2 co 8 2a:H-sin2a7)/30. 

28. y-Ac*+.ffe2*-«c*. 

24. y = .4 cos nx-^B sin nx-^x[a sin nx - h cos nx)l2n, 

25. y=46"*^ .Be”*“-f-a?(ae«*-6e-’«)/ai. * 

86. y = e^(A cos 2a? + R sin 2a:) + ( IGO-r® + 156a: + 16)/^97« 

27. y^(4^.&a:)cosa:+(i^+/h;)8m;i?» • ^ 
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38. cosv‘ + .5sin 0, 

28. 37=.^ ^ 08 ^ + ^ sin ^ 

y=i(J?-3-4)cos^--j(^ +3JB)sino. 

30. + 

y — Ae^ - Be’ ^ - 

31. x--^{A+Bty + {E+Ft)e-\ 

y = \[B -A-Bt)e^- F+ Ft)f’K 

32. x=^Vt cos a, y - Vt sin a ~ \gt\ 

33 . a;=acosn^, y=6sin7i^ where 7i=/^^//i. - 

34 . ; t,^(^^^ = d-^smdcoHey where a;=acos‘‘*^.i 

35. (i) By = -ijni{x* -2la!^ + Px); 

(ii) By=-^jwx^(l - x )'^ ; 

(iii) By = -^jwai^ix^ - ilx + 6/®). 

37. y = ( A cos Jia? + 5 sin nx)lx ; y = jB(sin nx)lx, 

38. (i) y=^A+Blx+x^; (li) y=Ast^-\- Bx'^-\-Cx- x^ log x; 

(iii) y=AQS^+Blx-ix. 

40. y=A cos (n log x) + B sin ( n log x), 41. ic = r + B/r^. 

42. V-A\ogr + B. 43. (Dyf+\=^Aa^l(G-y^f. 

45. y-\of^-Ax-{-Blx, 


CHAPTER XXL 

Set XXXIX., p. 454. 

4. 

3 . (i) x>\, y=T/2; 0<a7<l, y=Taj/2; -i<x<0, y=wxl2; 
a:<-l, y- -ir/2. 

(ii) x>2y y = ir/2; 0<a:<2, y=7r(4aj-a5*)/8 ; 

-2<a7<0, y=ir(4a: + a:2)/8 ; a7<-2, y=~7r/2. 

20. a7>2a, y-Zirft; 0<a?<2a, y=irl2; -2a<aj<0, y= ~t/ 2; 
a? < - 2a, y ss^- 3i^2. * 
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sin Sx sin ox 
+ — = — -f 


Set XLL, p. 502. 

X ^ / aina? j sii 
’ ir\ 1 o 

a. Icfsinif+l 
TT V a 3 

3. 


CHaIt'ER XXII. 

■■> 


o a o a 


...). 


3. 


6. 


7, 


.Stt 2 / cos X cos 2x cos 3j; \ 2 / cos 2x cob 4x cos 6a: \ 

s^ttV 22 3 - -7 ?2-+-e2" “**7- 

3a 2a / 1 ira: 1 2ira: 1 .37ra: \ 

8 TT^ \ P a 22 a 32 a y 

2a / 1 2trx 1 4Trx 1 6ira7 \ 

7r2 \ 2“ a 42 a 62 a / 

/ 

T ir -2 V 


xr 1 „ 3irx 1 ^ ^irx 

cos H - cos - + - . - cos - - + 

. 32 a 5- a 


ac 2ac / 

T'-aP'V 

+ 2£(sm^f-l 

IT \ a 2 


COs’^-':+lc0S?If + i,.C08 5^? + 

a tt 0 - a 


...). 

) 


. 27rx 1 
sin - + - sin - 


2 4 

^ TT 
nii 


^X_ \ 

a 

( cos 2.1: cos 4a: cos 6a: \ 

1T3~‘^’‘~3T5 - *t 


i 2a2, 

^ 1 2Trx 

1 


47r.r 1 

( 

;^-i 

. cos 

^ 22 a 

’42 

cos 

"a ■■‘■'e* 

cos- 

. 4:a2 1 

^ TTX 1 


Sira: 

1 

OTTX 

H 0" ( 

COS — 

cos 


+ ■=>.- <^OS 



^ a 32 


a 

-^53 

a 


6ir.r 


) 


,1 „ / cos 2x cos 3.r cos 4a; . \ 

• +-2:4-+r..r+ ••> 

f sin I? sin + ' sin?!:!^ sin ?If ^+ ... V' 
'a(c-a) \ c e V c e / 


10. 


xa. (i) 


LT^|i!!::£2i!L^oosn.; 
^ „^1 


. - 
(li) - S 


7r„t:ia- 4-n^ 


a2 + 7 i2 

(1 - e®’ cos nx) sin 7ix. 


18 . 


If the series is uniformly convergent when x is in the interval (0» X) it 
is easily proved to be uniformly jjonvergent for every a;, and to 
represent an even periodic fflnction, ^(x) say, with period 2X. 
Expand ^(x) in a cosine series in the intervll (0, X) ; to determine 
. the coefficients we can integrate term by term. The cosine series 
repipsents for every f* * ‘ ^ 
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Abdank-Abakanowicz, 

Abel’s Theorem, 386. 

Abscissa, 4, 7. 

Acceleration, 150. 
angular, 153. 
normal, 359. 
radial, 239. 

Adiabatic curves, 127. 
expansion, 230. 

Algebraic functions, 43. 

Amsler’s planinieter, 321. 

Anchor-ring, 322, 349. 

Angle, 31, 219. 
between two lines, 42, 207. 

Appell, 322. 

Approximations, 196, 244-269. 
rule for, in expansions, 249. 
to areas and volumes, 328. 
to integrals, 299, 308, 328. 
to roots of equations, 244. 

Arc, derivative of, 124, 201. 
of circle, Huygbens’ approxima- 
tion, 396. 

Area, approximations to, 328. 
derivative 185, 201. 
interpretation of, 187. 
of closed curves, 316. 

^of surfaces, 193, 338. 
of some common curves and sur- 
faces, 309. 
sign of, 186. 

swept out by moving line, 319. 

Argument of function, 14. 

Asymptote, 38, 250. 

Auxiliary circle, 54. 
equation, 434. 

Attraction, 151, 154, 241. * 

Axes, change of, 52. ^ . 

rectangular, 6, 205. 


Bernoulli’s numbers, 404. 

Bessel Function, 407. 

Beta Function, 350. 

Binomial Theorem, 394. 

Cardioid, 202, 360. 

Catenary, 139, 360. 

Cauchy, 121. 

Cauchy’s form of remainder, 393. 
Centre of curvature, 354. 
of gravity, or inertia, or mass, 
341. 

Centroid, 341. 

Chrystal’s Algebra, 173, 250, 290, 
375, 382, 386, 395, 396, 404. 
Elementary Algebra, 20. 

Circle, Area of, 85. 
of curvature, 354. 
involute of, 373. 
perimeter of, 85. 

Cissoid, 314. 

Clairaiit’s equation, 432. 
Commutative property of deriva- 
tives, 221. 

Complementary function, 433. 
Complete differential, 213, 224. 
integral, 426. 

Compound interest law, 97. 
Concavity, 180. 

Cone, surface and volume of, 86, 
309. 

moments of, 349. 

Confocal conics, 428. 

Conic section, definition, equation 
and properties of, 47, 54, 61. 
polar equation of, 63. 
tangent properties of, 124-128. 
confocal, 428. 

Conical point, 218. 
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CoTiicoid,^8. > 

l^onaecutive normals, 355. 

Constant, 13. 
arbitrary, 262, 425. 
elimination of, 424. 

Contact of curves, 361. 

Continuity, 12, 87, 204, 457, 463. 
of elementary functions, W. 
of series, 385. 

Convergence of series, 375. 
absolute or unconditional, 382. 
conditional, 382. 
uniform, 385. 

Convexity, 180. 

Coordinate geometry — 
of two dimensions, 27. 
of three dimensions, 206, 

Coordinates— 

• cylindrical, 210. 
polar, 10. 
rectangular, 7. 
spherical polar, 210. 

Corrections, small, 258. 

Cos flj, expansion of, 394. 

Curvature, 352. 
centre of, 354. 
chord of, 354, 360. 
circle of, 354. 
formulae for, 353, 355. 
radius of, 354. 

Curves — 
contact of, 361. 
derived, 183. 
equation of, 23, 209. 
family of, 365. 
integral, 190. 
tracing of, 311. 

Cusp, 46. 

of second kind, 201. 

Cycloid, 368. 
properties of, 369, 373. 

Cylinaer, surface and volume ot, 
86, 309. 

Decreasing function, 104. 

Definite integral, see * Integral.’ 

Definite value, 15. 

Density, 341. 

Derivatives, 101. 
geometrical interpretation of, 
105. 

not definite, 107. 


derivatives of sym, product etc., 
112-114. ^ 

of a function of a function and 
of inverse functions, 416. 
of implicit functions, 119^ 214. 
of arc, 124, 201. 
of area, 185, 201. 
of surface and volume, 193, 346. 
successive or higher, 142. 

Derivatives, partial, 204. 
commutative property of, 221. 
geometrical illustrations of, 214. 
of higher orders, 220. 

Derivatives, total, 212. 

Derived curve, 183. 
function, 102. 

Differential,' 120. 
complete or total, 213, 224. 
higher, 234. 

Differential coefficient, 102 see 
‘ Derivatives.’ 

Differential Equations, 424. 
degree of, 4^. 
exact, 431. 
homogeneous, 429. 
linear, 429, 433. * 

order of, 424. 
ordinary, 424. 
partial, 424. 
simultaneous, 437. 

Differentiation, 101. 
logarithmic, 113. 
of series, 400. 
see ‘Derivatives.’ 

Dimensions of magnitudes, 68. 

Direction cosipes, 207. 

Directrix of conic, 47. 

Discontinuity, 88, 154,^7,443,492. 

Divergent series, 375. 

Durand, 193. 

Dynamics, 149-155, 225, 341-347.^ 

Eccentric angle, 55. 

Eccentricity of a conic, 47. 

Elasticity, coefficient of, 156, 2.30. 

Electric current equations, 159, 
430, 438. 

Elimination of constants, 424. 

Ellipse, definition and simpler 
« properties of, 49, 54, 61. 

* area 0^281. 310. 
curvature of, 353, 359. 
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Ellipse, evolute fif, 362. 
perimeter of, 405. 
tangent properties of , 124*128. 
Ellipsoid, inoments of inertia of, 
341 

volume of, 270, 310. 
of revolution, see ‘spheroid.’ 
Elliptic lamina, 
centroid of quadrant of, 342. 
moments of inertia of, 345. 
Energy, kinetic, 150. 

Envelopes, 364. 

contact-property of, 366. 
Epicycloid, 369. 

properties of, 373. 

Epitrochoid, 370. 

Equations, of a curve, 23, 209. 
of a surface, 209. 
theory of, 242-254. 
differential, 424. 

Errors, superposition of small, 258. 
Euler, 2.53. 

theorems of, on homogeneous 
functions, 412. 

Everett, 70. 

Evolute, '361. 

Expansion, coefficient of, 156, 
2.30. 

Expansions of functions, 390, 408. 
Explicit function, 16. 

Exponential function, 96, 394. 

graph of, 58. 

Extension, 152. 

Fluent, fluxion, 109. 

Focus of a conic, 47. 

Forms, indeterminate, 418. 
Fourier SerTt'S, 484. 

Frullani’s Theorem, 480. 

Function, algebraic, 43. 

, ,deflnition of, 14. 
explicit, 16. 

graphical representation of, 20. 
homogeneous, 412. 
implicit, 17. 
inverse, 18. 
multiple- valued, 17. 
notation for, 16. 
of a function, 90. 
periodic, 56, 303. 
singhs- valued, 17. 
transcendental, 56.' 


Gamma Function, ,349*4.50. 
Gennochi-Peano’s Calculus, 421 . * 
Geometry, coordinate — 
cf two dimensions, 27. 
of three dimensions, 205. 
Gradient, 32, 102. 

Graphical integration, 192. 
Graphs, 20, 311. 
general observations on, 59. 
of inverse functions, 44. 

Gray’s, Absolute Measurements, 
70, 175. 

Magnetism, and Electricity, 4,39. 
Physics, 154, 160. 

Gray and Mathews, Bessel Func- 
tions, 407. 

Gregory’s scries for tt, 401. 
Gyration, radius, of 344. ,, 

Harmonic motion, 1,52. 160. 

Heat, conduction of, 1,57. 

Henrici’s Report on Planimeters, 
322. 

Hobson’s Trigonometry, 2.57. 
Holditch’s Theorem, 323. 
Homogeneous functions, 

Euler’s theorems on, 412. 
Huyghens’ rule for circular arc, 
396. 

Hyperbola, definition and simpler 
properties of, 50, 54, 61. 
area of sector of, 289. 
curvature of, 359. 
evolute of, 371. 

rectangular, referred to asymp- 
totes, 54. 

tangent properties of, 124-128. 
Hyperbolic functions, 1,39-142. 
Hypocycloid, 369, ,373. 

Hypo trochoid, 370. 

Identical Equality, theorem of, 
388. 

Impedance, 430. 

Implicit function, 17- 
differentiation of, 119, 214. 
Increasing function, 104. 
Increment, 65. 

Indeterminate forms, 418. 
Inductance, 159, 430, 438.. 
Inertia, centre of, 341. 
moment of, 343. 
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Infinite, 6^80, 195. 

• series, see * Series.’ 

Infinitesimals, 195-200. 

Inflexion, point of, 35, 180, 239. 
Inflexional tangent, 35. 

Integral curve, 190. 

function, 18^ 

Integral, complete, 42i). 
definite, 2fi3, 298-309. 
double, 334. 
general, 189, 202. 
geometrical representation of, 
188, 263. 
indefinite, 202. 
limit of a sum, 324. 
line, 347. 

particular, 426, 433. 
related, 301. 

standard forms, 265, 278. 
surface, 347. 
triple, 338. 

see contents of Chap. XXI. 
Integrand, 262. 

infinite, 304, 446, 476. 

Integraph, 192. 

Integrating factor, 431. 
Integration, 262, 295. 
along a curve, 318, 347. 
by algebraic and trigonometric 
transformations, 267. 
by change of variable, 271, 340. 
by partiJil fractions, 268, 290. 
by parts, 281. 

by successive reduction, 284. 
of irrational functions, 294. 
of quadratic functions, 274. 
of rational functions, 292. 
of series, 399, 495. 
of trigonometric functions, 278. 
operations under sign of, 456- 
479. 

over an area, 337. 
through a volume, 338. 

Intrinsic equation, 357. 

Inverse function, 17. 
differentiation of, 113. 
graph of, 44. 

Involute, 361. 

Isolated point, 313. 

Lagrange’s remainder, 392, 409. 
Lamb’s Calculus, 348. 


L^iplace’s Equation, 223, 235. 
l.ieibniz, 121. ^ 

series for tt, 401. > 

theorem on derivati\^ of pro- 
i duct, 144. 

Limits, 74-86. 

distinction between limit and 
value, 81, 405. 
of a definite integral, 263. 
theorems on existence of. 100, 
377, 463. 

Line integral, 347. 

Linear ditterential equations, 429, 
433. 

function, 31. 

Lituus, 202. 

Lodge’s Mensuration, 331. 
Logarithmic differentiation, 113. 
function, .57. 
series, 395. 

I Logarithms, calculation of, 395. 

i derivative of, 136. 

I graph of, 58. 

Liiroth, 257. 

Maclaurin’s Theorem, 3^J1, 411. 
Maclean’s Physical Units, 70. 
Magnitudes — 
dimensions of, 68. 
directed, 13. 

geometrical representation of, 

Mass-centre. 341. 

Maxima and Minima, 166. 
elementary methods, 171. 
of functions of several variables, 
412. 

Maxwell’s Heat, 232. 

Mean- Value TheoreWs — 
Derivative, 162, 419. 

Integral, .300, 309, 451. 

Mean value of a function, 

339. 

Mechanics, see ‘Dynamics.’ 
Minima, see ‘ Maxima.’ 

Moment^ differential, 121. 
Moment of inertia, 343. 
Momentum, 150. 

Monotonic, 451. 
see also 495. 

w Multipliers, undetermined, 415. 

M ultijjie-v^lued functi^;* 17. 
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Napier’s base, 92. * 

Newton, 109. 

his if:*^thod of approximating to 
the rc^ts of equations, 244. 

Node, 423. 

Normitl, 123, 201, 216, 

Number e, 92. 

X, 85, 401. 

Order of differential equation, 424. 
of infinitesimals, 195. 

Ordinate, 7. 

Origin of coordinates, 8. 
change of, 52. 

Oscillating series, 375. 

Osgood on Infinite Series, 375. 

Pappus’ Theorems, 348. 

Parabola, definition and simpler 
properties of, 48, 54, 61. 
arc of, 127, 314. 
curvature of, 353. 
evolute of, 367, 371. 
semi-cubical, 127. 
tangent properties of, 124-128. 

Parallel corves, 361. 

Parameter, 365, 458. 

Partial Derivatives, see ‘‘Deriva- 
tives, partial.” 

Peano, 413, 421. 

Pendulum, period of oscillation of, 
402, 4.32. 

Pericycloid, 369. 

Period of a function, 56, 303. 

Perpendicular, length of, 63. 

Plane, equation of, 209. 
tangent, 215, 411. 

Planimeter, ^1. 

Plotting of po'ints, 9. 

Points, conical, 218. 
distance between two, 9, 206. 
isolated, 313. 
turning, 24, 167. 

Polar formulae, 200. 
tangent, normal, etc., 201. 

Potential, 153, 223, 351. 

Power, fundamental limit, 91. 
derivative of. 111. 

Power series, 383. 
continuity of, 386. « 

differ^tiation and integration 


Primitive of differentisdi equation, 
425. t 

Prismoid, 332. 

Proportional parts, 255. 

Radius of curvature, 354. 

of gyration, 344. 

Rates, 65-73, 101. 

Rational fractions, integration of, 
290. 

Rational function, 34. 

integration of, 292. 

Reduction, successive, 284. 
Remainder in Taylor’s and 
Maclaurin’s Theorems, 392, 
409. 

Ring, see “Anchor- ring.” 

Robin’s Tracts, 121. 

Rolle’s Theorem, 161. 

Roots, see ‘ Equations.’ 

Schlomilch-Roche’s form of re- 
mainder, .393. 

Segments, directed, 1. 
addition and subtraction of, 
2, .3. 

measure of, 5, 12. 
symmetric, 3. 

Series, infinite, 375. 
alternating, 382. 
differentiation of, 400, 495. 
integration of, 399, 495. 
multiplication of, 3S8. 
semi-convergent, 382. 

See ‘ Convergence of series,’ 
‘ Power-senes.* 

Sign of area, 186. 

Simpson’s Rules, 330, 332. 
Simultaneous differential equa- 
tions, 437. 

sin a?, sin'^T, expansion of, .393, 
401. 

Slope, 102. 

Solution of a differential equation, 
426. 

singular, 432. 

Space-rate of change, 103, 160. 
Sphere, surface and volume of, 
194, 309. 

Spheroid, oblate and prolate, SKX 
surface and volume of, 310. 
Spiral, of Archimedes. 20L 
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Spiral, equiangular, 202, 360. 

reciprodM*, S)2. • 

Stationary value, 106. 

Step, see ‘Segments.^ 

Subnormal, 123, 201. 

Subtangent, 123, 201. 

Surface, equation of, 209. 
of revolution, 193. 
areas and volumes of, 309, 
312-315. 
mtegral, 347. 

Symmetry, 9, 23. 
centre of, 29. 


Tan'^a;, expansion of, 401. 
Tangent, definition of, 78. 

length of, 123, 201. 

^ inflexional, 35. 

plane, 216, 411. 

Taylor’s Theorem and Series— 
for function of one variable, 
390-398. 

for function of several variables, 
408-412. 

fhermodynamics, 228-233. 
rime-rate of change, 103. 

Tore, 322, 349. 

Total derivative, 211. 
differential, 213, 224. 


^pezoidal rule, 329. 
Trigonometric Sanctions, direct 
and inverse, 66. ^ 

differentiation of, 12^1^. 
integration of, 266, 2#, 284. . 
Trochoid, 370. • 

True value, 418. 

Turning value, 24, 166. 

Ultimately equal, 199. 

Uniform convergence, 385. 
of integrals, 461, 473. 

Value, stationary, 105. 
true, 418. 
turning, 24, 166. 

Variable, dependent and indepen- 
dent, 12. 

change of, >233, 271. 

Variation, near a turning value, 
174. 

in a given direction, 218. 
Velocity, 149. 
angular, 153. 
components of, 110. 

Volumes, 193, 309, 331, 335. 
polar element of, 346. * 

Wallis’s value of t, 307. 

Work, 150, 225. 
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